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PREFACE. 


In presenting yet another text-book to the Intermediate 
students in mathematics we tender no apologies. Because, 
in the first place, our desire is to place at the hands of the 
students a clear and easy exposition of tlie subject, with 
numerous illustrative examples, either fully discussed or 
given sufficient hints to — so that, even the most average 
typo of student can gain a complete mastery of the subject, 
to the extent desired, witJbout feeling the strain of the 
work in the least. In the second place, wo have taken full 
cognisance of the time-factor in the class-work in our 
colleges and have tried to present our brother teachers with 
a text that will enable them to save a lot of their valuable 
time without sacrificing an iota of ofiiciency. A recognition 
of the claims and merits of our work, if it is found to have 
any, will bo our highest reward. 

Inspite of our pretentious claims we admit wo have 
been victims of speed. The rush and hurry fo»’ getting the 
book out in time has prevented us considerably from giving 
our best. We hope to make sufficient amends in the 
next edition. 


Dated, Calcutta ; 1 

The 7th July, 1939, J 


C. K. DEAR. 
N. L. GHOSE. 
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PREFACE TO THE SECOND EDITION. 


In this edition the book has been thoroughly revised. 
Some important additions and alterations have been made 
and recent University questions have been incorporated in 
the body of the book to acquaint the student with the 
trend of present-day examinations. It is hoped that the 
book in its present form will bo found more useful to those 
for whom it is intended. 

Any corrections or suggestions for the improvement of 
the work will bo thankfully received. 

Dated, Calcutta ; 1 C. K. DHAE. 

The 1st Septt 1943. J N. L. GHOSE* 


PREFACE TO THE THIRD EDITION 

The present edition is not merely a thorough revision of 
the previous one ; hints and solutions have been consider- 
ably abridged and the propositions have boon presented in 
the usual order. Now proofs have been added to one or 
two theorems. On the whole we expect the present edition 
to secure the satisfaction and approval of teachers and 
students in an added measure. 


Dated, Qalcutta ; 1 

The 20th July, 1948. J 


0. K. DEAR. 
N. L. GHOSE. 



CALCUTTA UNIVERSITY SYLLABUS 

FOJi 

THE INTERMEDIATE EXAMINATION 
IN THE 

GEOMETRY OF CONICS. 

Parabola. 

1. Tracing the curve from the definition. 

2. Latus Rectum is four times the focal distance of 
the vertex. 

3. PN^»4:AS.AN. 

4. The middle points of parallel chords lie on a straight 
line parallel to the axis. 

6. The parameter of any diameter of a ))arabola is 
four times the line joining the focus with the vertex of the 
diameter. 

6. QF" = 4RS.RF. 

7. If any chord QQ' intersects the directrix in Z>, SJy 
bisects the exterior angle between SQ and SQ\ 

8. The tangent to the curve at its point of intersection 
with a diameter is parallel to the system of chords bisected 
by the diameter. 

9. The portion of the tangent at any point intercepted 
between that point and the directrix subtends a right angle 
at the focus. 

10. The tangent bisects the angle between the focal 
distance and the perpendicular on the directrix. 

11. The sub-tangent is bisected at the vertex. 



Ellipse. 


1. Tracing the curve from the definition. 

2. The ellipse is symmetrical with respect to the minor 
axis, and has a second focus and directrix. 

3. CS.CX^GA^. 

4. SP+S'P^AA\ 

5. CB^^SA.SA\ 

If any chord QQ' of an ellipse intersects the directrix 
in D, SD bisects the exterior angle between SQ and SQ'. 

7. The middle points of i)arallel chords lie on a straight 
line passing through the centre. 

8. The tangent to the curve at either end of a diameter 
is parallel to the system of chords bisected by the diameter. 

9. The portion of the tangent at any point intercepted 
between that point and the directrix subtends a right angle 
at the focus, and conversely. 

10. The tangents at the ends of a focal chord intersect 
on the directrix. 

11. The tangent at any x)oint of an ellipse makes equal 
angles with the focal distances of the point. 



CALCUTTA UNIVERSITY SYLLABUS 

FOR 

THE INTERMEDIATE EXAMINATION 
IN 

ELEMENTS OF CO-ORDINATE GEOMETRY. 

Finding out tho equations of a straight line, circle^ 
l)arabola and ellipse in their simplest forms from geometrical 
properties : 

For Straight Line ^ 

For Circle a;* + =* a*. 

For Parabola ^ 4.ax, 


For Ellipse 


1 . 



CALCUTTA UNIVERSITY SYLLABUS 

FOR 

THE INTERMEDIATE EXAMINATION 
IN 

SOLID GEOMETRY. 

1. Ono, and only one, plane may be made to pass 
through any two intersecting straight lines. 

2. Two intersecting planes cut one another in a straight 
line and in no point outside it. 

3. If a straight line is perpendicular to each of two 
intersecting straight lines at their point of intersection, it is 
also perpendicular to the plane in which they lie. 

4. All straight linos drawn perpendicular to a given 
straight lino at a given point are coplanar. 

5. If two straight lines are parallel, and if one of them 
is perpendicular to a plane, then the other is also perpendi- 
cular to the same plane. 

6. (i) Of all straight linos drawn from an external 
point to a plane, the perpendicular is the shortest. 

(ii) Of obliques, drawn from the given point, those 
which cut the plane at equal distances from the foot of the 
perpendicular are equal. 

7. The projection of a straight lino on a plane is itself 
a straight lino. 

8. If a straight line is perpendicular to a plane, any 
plane passing through the perpendicular is also perpendi- 
eular to the given plane. 

9. The definition of dihedral and solid angles. 

10. The students will be expected to have an idea of 
the following solids : 

Sphere, Right Circular Oylindbr, Right Prism, Rect- 
angular Parallelopiped, Eight Circular Cone, Square and 
Triangular Pyramids. 

11. Expressions (without proof) of the surfaces and 
volumes of the solids mentioned above. 



CONIC SECTIONS, CO-ORDINATE 
AND SOLID GEOMETRY 

FOB 

INTERMlEDIATE STUDENTS. 

CONIC SECTIONS. 

INTRODUCTION. 

A Conic is a curve traced out by a point which moves 
in a plane in such a manner that its distance from a certain 
fixed point in the plane besirs a constant ratio to its distance 
from a certain fixed st. line in the same plane. 



Fig. 1 

In the above fig. MX is a fixed st. line and S is a fixed 
point ; if a point P maves in the plane determined by MX 
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CONIC SECTIONS 


and S in such a manner that its distance from S viz, SP 
bears a constant rat^o to PMy its perp. distance from MX, 
then the locus of P is a conic. In other words, given MX 

SP 

and S, the locus of P is a conic, if p^**a constant. 

In such a case, MX, the fixed line, is called the Directrix 
of the conic and S is called its Focus. 

The value of the const, determines the nature of the 
conic. 

SP 

If the conic is called a Parabola. 

PM 

SP 

If < 1, the conic is called an Ellipse. 

SP 

If p^ > 1, the conic is called a Hyperbola. 

SP 

The ratio is usually denoted by the letter and is 

called the Eccentricity of the conic. 

If SX is drawn perpendicular from S upon MX, we can 

SA 

find a point A in SX such that *= e, whatever be the 

value of e. Hence A must be a point on the conic deter- 
mined by e. In other words, the conic cuts SX at the 
point A, 

A is called the Vertex of the conic and the st. line SX 
its axis. 

Thus, the axis of a conic i^'the st, line through the focus 
perpendicular to the directrix. 

And, the vertex of a conic is its point of intersection 
with the axis. 
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The point of intersection of the axis with the directrix 
is generally denoted by X. 

Note. Gonios were originally obtained from the seotiona of a right 
circular cone* by a plane in different positions. Hence they are called 
oonlc sections or simply conics. 

The different ways in which a plane may cut a rtt circular cone 
are the following : 

(i) The plane may be 
parallel to one generator and 
perpendicular to the plane 
through that generator and 
the axis of the cone. The 
curve obtained in this case is 
a Parabola* Here the angle , 
which the cutting plane 
makes with the axis of the 
cone is equal to the semi- 
vertical angle of the cone. 

(ii) When the inclination 

of the plane to the axis is 
greater than the semi- vertical 
angle, the curve is closed and 
is an Ellipse. Fig. 2 

(iii) When the inclination is less than the semi-vertical angle, the 
curve is a Hyperbola. In this case, the plane cuts both halves of the 
double cone and hence the hyperbola consists of two branches. 

(iv) When the plane is perp. to the axis, the section is a Circle. 

(v) When the plane passes through the axis, the section reduces 
to two intersecting st. lines. 

The discovery of the conic sections is attributed to Meneechmus, 
a Greek mathematician who flourished in 350 B. 0. nearly. 

*A right circular cone is the surface generated by the revolution of a 
right-angled triangle about one of its sides containing the right angle. 
In Fig. 2, AOB is the right circular cone of which 00 is the axis 
and Z^AOC or ALBOO is the semi- vertical angle of the cone. 



CHAPTER I 

THE PARABOLA. 

CONSTRUCTION OF THE CURVE PROM THE 
DEFINITION. 

Proposition I. 

Given the focus and the directrix of a parabola, to find 
any number of points on it ; i.e., to trace the curve from the 
definition. 



Let S be the given focus and the directrix of the 
parabola. 

It is required to find any number of points on the 
parabola. 

From S, the given focus, draw SX perpendicular to the 
directrix. Then SX is the axis of the parabola. 

Bisect SX at A, 
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Then by definition, A is Bi point on the parabola and 
is called the vertex. 

On AS or AS produced take any point N±, Draw 
PiN±P\ perpendicular to the axis. With centre S and 
radius XN^, describe a circle cutting P^N^P\ at P\ and 

Then Pi and P\ are points on the parabola. 

Join SPi, SP\. 

Draw P\Mi and P'lJif'i perpendiculars to the directrix. 

Since XNx ^ilfiPi, and again XNi — SP\. 
jifiPi-sPi, 

Similarly SP\^M\P\. 

Hence Pi, and P\ are points on the parabola. 

Proceeding in a similar manner, and by taking points 
N2i Ns etc, on ilS or AS produced, we can find any number 
of points on the parabola, and corresponding to each of 
the points jN’3, etc., wo got two points on'it. 

The curve drawn to pass through all these points will 
be the parabola required. 

EXEBCISES. 

1, Having given a fixed point S and a fixed straight line MX, to 
trace the parabola by other methods. 

First method : Join 8 to any point M on MX, Bisect MS at 0 ; 
and draw OQ perpendicular to MS, Let the perpendicular ilfP to MX 
meet OQ at P. Then P is a point on the parabola, since SP=^FM. 

Second method : Draw MQ perpendicular to MX, Make an angle 
FSM equal to the angle 8MQ and let 8P meet MQ at P. Then P is 
a point on the parabola. 

N. B. For another method of construction, see Prop. VIII, Ex. 9. 
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CONIC SECTIONS 


2. To construct a parabola mechanically. [ 0. U. 1910. ) 



Let S be the focus and MX the directrix of a parabola. 

Then the perpendicular SX to the directrix is the axis. 

Let the arm WT of a rigid framework, of which the arms WT and 
TL are rigidly connected to each other at right angles, slide along the 
directrix. 

Take a fine string of length MQ and fasten one end at Q, a fixed 
point on the arm TL and the other end at N, the focus. 

Now, let the arm WT slide along the directrix, so that it is alwaya 
in contact with it, while the string is kept stretched by means of the 
point of a pencil at P, in contact with the bar. 

The point of the pencil will describe a parabola, since 8P is 
always equal to JlfP. 

Note. If we draw a straight line mx parallel to MX through Q, 
then the sum of the distances of P from the straight line mx and the 
locus 8 is always constant and equal to MQ^ the length of the string. 
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Hence we say that the locus of a point which moves in such a way 
that the sum of its distances from a fixed straight line and a fixed point 
is always a constant ^ is a parabola, 

3. Given the directrix and two points on a parabola to trace the 
curve. 

4. Having given the focus and two points on the curve, show how 
to describe it. 

[ Draw two circles with P, Q, the two points as centres and radii 
PS, QS respectively. ] 

5. Given the focus and the vertex of a parabola, show how to 
construct it. 

Def. : Any finite straight line joining two points on 
a conic is called a chord oj^ the conic. 

Any chord of a conic passing through its focus is called 
a focal chord of the conic. 

6. Shew that the projection of a focal chord on the directrix 
subtends a right angle at the focus. 

[ The fLMSm subtended by Mm, the projection of PSp on the direc- 
trix is half the straight angle PSp. ] 

Note. The focal distance of a point on a conic is its distance 
from the focus of the conic. 

7. If P be any point on a parabola and SY be drawn perpendi- 
cular to SP meeting the directrix in Y, then PY bisects the angle 
between the focal distance and the perpendicular distance of P from 
directrix. Hence show that PY bisects SM at right-angles. 

[ As PMY, PSY are congruent. ] 

8. The circle described on a focal chord of a parabola as diameter 

touches the directrix, [ C. U. 1917. ] 

Let PSp be the focal chord and V the middle point of Pp. Draw 
KV parallel to the axis meeting the directrix in K and PM, pm per- 
pendiculars to the directrix. Join KP, Kp, 

MP+mp^Pp, but from Geometry, MP+mp^2KV. 
r. Z7«7P« 7jp. 
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CONIC SECTIONS 


the circle described with Pp as diameter touches the directrix 
which is perpendicular to the radius KV, 

9. If through the middle point F of a focal chord PSp, KV be 
drawn parallel to the axis meeting the directrix in K, shew that the 
focal chord Pp subtends a right angle at K, [ See Ex, 8, ] 

10. If PSp he a focal chord meeting the parabola in P and p and 
PN, pn are drawn at right angles to the axis, shew that AN.An=AS*, 


From As SPN ekud Spn, because they are similar. 

SN_SP_XN_XS^8N_2AS+SN 
Sn Sp Xn XS-Sn 2AS-Sn* 


Again, 

Thus 


2A SJ^NS + SN_ 2 AN ^ AN 
Sn “ 2AS-Sn+Sn~'2AS AS* 

S_N^ 2AS A-NS-SN^ 2AS^^S^ 
Sn 2AS'“Sn Sn 2An An 


Sn AS An 


AN.An^AS^, 


11. The distance of any point from the focus is greater than its dis^ 
lance from the directrix, if the point he outside the parabola. 

Let Q be anj point outside the parabola. 

Join QS meeting the parabola in P. Draw PM and QM* perpendi- 
culars to the directrix. 


Join MQ. P being a point on the parabola, PS— PM, Adding QP 
to each side, AfP+PQ = S0. But MP+PQ > MQ and MQ > M'Q. 
SQ > M’Q. 


12. The distance of any point within a parabola from the focus is 
less than its distance from the directrix. 

13. Show that a straight lime parallel to the axis of a parabola 

meets it at one point and one point only. Hence shew that the parabola 
has only one vertex. [ 0. U. 1923. ] 

Let KBC be any straight line parallel to the axis. If possible, let 
it meet the directrix in K and the carve in two points B and C. 
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Join BSt CS. Then B8 = BK and SC ■■ CK ; 

CS-~BS^CK--BK BC==SC-^BS, which is impossible, 

since BSC is a triangle. ( Otherwise, compare the base angles of the 
AS BKS, CKS ). 

If possible, let the axis meet the curve in two points A and A\ 

Then XA* = A’ S ; i.e.,.a part is equal to the whole, which is absurd. 

14. Shew that the parabola is not a closed curve. 

Any straight line meets a closed curve at least in two points, but a 
straight line parallel to the axis meets the parabola in one point only. 

15. The locus of the centre of a circle which touches a given circle 
nnd a given straight line is a parabola. 

The focus is the centre S of the given circle and the directrix a 
straight line parallel to the given line on the side of it remote from S 
at a distance equal to the radius of the circle. 

16. To find the locus of the centre of a circle which passes through 
■a given point and touches a given straight line. 

The locus is a parabola with the given point as the focus and the 
given straight line as the directrix. 

17. If any chord PSp of a parabola is produced to meet the directrix 
at prove that Sp.PY=PS.Yp. 

[ Draw PM and pm perpendiculars to the directrix. The triangles 
PMY andpmF are similar. ] 

18. Show that the perpendicular from the middle point of a focal 

chord to the directrix is half the focal chord, [ See Ex. S'] 

19. If PSp is a focal chord of a parabola, shew that 
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. AS AS An+AS-AS 

• • AS+AN AS+An Xn“ An+AS " 


AS .__AS_ - AS .AS 


Hence 


AS AS _ 
SP'^' Sp* ^ 


or 


i+A=i- 

SP^Sj) ilS 


•] 


Symmetry. 

Def. : A curve is said to be symmetrical about a 
straight line when any chord of the curve perpendicular to 
the straight line is bisected by it. 


Proposition II. 

To show that the parabola is symmetrical with respect 
to its axis* 



Fig. 6 ’ 

Let S be the focus and the directrix of a parabola. 

Let PNP be any chord of a parabola, meeting it in P 
and P' and perpendicular to the axis XAS. 

• 0. U. 1912, ’23. 
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It is required to prove that PN^P'N, 

Join SPt SP\ Draw PM and P^M* perpendicular to 
the directrix. 

In the As SPN, SP'N, we have SP-SP', 

[•.• SP^MP^XNAn6LSP*^M'P^»XN.'i 

SN common and the As are right-angled As ; 

the two triangles are congruent. 

Hence PN^P'N. 

But PNP' is any chord at right angles to the axis ; 
all chords perpendicular to the axis are bisected by it. 

Hence the parabola Is symmetrical with respect to its 
axis. 

Note 1. An axis of a curve is a straight line about which the 
curve is symmetrical. 

Note 2. If the parabola be folded about the axis then the portion 
of the parabola on one side of the axis coincides completely with the 
portion on the other side. Hence a curve is said to be symmetrical 
with respect to a straight lino, when on being folded, the portion 
of the curve on one side of it coincides completely with the portion on 
the other. This is another definition of symmetry. 

Note 3. Two points on a parabola are said to be corresponding 
points, if one point falls on the other, when the parabola is folded 
about the axis. Here the points P and P' are said to be two corres- 
ponding points on the parabola. 

EXERCISES. 

1. If two straight lines are drawn from the focus of a parabola^ 
equally inclined to the axis and meeting the curve in P and P\ shew 
that PP' is bisected at right angles by the axis at N, [ Fold the para- 
bola about the axis. Prove that Ar SPN, SP'N are congruent. ] 
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2. Jf thrcyugh any point on the axis two chorda are drawn on 
opposite sides of the axis making equal angles with it, shew that the 
two chords are [equal in length and comersely. [ Fold the parabola 
about its axis as in Ex. 1. Follow the indirect method for the 
converse proof. ] 

3. If through any point 0 on the axis, two straight lines OP and 
OP' are drawn one on each side of if: and equally inclined to it, shew 
that any point N on the axis is equidistant from P and P'. 

4. Prove that a parabola lies on one side of the directrix only and 

it extends infinitely on that side. [ G. U. 1912.] 

Let S be the focusi MXM' the directrix of a parabola, and N any 
point on the axis. The construction fails if SN > XN, which is the 
case, when N is somewhere on AX or AX produced. 

5. Given a chord perpendicular to the axis t find another parallel 
chordt which shall he double the given chord. 

6. Given a parabola, find its axis. [ Fold it symmetrically. ] 

The Latus Eectum. 

Def . : The latus rectum of a parabola is the focal chord 
perpendicular to the axis of the parabola. 

Pkoposition III. 

The latus rectum of a parabola is four times the focal 
distance of the vertex."^ 

Let S be the focus, MXM' the directrix and A the 
vertex of the parabola. Join SA and produce it to meet 
MXM' at X. Then SX is the axis and is perp. to the 
directrix. 

Through S, draw a focal chord LSL' perpendicular to 
the axis. Then LSL' is the latus rectum. 

It is required to prove that LL'^^AS. 

* 0. U. 1909, *16, '20, '25. 
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IS 


Draw LM and L'M' perpendiculars to the directrix 
meeting it in M and respectively. 



Fig. 6 


Since L is a point on the parabola, LS^LM, 

Again, LL' being perpendicular to the axis, ML^*XS. 

Hence the rectangle MLXS is a square, so that 
LS^XS. 

But XA^ AS, LS^2AS. 

Similarly, SL'=‘2AS. 

Hence, LL' <^4tAS. 

Definitions. 

The ordinate of any point on a parabola is the perpendi- 
cular drawn from the point on the axis. It is also called 
the principal ordinate of the point. 

Any chord of a parabola which is perpendicular to the 
axis is called a double ordinate of a parabola. 

If PP' be a chord of a parabola perpendicular to the 
axis, then PP' is called a double ordinate. 
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EXERCISES. 

It Shew that the circle described on the latua rectum as diameter 
touches the directrix at the point at which the axis meets it. 

2. To find tlie ordinate of a parabola which is equal to the latus 

rectum. [ o. U. 1920 ] 

3. Find a double ordinate of a parabola which shall be double the 

latus rectum, [ o. U. 1909. ] 

4. If 4a be the latus rectum of a parabola, find the radius of the 
circumoircle of the h.LAL\ 

[ Let AD be the diameter. Then J^ALD is rt.-angled. Hence, 

Diametcrx4S = i4L’o:6i4S». ] 

5. Shew that = y’ftL'L* ; i.e., ro(iatu8 rectum)*. 

6. If the ordinate PN of a parabola bo produced outwards to Q to 
meet AL produced (the line joining the vertex to the end of the latus 
rectum), shew that QN=2AN. 

7. Given a parabola and its axis in position, find the focus and the 

directrix. [ o. U. 1915, '25 ] 

[ At any point N on the axis, draw QN perpendicular to the axis 
making QN==2AN. Join QA cutting the parabola in L. ] 

8. To find the point Q in a given ordinate PN, such that if Qy be 

drawn parallel to the axis to meet the curve in is the 

greatest. 

[ Draw a straight lino parallel to the axis, through the end of the 
latus rectum, cutting PN at Q, which is the required point. 

Then, QN+Qy^XN, For any other point it is less than XN. ] 

9. The rectangle contained by the projections of the sections of a 
focal chord by the axis on the directrix is a constant [latus reclumy. 

If MXm be the projection of th^ focal chord PSp, then the 

M8X, mSX are similar. [ Fx. 6, Prop, I, ] 

.-. MX.mX^SX^. 
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The RbIiAtion between the Ordinate 
AND the Abscissa op a Point. 

Definition. The abscissa of any point on a parabola 
is the portion of the axis intercepted between the vertex and 
the ordinate of the point. 

Proposition IV. 

The square of the ordinate of any point on a parabola is 
equal to the rectangle contained by the latus rectum and the 
abscissa of the point, ^ 

(PN^=^4.AS,AN, ) 



Pig. 7 

Let S be tlie focus and MX the directrix of any parabola. 
Draw SX perpendicular to the directrix, cutting the 
t parabola in A and the directrix in X, 

Then XAS is the axis of the parabola. 

From any point P on the parabola, draw PN perpendi- 
cular to the axis, cutting it at AT, so that PN is the ordinate 
of the point P and AN the abscissa. 

* 0. U. 1913, *18, *24, *30, *33, *35, *37. ^ ^ , 
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It is required to prove that PN^ = iAS.AN. 

Join SP. 

Draw PM perpendicular to the directrix. 

PSN is a right-angled triangle, 

SP^’^PN^ + SN’^, 
i.e., PN^ - SP^ - SN^ 

~XN*~SN^* [••• SP-lfP=XIf. ] 
‘^{XN+SN'HXN-SN) 

= {XS + 2SmXS) 

= i2AS + 2Slf)2AS [••• 

= iASUS + SN)- iA S.AN. 

Note 1. PN^ — 4:AS,AN, Foe a given parabola sinoo the latua 
rectum ^AS is a oonstant, PN* oc AN. Honce the theorem may be 
enunciated thus : — 

The square of the ordinate of any point of a parabola •oaries as the 
abscissa f the constant of variation being the latus rectum. 

Note 2. PN^=>^^AS.AN\ 4^5 : PN : : PN : AN. Henqe the 

proposition may be enunciated in another form. 

The ordinate of any point of a parabola is the mean proportional 
between the abscissa of the point and the latus rectum. 

EXERCISES. 

1. If a point P moves in a plane in such a way that the square of 
the perpendicular distance of P from a fixed straight line passing 
through a given point A varies as the distance of the foot of the per- 
pendicular from the given point A, shew that the locus of P 'is a 
parabola. [ Prove it by the indirect method. ] 

The fixed point is the vertex, and the fixed straight line is the axis 
of the parabola. 

2. Find the locus of points which divide the ordinates of a parabola 
in a given ratio. Deduce the case when the ratio is one. [ 0. U. 1924.} 

*PJV* =Xi\» - 8N^ » (AN-^ASP - UJV’- AS)^ « ^AS.AN. 

AX^AS.) 
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[ Let PN be any ordinate of a parabola, which is divided at Q in the 
ratio m : n. 


. PQ m . PQ+QN m+» 

• • 'Q^n * • • QN n ' 


Wlr + W 


(2xV* = 




n 

\m+7iJ 


PN^ 


i.e., QN^-=(-^-Y US.AN=k.AN, 

\?W + ft/ 


where k (a constant) = 4 ‘J 


n 

'\m+nf 

The locus of 0 is a parabola, having the same vertex and axis, the 
latus rectum being equal to k, [ Ex. 1. ] When ;«=?» = 1, k^AS. 


3. The latus rectum is mean proportional between the double 

ordinates of the extremities of a focal chord. [ G. U. 1937. ] 

[ Let PSp bo a focal chord and PN and pn, the ordinates of P and 
p respectively. 

pn^^iAS.An. . PN^^US.AN. 

2pn.2PN=iPN.pn=- 16A8. JlNAn-^lBAS^. 

[ Prop. J, Ex. 10 ] 

4. Prove that the rectangle contained by the absoissie of two 
points P and P' on a parabola, such that PAP' is a right angle, ,is 
equal to IGAS^. 

[ Draw the ordinates PN and P'N'. The As AP’N', APN are 
similar, so that PN.P’N'^AN.AN'. ] 


5. Find the ordinate of a parabola, which is equal to the abscissa. 

[ The required ordinate is equal to the latus rectum. ] [ 0. U. ] 

6. The common chord of a parabola and a circle with centre the 

345 

vertex of the parabola and radius bisects AS. 

A 

[ II PNP be the common chord of the circle and the parabola, 
cutting the aziaat N, then AP'‘‘‘PlP+Air‘=‘iAS.AN+Air‘. 

Put AP=^^ and find 

7e If PQ be drawn at right angles to any chord AP of a parabola 
to meet the axis at Q, shew that QN is eqml to the latus rectum^ where 
N is the foot of the ordinate of P. [ 0. U. 1918, '30, '40. ] 

[ The As APN, PQN are similar, so that P27* *= QN.AN. ] 

2 
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8. The latus rectum intersects the sides AQ and Aq of the ^AQq, 
where Qq is any focal chord, at points whose focal distances are equal 
to the ordinates of the focal chord. 

[ Let AQt Aq meet the latus rectum at 0 and O' respectively. Draw 
QN and qn principal ordinates to Q and q respectively. 

The As ANQ are similar. 

. OS^AS . AS,QN, 

• • QN AN • • " an * 

^^_AS^.QN^ _AS\4AS.AN_4AS.AS^ _dAS.AN.An 
AN'^ AN^ ‘ AN' AN 

= 4AS.An=^qn\ [ Prop. /, Nx. 10. ] 

9. Find the length of the tangent drawn from A to tho circle 
circumscribed about tho ASPN. 

|^(Length to tho tangent)® = .45. = 

10. Given a parabola to find tho focus and the directrix. 


11. A straight line AY is drawn perpendicular to the axis of a 
parabola, and another line MQ is drawn parallel to the axis through 
the middle point M of PJV, cutting the curve in (?. If NQ produced 
meet AY In Y, show that PN= ^^AY. 


[ Draw Qn ordinate of Q. As OYN, QNn are similar, bo that 
AY^AN^ AN 4ASI.AN ^ PN^ ^41 

Qn Nil AN- An 4AS(AN-An) PiY®-jPiV* 3J 

12. If QN] be a double ordinate of a parabola, such that a chord 
AP and a straight line PM parallel to the axis meet it in ill', M respec- 
tively, then QN'^^NM.NM'. 

[ The As PAfit AM'N being similar, where Pn is tho ordinate of P, 
Pn AN Pn^ An , „ t 

mr^An’ 


13. Ordinates PiNx, P,A^.j, P, Ns to a parabola are in the ratio 
of 1 : 2 ; 3. Shew that ANj, N^N^, are in tho ratio of 1 : 3 : 5. 

[ 0. U. 1913. ] 

^ lAN^: AN, : AN, =PJV,* : PN,' : -1 : 4 : 9. ] 

II. Shew that the locus of tl^ middle points of all focal chords 
of a parabola is a similar parabola through the focus. 

[ Hints : Let p mid-point of a chord QSQ' and pn, ordinate 
of p. Thenpn=i{QN-0'N') and An* J(AN+AN). pn* = 2AN.Nn. ] 
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Proposition V. 

The locus of the middle points of any system of parallel 
chords of a parabola is a straight line parallel to the axis.^ 



Fig. 8 

Lot PQ be one of a system of parallel chords of a para- 
bola of which S is the focus, MM' the directrix. 

It is required to prove that the middle points of the 
system of chords parallel to PQ lie in a straight line parallel 
to the axis. 

Draw ST perpendicular to PQ and produce it to meet 
the directrix in K, 

Draw PM and QM' perx)endiculars on the directrix and 
KV parallel to the axis meeting PQ in V, 

Then KV shall bisect the system of parallel chords. 

Join KPt KQ, SP and 8Q. 

Then MK^ - KP^ - MP^ = KP^ - SP^ (1) 

*0. U. 1910, »16, »21, '26, '34, '38, '41. 
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But ZP* =‘KY^ + YP* , and SP* “ SIT* + TP* . 

. ZP® - SP* “ KY^ - SY‘ (2> 

from (1) and (2), JlfZ* = ZF® - SY‘. — (3) 

Similarly. Jlf'Z® = ZQ* - M'Q* = ZQ^ - SQ* 

“Zr*-sr*. (4) 

[ ••• j^g»=iCT* + Qr* and S0’ = QF*+SF*. ] 

From (3) and (4), MK*’M'K. 

Thus, MP, KV and MQ are parallel straight lines 
cutting mm' and PQ and MK^ M'K, 

by the well known proposition in Geometry, 
PV^QV, i.e. AT bisects Pg. 

Now, as KY is perpendicular to Pg, it is perpendicular 
to all straight linos parallel to PQ, Hence, as PQ is fixed 
in direction KY is also fixed in direction and further KY 
passes through S, That is, KY is a fixed line for all para- 
llel chords and hence A is a fixed point. Again AF, being 
drawn parallel to the axis, is also a fixed straight line/ 

Thus the middle points of all chords parallel to PQ will 
lie on A7. 

Hence, the middle points of any system of parallel 
chords of a parabola is a st. line parallel to the axis. 

DefinitionB. 

A diameter of a conic is the locus of the middle points 
of a system of parallel chords qf the conic. 

The vertex of a diameter of a parabola is the point of 
intersection of the diameter with the curve. It is generally 
denoted by the letter B, 
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If a chord be drawn from a point on a parabola so as to 
be bisected by a given diameter^ then the semi-chord inter- 
cepted between the curve and the diameter is called the 
ordinate of the point with respect to the diameter. 

The abscissa of the point with respect to the diameter is 
the portion of the diameter intercepted between the ordinate 
and the curve. 

Tho axis of a parabola is tho diameter bisecting all 
chords perpendicular to itself. It is tho principal diameter 
of tho parabola. 

Tho term ^ordinate of a point on a parabola* is not 
definite, unless wo mention the diameter with respect to 
which the ordinate is to bo taken. 'As there is an infinite 
number of diameters of a parabola, so there is an infinite 
number of ordinates of a point. 

Similarly the abscissa of a point is not definite so long 
as wo do not mention tho diameter. 

On the other hand tho term ‘principal ordinate’ of a 
point is always definite, because principal ordinate is always 
taken with respect to the axis of a parabola. 

Conventionally however, ‘the ordinate of a point on a 
parabola,' simply, means the ordinate with respect to the 
axis. 

Note. Thus, in the figure of Proposition V, the half-chords PV 
and QV are the ordinates of P and Q ip^ith respect to the diameter 
KV. 


If the point at which KV cuts the curve be denoted by B, then BV 
is called the abscissa of the point P with respect to the diameter KV* 
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EXEliCISES. 

1. Diameters of a parabola are perpendicular to the directrix. 

2. The middle points of any two chords of a parabola equally 
inclined to the axis are equidistant from it. 

3. A parabola being traced on a piece of paper, find the focus, the 

directrix and the axis. [ G. U. 1934. ] 

[ Draw any two parallel chords and join their middle points by 
a straight lino. Take any other chord PQ perpendicular to this 
straight line. Through the middle point of this chord, draw a straight 
lino perpendicular to PQ« which is the axis of the parabola.] 

[ See Ex, 7, Prop. Ill ] 

4. The difference between the segments of any chord of a parabola ^ 
made by the axis is equal to the parallel chord through the vertex, 

[ C. U. 1941. ] 

5. A system of parallel chords of a parabola is inclined at an angle 
0 to the axis. Find the distance of their diameter from the axis. Cal- 
culate the value of 0, when the diameter passes through an extremity 
of the latus rectum. 

6. Jf PSp be a focal chord and PN, pn be the ordvaates with res- 
pect to the axis, Nn equal to the parallel chord through the vertex, 

[ DiHerenco of the sogmont3 = PjS— = AN’— Aw = iVw. (See Ex 4.) ] 

7. Draw a chord of a parabola, passing through a given point and 
bisected by a given diameter. 

[ If A be the point of intersection of the given diameter and the 
directrix, join K with the focus S. Draw a focal chord perpendicular 
to KS, The chord drawn through the given point and parallel to the 
focal chord is the required one. ] 

8. The diameter of a system of parallel chords and the focal per- 
pendicular on them meet on the directrix. [ 0. U. 1910, *21. J 

[ From K, the point of interseotion of the focal perpendicular with 
the directrix, draw a straight line parallel to the axis, and prove It to 
be the diameter. ] 

Note. The focal perpendicular on a chord is defined to be the 
perpendicular from the focus on the chord. 
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9. A focal chord PSp of a parabola subtends a right-angle at the 
point K at which the diameter IvBV bisecting it, intersects the 
directrix. [ See Ex. 8 page 7. ] 

10. A chord perpendicular to KS is bisected by the diameter 
through E, where K is any point on the directrix. 

11. AQ is any chord through the vertex, and QL is drawn per- 

pendicular to it, meeting the axis in L ; show that the length of the 
focal chord parallel to AQ is equal to AL. [ G. U. 1938, ’45. ] 

[ Let PSp be the focal chord parallel to AQ. 

Draw PN, pn perpendiculars on the axis. 

The As PSNf pSn and AQL arc similar. 


. AL^PS^pS Pp 
• • AQ SN Sn"‘Nn 


But AQ=-Nn. 


[ Ex. 6. ] 


.-. Pj) = AL. ] 


The Pabameteh. 

Def. : The pQvameter of any diameter of a parabola 
is the length of the focal chord bisected by that diameter. 

Tho latus roctum is the parameter of the axis. 
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Proposition VI. 

The parameter of any diameter of a parabola is four times 
the Ime joining the focus with the vertex of the diameter.^ 

[Pi)=4BS.] 



Let PSp bo a focal chord of a parabola of which S is 
tho focus and Mm the directrix. Draw KS perpendicular 
to PSp, meeting the directrix in K, Let KV be perpendi- 
cular to the directrix meeting the parabola 'in B and PSp 
in F. Then KV is the diameter of the focal chord PSp, so 
that tho latter is the parameter of the diameter KV and B 
is the vertex of KV, [ Prop, V, ] 

Join BS, 

It is required to prove that Pp^^BS, 

Draw PM and Pm perpendiculars on the directrix. 

Then Pp«PS + Sp-=ilfP + mp = 2JSrF.+ ... (1) 

♦ C. U. 1911, »14, »22, »29, ’36, *39, ’42. 
t It may be proved geometrically as follows : 

Join Mp mooting KV in 0. 

and OV^iMp, Mp’¥mp=^2(KO+OV)-2KVt 
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[ '.* MP, KV and mp are parallels and K is the middle point of 

Mm.'\ 

Again the Z.J5S'S“ the Z.BSK, 

[ *.• from the definition of a parabola, KB = BS, ] 

Now. Z.Bi£:S = 90° -Z5FS. ‘Z Z^KSVis a rt. Z., 
and ZBSK=^^(f - / BSV for the same reason. 

the ZlJ5SF=tho ZBVS. 

Hence BS « 5F, but KB « BS. / . XF= 2BS. 
from (1). Pjj = 2Z7=4BS. 

EXERCISES. 

1. Draw a focal chord of a parabola which shall he double a given 

straight litve, ( Draw a focal chord of given length. ) [ C. U. 1930 ] 

2. Of all focal chords the latus rectum the least. 

[ 0. U. 1914, '22, »29. ] 

3. Draw a focal chord FSp of a parabola^ so that 

BP SP 

=3 Goneraliso the case, when [ C. U. 1911, ’39. ] 

[ A focal chord drawn at an angle 60*’ to the axis is divided in the 
ratio of 1 : 3 by the axis. 

In the figure of Proposition VI, 

when the ZKVS = eO^, the ZVES== 30^. 

Consequently K 2SF. and PV= KV. 

SP^PV+VS = KV-¥iKV^}KV, 
and Sp=pV-SV--KV-iKV-=iKV. 

In order to generalise the proposition, we proceed thus. Let SP 
be of length 2n/c, and Sp be of length 27c, suoh that SP : Sp^n : 1. 
Then £:F= J(SP+Si)) = (n+l)fc ; and SV=pV-Sp = {n+l)k-2k== 
(n-l)k. 

Hence deduce AS. ] 

4. PSp is the focal chord of a parabola with the focus at S, bisected 

by the diameter KBV, K being its point of intersection with the directrix. 
Show that A'S® - SP.Sp. [ 0. U. 1942. ] 

[ See Prop. V, Ex. 9 ] 

Hints. KV^iiPS+ps), SV^i{PS-ps). 
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Belation between the Oedinate and the 
, Abscissa with regard to any Diameter. 

Proposition VII. 

The square of the ordinate to any diameter of a para- 
bola at any point is equal to the rectangle contained by 
its parameter and the abscissa of the point with respect to 
the diameter^' = 



Fig. 10 

Let QQf be any chord of a parabola of which S is the 
focus and MM' the directrix. Draw SY perpendicular to 
QQ\ meeting the directrix in K ; and draw KV parallel to 
the axis of the parabola, meeting the curve in B and the 
chord QQ' in F. Then QF is the ordinate and BV the 
abscissa of the point Q with respect to the diameter BV, 
Join BS, 

It is required to prove that QF* 

Draw QM^ Q'M' perpendiculars on the directrix, 
meeting it in M and M', Draw SU parallel to the chord 


* 0. U. 1910, »10, *27. 
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QQ', meeting the diameter BF in U, and QD perpendicular 
to the diameter meeting it at D. 


The riglit-angled As QVD, KYV are similar. 


. QV^KV 
• • QD KY 


( 1 ) 


Since in the Ds^KYV, SU is parallel to YV, 


. KV^EY 
• • fir SY 


KV 

KY 


VU 

SY 


••• (Alternando) (2) 


T, j VU 

Prom (1) and (2;, Qjj’’ SY 

. Qv^ ^rev^ ^vui . Qr^^Kv^-uv^^ 

•' QD^ KY'^ SY“” ' QD’‘ KY^ - SY‘‘‘ 


But it has already boon shown that MK^ =2lP*- SF^. 

[ Prop, V, ] 

. • , QD^ = 2IK^ = KY^ -SY\ 

kom{3).QV^=^KV'^-VUK — (4) 

But KU, the hypotenuse of the right-angled AATSO’ is 
bisected at B, [ Prop. 71. ] 

.-. KB‘‘BU=‘BS. 


Hence KV~‘BV+BS And VU=‘BV-BS, 

QV^= (BV+ BSY - (B 7- BSY, from (4) 
-4BS.B7. 


Note. The Proposition IV is a particular case of Proposition VTI ; 
when the diameter KV coincides with the axis of the parabola, the 
oblique ordinate Q V and the abscissa B V become the principal ordinate 
and the principal abscissa of Q, and BS becomes AS, 


ycr» 


subtracting one from each side. 


KV^ - VU'^ 
VC/* 


KY^-SY^ 


^y»-yt7* yi7* gy* 
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The proposition may be enunciated as follows : 

The ordinate of any point on a parabola to any diameter is mean 
proportional between the abscissa of the point and the parameter of 
the diameter. 


EXERCISES. 

1. If QQ' bo any chord of a parabola having KV for the diameter 
of the system of chords parallel to it, shew that QD^ where 

QD is the perpendicular from Q on the diameter and B the vertex of 
the diameter. [ o, U. 1947 ] 

[ In the figure of Proposition VII, draw SX perpendicular to the 
directrix and QD perpendicular to J5F produced. 

The As QVT), KUS are similar, and the As KSX, KSU are similar, 
, „ QD^KS SX . (QDy SX^SX^^AS^A^l 
QV ku’^KS • • VQV) KUKS k(j 2BS 5SJ 


2. PQ is any chord of a parabola, and BOC is any diameter meet- 
ing it in 0. Shew that BO is moan proportional between the abscissae 
of P and Q with respect to BOG. 


[ Lot PVt QV' be ordinates to the diameter BOC. Then As POV, 

„ Qv''^ or* . Bv' or* {bv'-bov 

Hence — = = 


QOV' are similar. 


BV OP (BO-BV)* 


Hence deduce B0‘‘=BV.BV'. ] 


3. Find the ordinate of a parabola which will be equal to its 
abscissa. [ QF=J5r*=4P5f. ] 

4. If through any point 0 on a diameter of a parabola two chords 
POQt P'OQ' be drawn, only the former being bisected by the diameter, 
PO is mean proportional between the ordinates of P' and Q' to the 
given diameter. [ Apply Ex. 2. ] 

5. Draw a chord of given length, belonging to a system of parallel 
chords of a parabola with focus N, having given the vertex of the 
diameter to the parallel chords. 

6. Find the locus of a point dividing any ordinate to a diameter of 
a parabola in a given ratio. 

The locus is a parabola having that diameter as a diameter. 

[ See Prop, 17, Ex, 2, 
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7. If PNQ be one of the system of parallel chords of a parabola, 
meeting its axis in N, shew that PN»QN oc a N, 

[ Through tho middle point V of PQ, draw the diameter BV and 
through the vortex A, draw parallel to PQ, meeting the diameter 
in r. 

ThenP^. QN^ PV^ -NV‘^ PF=4PS\ A2V] 

8. Draw a chord through a give7i point so that it %s divided in the 

ratio ^ at the point, 
m ^ 

[ Through the given point O, draw the diameter BO. If POQ be the 
chord to be drawn, let PV and QV' be ordinates to the diameter. 

The As PyO and QV'O being similar, 

QV’ QO m‘ • • WkV \BV) U/ 

Again, BV.BV-BO^. [Ex. 2.] Thus V and 7' are knowa 
points. ] 

The Secant. 

Definition. A Secant of a conic is a straight line that 
cuts it in two points. 

Note. A secant of a conic may therefore be delinod to bo a chord 
of indefinite length. 
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Proposition VIII. 

If any chord QQ' of a parabola intersect the directrix in 
D, SD bisects the exterior angle between SQ and SQ\ 



Let QQ' bo any secant of a parabola of wbicli S is the 
focus, meeting the ilirectrix in D. 

Join QS and produce it' to any point ry. Join Q'S, DS. 

It is required to prove that DS bisects the exterior angle 
Q'Sq of the AQSQ\ 

Draw QM, Q'M' perpendicular on the directrix. 

Since QM and Q'M' are parallel, the As DQM, DQ'M' 
are similar. 

. go ^MQ 

■ • Q'i) M'Q'^ 

But QS = MQ and Q'S = M'Q\ 

. QD 

' • Q'D Q'S 

the side QQ' of the ASQQ' is divided externally at 
D in the rate of the sides SQ and SQ\ 

from Geometry, SD bisects the (exterior angle Q'Sq. 
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EXERCISES. 

1. Pp and Q(2 focal chords of ap arabola. Shew that 

PQ and pq intersect on the directrix. Also Pq and pQ intersect on 
the directrix. 

2. The portion of the directrix of a parabola intercepted between the 
straight lines joining the ends of a focal chord to any point on the para^ 
bola^ subtends a right angle at the focus. 

[ If 0 be any point on the parabola and PSp any focal chord, let 
2^Q meet the directrix at M and m. Then mS and MS are 
bisectors of the angles PSQ and pSQ. ] 

3. If APy any secant of a parabola passing through the verteXy meet 
the directrix at P\ then the projection of PP* on the directrix subtends 
a right angle at the focus. 

4. Having given the focus and two points on a parabola, determine 
any number of points on it. Find the directrix. 

5. PSP* is a focal chord. The ends P, P* are joined to any variable 
point Qy where QP and QP* meet the directrix in p and p'. Prove that 
the rectangle contained by pX andp'X is a consta?it ( = 4A/S®). 

L C. U. 1937. ] 

[ The ^2^Sp' contains a right angle at S and SX is the altitude. 
pX.p*X^SX^--4AS\'i 

6. The intercept on the directrix of a parabola between the straight 
linos joining the ends of any given chord to a variable point on the 
parabola subtends a constant angle at the focus. 

[ Let PP' be any chord of a parabola, and Q any variable point on 
it. Join PQy P'Q meeting the directrix in p and p' respectively. Join 
PSy p's and produce them to meet the parabola in q and q'. 

Join QS. Thonp6\ p'S are bisectors of the angles QSq and QSq* . 

Hence pp* subtends a constant angle at the focus, which is equal 
to half the angle subtended by PP' at the focus. ] 

7. State and prove the converse of the Proposition VIII. 

8. Show that no straight line can meet a parabola in more than 

two points. [ Sqq Fig. 11. ] 
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[If D bo any point on the directrix and Q* any point on the 
parabola, then DQ' will meet the parabola in general in the second 
point Q which lies on produced, so that DS in the bisector of the 
angle Q'Sq. [ Ex, 7, Prop, FUi.] When Q'B is parallel to the axis, 
Q'D and qS being parallel can but meet at infinity. ] 

9. Q and Q' are any two points on a parabola. If the straight line 
QQ' is divided at 0 in the ratio of the focal distances of Q and Q' res- 
pectively, shew that JDS which is perpendicular to OS, the directrix 
and QQ' produced are concurrent. 

[ DS bisects the angle QSQ' externally. ] 

10. Given the focus and the directrix of a parabola, construct the 
parabola by Prop. VIII. 

[ Lot DS bisect the /^ASq, DA and qS meet on the parabola. ] 
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Tangency. 

Definition. A tangent to a conic is a straight line 
which cuts the curve in two consecutive or coincident •points. 

Note 1. Let AB bo any secant to a conic, cutting the curve at P 

and Now let 
AB move parallel 
to itself 80 that P 
and Q gradually 
approach each 
other. Ultimately 
B in the position 
A'B' the two points 
P, Q become two 
consecutive or 
Fig. 11(a) coincident points 

and the secant AB is said to be the tangent A'B' to the conic 

The point at which the tangent meets the curve is called the point 
of contact. The tangent A'B' is said to touch 'the curve at the point 
of contact Q. 

Note 2. The secant may be turned about a point A outside the 
curve. 

When the secant is 
turned about the point A, 
the points P, Q at which 
the secant meets the curve 
gradually approach each 
other. Ultimately in the 
position AB' the secant 
becomes the tangent at 
the point Q. 




Fig. ll(b} 
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Note 3. The secant may be turned about one of its points of inter- 
section with the curve. 



point P on the curve 
the two points P and Q 
gradually approach each 
other. 


In the limiting posi- 
tion of the secant the 
points P and Q become 
consecutive or coinoid- 
out ; and the secant AB 
becomes the tangent 
touching the curve at 
the point of contact P. 


Pig. ll(o) 
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Proposition IX. 

The tangent to a parabola at any point is parallel to 
the system of chords bisected by the diameter through that 
point* 

Let PVP' be one of a system of parallel chords of a 
parabola, bisected by the diameter BV. 

It is required to prove that the tangent at B is parallel 
to PVP\ 



Let the chord PVP' move parallel to itself, so that P' 
approaches B and ultimately coincides with it. 

In each of its successive positions PF=P'F, because 
PF is the diameter of the system of chords parallel to 
PFP'. 

Hence it is clear when P' coincides with F, P also coin- 
cides with F and the chord in its limiting position becomes 
the tangent to the parabola at P. 

• 0. U. 1928, *36. 
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. the tangent at B is parallel to the system of chords 
which are parallel to PVP\ 

Cor. There can he only one tangent to a parabola at a given point. 

If possible, lot there be two tacgents at any point B, Let BV be 
the diameter at B. Then the two tangents at B will be parallel to the 
same system of parallel chords, which is impossible. Hence there will 
be only one tangent at any point B. 

EXEBCISE8. 

1. Draw a tangent to a parabola which will ^nake a given angle 
with the axis. 

2. Tangent at the vertex of a parabola is perpendicular to the axis. 

[ C. U. 1922, *36. ] 

3. If Q is a point on a parabola, shew that the tangent to the 
parabola at the vertex touches the circle described with diameter QS. 

[ From 0 the mid-pt. of §5, draw Om perpendicular to the tangent 
at the vortex and On perpendicular to the axis. Then O^Ti^the radius 
of circle. If QN be the principal ordinate of Q, then SQ^XN= 
2AS+SN^2AS + 2Sn=^2An^2mO (Also Am^^AN.AS), ] 

4. Draw a tangent to a parabola at a given pomt. 

5. The tangent at the vertex of a parabola is parallel to the 
directrix. 

6. Shew that a tangent to a parabola can not be parallel to its 

axis. [ Prop. FJ/J, Ex. 8, ] 

7. Draw a tangent to a parabola which will bo parallel to a given 

straight line different from the axis. Show that only one such tangent 
is possible. [ 0. U. 1928. 1 
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Proposition X. 

The portion of the tangent to a parabola at any point 
intercepted between that point and the directrix subtends a 
right angle at the focus, and conversely* 

Let QZ be the tangent at Q meeting the directrix in Z. 



Join ZS. Again join QS and x^roduce it to moot the 
curve in q. 

It is required to prove that the angle QSZ is a right 
angle. 

Lot QQ^ bo any chord of the parabola meeting the 
directrix in D, 

Join DS and Q'S. 

Now DS bisects the exterior angle Q* Sq^ such that the 
fL Q'SD » the Z_qSD. [ Prop. VIII. ] 


C. U. 1932, *40. 
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Turn, the secant QQ^D about the point Q, so that Q' 
approaches Q, 

In tho limiting position when Q' coincides with Q the 
secant QQ'D becomes tho tangent at Q and QD coin- 
cides with QZ, 

Thus tho Z.S Q'SD, qSD become tho Z.S QSZ, ZSq 
respectively. 

But the /LQ'SD is always equal to the Z.qSD, 
the Z.QSZ^ the l_ZSq. 
the A QSZ is a right angle. 

The Converse to Prop. X. 



Conversely, if a straight line QZ drawn from a point Q 
on a parabola to meet the directrix in Z subtends a right 
angle at the focus, the straight line is the tangent to the 
parabola at the point Q. 

If not, let QZ' be the tangent at Q meeting the 
directrix at Z', 
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Join Z'S. Then QZ* is the portion of the tangent 
lying between the curve and the directrix. 

the /LQSZ^ is a right angle [ Prop, X ]. 

But by hypothesis, the Z. QSZ is a right angle. 

the /LQSZ—i\\Q AQSZ\ which is absurd. 

Hence QZ' can not be tho tangent at Q, 

QZ is the tangent at Q. 

KXERGISES. 

1. (a) Draw a tangent to a parabola at a given point. 

(h) Draw a pair of tangents to a parabola from a point on the 
directrix. Show that the tangents arc at right angles. [ C. U. 1927 ] 

[ (a) Draw SZ perpendicular to PS meeting the directrix in K, 

(h) If Z be a point on tho directrix, join ZS^ and draw a focal 
chord perpendicular to it. Join ZP^ Zp, ] 

2. Having given the tangent to a parabola with its points of 
contact and the directrix, show how to construct the curve. 

3. Show that the tangents at the ends of the lotus rectum meet the 
directrix at the point X at which the axis meet the directrix, 

[ G. U. 1934. ] 



40 


CONIO SECTIONS 


Proposition XI. 

The tangent at any point of a parabola bisects the angle 
between the focal distance of the point and the perpendicular 
drawn from the point on the directrix,"^ 

Conversely, the bisector of the angle between the focal 
distance of a point and the perpendicular drawn from the 
point on the directrix is the tangent to the parabola at 
that point. 



Fig. 15 

Let the tangent at any point P on a parabola meet the 
directrix in Z. 

Draw PM perpendicular to the directrix. Join PS. 

It is required to prove that PZ bisects the angle MPS. 
Join ZS. 

Since PZ is the portion the tangent intercepted 
between the point P and the directrix. 

PZ subtends a right angle at the focus. [ Prop. X. ] 
* 0. U. 1911, *15, '22, '23, '26, '30, '33, '36, '38. 
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Now in tho right-angled As PMZ and PSZ,- 
PM^PS, 

PZ is common, 

and the right angle PMZ — tho right angle PSZ ; 
the As are equal in all respects, 
tho LMPZ^tho Z.SPZ. 

Hence PZ bisects tho angle MPS. 

Proof of the Converse Propositions. 

Let PZ bisect tho angle MPS. 

It is required to prove that PZ is the tangent at P to the parabola. 

In the As MPZ, SPZ^ we have 
PM=PS, 

PZ common, 

and the included /^MPZ = tho included /LSPZ. 
the As are equal in all rospeots. 

Hence the /iPSZ^iho LPMZ. 

But the Z^PMZ is a right angle, 
the Z^PSZ is a right angle. 

PZ is the tangent at P to tho parabola. [ Prop, X. ] 

Cor. The tangent at the vertex is at right angles to the axis. 

[ C. U. 1915, »22. ] 

[ The angle between the focal distance and the perpendicular 
distance of the vertex from the directrix is a straight angle. The 
tangent at tho vertex bisects this angle. ] 

EXERCISES. 

1. Show that the tangent at any point P on a parabola bisects at 

right angles the straight line joining the focus to the foot of the perpen^ 
dicular drawn from P on the directrix. [ 0. U. 1936. ] 

Note. Hence the locus of the reflection of the focus on any tangent 
is the directrix. [ 0. U. 1923. ] 

2. Draw a tangent to a parabola at a given point on it. 

[ Draw the bisector of the Z.MPS. ] 
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3. If PM be the perpendicular to the directrix from any point 
P on a parabola, shew that the locus of points equidistant from M and 
S is the tangent at P. 

4. If PZ be a tangent to a parabola, meeting the directrix at Z, 
shew that Z is equidistant from the focus and the feet M and m of 
the perpendiculars drawn from the ends of the focal chord PSp on the 
directrix. 

Hence construct tangents to a parabola from a point on the directrix, 

[ The triangles PMZ, PSZ are congruent. 

.*. MZ-ZS, Similarly, ZS=Zm ; pZ is also a tangent. 

To construct the tangents from any point Z on the directrix, join 
ZS. Out off ZM or Zm^ZS. Find P, p. ] 

5. (1) P and p are any two points on a parabola, the tangents at 
which meet at 0. PM and pm are drawn perpendiculars on the direc- 
trix. Show that M, m and 8 are equidistant from 0. 

(2) Show how to construct two tangents to a parabola from a 
point outside it. [ 0. U. 1930.:] 

Hints. (1) The As PMQ, PSO are congruent. .*. OM^OS, 
Similarly SO=* Om. 

(2) To construct two tangents from an external point, draw a 
circle with centre 0 and radius OS, cutting the directrix at M and m. 

Then PO and Op are the tangents from O. 

6. If the tangent to a parabola meets the directrix in Z, show that 
it bisects the angle between the focal distance of Z and the directrix. 

7. If the tangent to a parabola at P meets the axis at T, shew 
that SP=ST. Hence prove that PT bisects SM at right angles, where 
M is the foot of the perpendicular PM on the directrix. 

8. Draw a tangent to a parabola parallel to a given straight line. 

If the given straight line makes an angle 0 with the axis, draw SP 

making an'angle 20 with the axis az^ meeting the parabola at P. The 
tangent at P is the required tangent. [ See Ex. 7, ] 

9. If a leaf of a booh be folded, so that one comer moves along on 
opposite side the line of crease touches a parabola of which the comer is 
the focus and the opposite Me is the directrix. 
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[ Let MXSK be a leaf of which the corner S moves on the opposite 
side MX, Let one of the positions occupied by 8 be nit the correspon- 
ding crease being QTt. 

Draw Pm perpendicular to MX meeting QP in P. Join PS. 


The As QSBt QniR are equal 


in all respects, one 

being 

the 

exact reflection of the 

other. 


mQ=^QS 

and 

the 

Zwi(3P = tho ji.SQR. 



Tho As mQP, 

SQP 

arc 

therefore equal in all 

respects. 


mP^PS, 


It may be easily proved that 
the Z-wPP=the jLSPE,..(1) ^ 

Now we see that P is a point 
such that mP is always equal 
to PS and the relation (1) also 
always holds good. 

P is a point on a para- 
bola of which S is the focus, MX 
the tangent at P. 



Pig. 16 

directrix, and the crease QPR is 


10. Find the locus of points equidistant from SP and MP. 

Note. Two curves are said to be confocal, when they have the 
same focus . 


Two curves are said to intersect orthogonally, when the tangents to 
the curves at the point of intersection are perpendicular to each other. 

11. Tivo confocal parabolas having the axes in the same straight 
line hut in opposite directions, intersect orthogonally. 

[Let P and Q be the points of intersection of two confocal parabolas. 
Through P draw YPy parallel to tho axis. Let PT^ and PP* be the 
tangents to the two curves at P. 

Then the LYPT^^iho LT^PS, and the Z-pPP* “the ^T^PS. 
/. the /LT^PT^ is a right angle. ] 
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12. The tangent at any point of a parabola meets the directrix and 
the latus rectum produced at points which are equidistant from the focus, 

[ Let the tangent at P meet the directrix at Z and the latus rectum 
produced at Y. 

Draw PM perpendicular to the directrix. 

The As PMZ, PSZ, are equal in all respects. 

the l,PZS--ihQ /LPZM-=iho LZYS. ] 


13. If the ordinate PN of any point P he produced to meet the 
tangent at the end of the latus rectum at Q, show that QN=SP {focal 
distance of P.) [ C. U. 1911. ] 


[ The tangents at the ends of the latus rectum moot the axis at X. 

[ Prop, X, JRx, 3, ] 

From similar As QNX^ LXS 


14. The locus of the foot of the perpendicular drawn from the focus 
on the tangent at any point is the tangent at the vertex, [ 0. U. 1931. ] 

[ Let SF be the perpendicular on the tangent at P and PM the per- 
pendicular on the directrix. 

The As MPY, PSY are equal in all respects, 

the /LPYM=iho ^PYS, whence each of them is a right angle. 
.*. F is the mid-pt. of MS, whence AY which is parallel to the direc- 
trix MX, is tangent at the vertex. ] 

15. Having given the vertex of a diameter and a corresponding 
double ordinate, construct the parabola, 

[ Lot QVQi be the double ordinate and DV the corresponding 
diameter. Through^ draw a straight line YBY^ parallel to QFQi, 
which is the tangent at B, Now apply Propositions XI, VII. ] 

[ Prop. IX. ] 

16. The tangent at the ends of a focal chord of a parabola intersect on 

the directrix at right angles, ^C. U. 1917, *19, *32, *33, ’38. ] 

[ Let PSp be any focal chord of parabola of which 8 is the focus and 
MZ the directrix. 

Let PZ be the tangent at P meeting ths directrix in Z, 

Join Zp, 
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Draw MP, mp peipendiculara on the directrix. 



It is required to provB that pZ is the tangent to the parabola at p and 
pZ is perpendicular to ZP, 

Since PZ ia the tangent at P, 

the z^^PSZ is a right angle. [ Prof, X, ] 

.*• the angle pSZ is also a right angle. 

Thus pZ subtends a right angle at the focus S, 

Hence pZ is the tangent at p. [ Prop, X, ] 

To prove the second part of the proposition wo proceed thus. 

In the right*angled As MPZ and SPZ, 

the Z.MPZ = the jLZPS. [ Prop, XI, ] 

iho Z^MZP^ihe Z^PZSf each being complementary to equal 

angles. 

Similarly the Z^niZp^the iLpZS, 
the Z.3f^P+the ^ntZp^iho Z.Pi?S + the /LpZS, 

But /jmZM is a straight angle. 

. • • the Z^PZS + the Z-pZS = one right angle. 

Hence pZ ia at right angles to PZ, 

Note, (i) The locus of the point of intersection of the tangents at 
the ends of the focal chord of a parabola is the directrix. 

(ii) The locus of the point of intersection of perpendicular tangents 
to a parabola is the directrix. [ G. U. 1927. ] 
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EXERCISES. 

1. Show that the tangents at the extremities of a focal chord 
meet the directrix at the point where the diameter bisecting the focal 
chord meets it. Hence show that the tangents at the extremities of 
the latua rectum meet the axis on the directrix. 

In fig. 17, Z is the pt. of intersection of the focal perpendicular on 
Pjp with the directrix. 

^ is the point of intersection of the diameter with the direc- 
trix. [ Prop, V, ] 

2. Show that the circle described on any focal chord as diameter 

touches the direclric, [ C. U. 1917. ] 

In fig. 17, sincojtho fLpZp is a right angle, 

the circle with diameter Pjp, passes through Z, 

The A.pZmi'^ tho Z^pZS) is equal to the angle in the alter- 
nate segment, each being complementary to the Z^ZpS. 

3. The portion of the tangent at any point of a parabola intercepted 
between the curve and the directrix is a mean proportional between the 
focal distance of the point and the focal chord through that point. 

In fig. 17. ZP^^ZS^’\-SP'^^SP,pS-\‘SP'^^SP,Pp, 

4. Shew that in the figure of Prop. XII, Sm and SM are respec- 
tively parallel to ZP and Zp, 

6. The vortex of a diameter bisects the portion of the diameter 
intercepted between its parameter and the tangent at either extremity 
of the parameter. 

6. The difierence of the squares of the tangents at the extremities 
of a focal chord is equal to the rectangle contained by the focal chord 
and a parallel chord through the vertex. 

If PSp be the focal chord of a parabola, the difierence of the squares 
of the tangents at the extremities of the focal chord = Pj>.£fP — Pp.<Sp 
[ Ex. a. ]-Pp.(iSfP-5p.) :[ Apply Prop. F, Ex. 4. ] 

7. Given a focal chord of a parabola and the tangents at its extre- 
mities, determine any number of points on it. 

Find S drawing the focal perpendicular ZS. Find the directrix. 

8. In the figure of Prop. XII, sl^pw that Mm is bisected at Z. 

[ MZ =iZS"^ Zm. ] [ Prop. XI, Ex. 5. ] 

9. Show that tangents at the extremities of any focal chord cut off 

equal intercepts on the latus rectum. [ Apply Ex, 12, Prop, XI, ] 

Each of the intercepts on the latus rectum eXaf. 
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The Subtangent. 

The subtangent at ony point of a conic is the portion of 
the axis intercepted between the tangent and the ordinate of 
that point. 

Note. The subtangent (TN) is the projection of the tangent (PT) 
on the axis. 

Proposition XII. 

The subtangent at any point of a parabola is bisected at 
the vertex^. ( TA^AN). 



Fig. 18 

Let the tangent at any point P of a parabola of which 
S is the focus A the vertex and MXM' the directrix meet 
the axis in T, 

Draw PNt ordinate to P, meeting the axis in N. Then 
TN is the subtangent at P. 

It is required to prove that the subtangent TN is bisected 
at A. 

Join SP and draw PM perpendicular to the directrix 
meeting it in M, 

*C. U. 1909, *18, *20, *26. *31, *87, *39. 
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Since PT is the tangent to the parabola at P, 
the Z.MPr= the Z. TPS. [Prop. XL] ... (0 

But MP is parallel to the axis TXN and PT meets 


them. the Z^MPT^ihe Z.PTS, ... ... 00 

From 0) and (ii), the Z TPS “the ZPTS. 

PS“TS Oii) * 

Again, P being a point on the parabola, 

PS^PM-^XN, ... Ov) 

From (iii) and (iv), TS *= XN. 

Now taking away the part XS common to TS and XN^ 
we have TX = SN, ... ... ... M 

Again A being the middle point of XS, XA = i4S ••• 1 (b) 
From (a) and (b), by addition, TA = AN. 


Hence the subtangent is bisected at the vertex. 

Cor. The subtangent at any point of a parabola is double the 
abscissa of that point . ( TN = 2 AN . ) 

EXERCISES. 

1. (i) PT iB the tangent at any point P, meeting the axis in T, PN 
the ordinate ; shew that TX = SN, 

(ii) Draw a tangent at any point of a parabola with the help 
of this proposition. [ C. U. 1937 ] 

2. Pram the middle point of AX, a tangent is drawn to a parabola ; 
shew that the length of the subtangent is equal to AS.. 

If the tangent touches the parabola at P then the ordinate of P 
meets the axis at the middle point of AS. 

8. Find the radius of the oiroumcircle of the APTN, where PT 
is the tangent at any point P, meeting the axis in T and N Is the foot 
of the ordinate from P. 

[ Through A, draw AR parallel to the ordinate PN, meeting the 
tangent in P. Then R is the oiroumoentre. ] (Radius aJpT, ) 
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Note, Since PT^ = PN^ +TN* ’^iAS.AN+iA'tP = iAN.SP, 

J3rn 

2 “ JSP.AN. 

4. The tangent at any iMnt P of a }}ardbola meets the axis at T, 

Find the locits of the middle point of PT, [ 0. U. 1925, 39, ] 

[ See Prop. XL, Cor, ] 

Note. The focal perpendicular SY bisects PT. Hence the locus 
of Ihe foot of the focal perpendicular upon the tangent PT is the 
tangent at the vertex. [ See Ex. 11, Miscellaneous Ex, ] 

5. Given the vertex, a tangent and its point of contact, construct 

the curve. [ C. U, 1909. ] 

[If P be the point of contact, ioin ,^1P and produce PA to Q 
making PQ equal to 2AP, On AQ as diameter describe a circle 
meeting the tangent at P in T. Then AT is the axis of the parabola. 
Apply Prop. XI to find the focus. ] 

6. Find the locus of the point of inter sectiem Q of the diameter 

through any P ioilh the perpendicular A Y dragon fro^n the vertex 

. 1 on the tangent at the ptoint P, 

[ SM bisects PPat right angles. Sill is parallel to AQ, also PQ 
is parallel to 

.’. MQ^AS, .*. the locus of Q is a st. line parallel to the directrix 
on the side of it remote from A. ] 

7. The tangent at any point P meets the tangent at the vertex 

in 0 ; show that AO^ = AS.AN, whore N is the foot of the ordinate 
of P. [ AO- JPJV ] [ C. U. 1918. ] 

8. If PM be the perpendicular from any point P on the directrix, 
shew that SM meets the tangent at the vertex on the tangent at P. 
Hence shew that the point of intersection is equidistant from T and 
X, the foot of the ordinate of P. [ Apply Prop, XI, Cor,, Ex, 7, ] 

9. Prove that the locus of Q, the point of intersection of a 
straight line through the focus parallel to the tangent at any point 
P and the diameter through P is a parabola. 
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[ If Qn be perpendicular to the axis, the As PTN, QJSn are equal 
in all respects, so that Sn==TN^2AN, 

Then Qn^ ‘=iAS.AN=^2AS.Sn^4:8S\Sn, where 2S8'=AS. 

Hence the locus of Q is a parabola having the same axis, the 
vertex being the point 8 and the latus rectum equal to half that of 
the original parabola. ] 

10. Draw a pair of tangents to a parabola from a point T on the 
axis* [ Cut off AN=AT, ] [ C. U. 1921. ] 

Pboperties op Normals 

Def. : The normal to a conic at any 2)oint is the 
straight line drawn through the point perpendicular to the 
tangent at the point. 
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Proposition XIII 

The Tiormal to a parabola at any point makes eqxuxl 
angles with the focal distance of the point and the axis, 

[ C. U. 1917. ] 



Let the normal PG to the parabola of which PT is the 
tangent at P, S the focus, MXM' the directrix, meet the 
axis in G. Join PS, 

It is required to prove that the angle SPG = the angle 
PGS. 

Draw PM perpendicular to tho directrix. 

Since PM is parallel to the axis TS and PT meets them. 

the Z.MPT- the Z.PrS — — (l) 

Again, since PT is tangent to the parabola at P, 

tho ZATPP* the XTPS — — (2) 

From (l) and (2), tho ZPPiS“tho Z.PTS. 

But in the APTO, tho fLTPG being a right angle, tho 



52 


CONIC SECTIONS 


Z^TPS is complementary to the Z.SPO and the Z.PTG is 
complementary to the Z.PGT, 

/. the Z.SPG=the Z.PGS. 

Hence the normal makes equal angles with the focal 
distance and the axis. 

Cor. TJie focal distance of any point of a parabola is equal to the 
portion of the axis intercepted between the focus and the normal at the 
point, {SF-SG.) 

Note. The phrase ^normal at a point* is usually used for ‘the por- 
tion of the normal intercepted between the curve and the axis.' 

EXERCISES, 

1. Shew that the normal at any point of parabola is twice the 
distance of the tangent from the focus. 

[ Draw perpendicular from the focus on the tangent and the 
normal at P, ] 

2. If PM be drawn perpendicular on the directrix from any point 
P on a parabola, shew that the normal at P is parallel and equal to 
SM, Hence show that MG and SP bisect each other. 

[ If PQ be the normal at P, SG is equal and parallel to JlfP, so 
that MPGS is a parallelogram. ] 

3. Show that the normal at any point of a parabola bisects the 
angle between the diameter through that point and the focal distance 
of it. 

[ The angle which the diameter makes with PG»tho jLPGS, ] 

4. Shew that the feet of the perpendiculars drawn from the focus 
on the tangent and the normal at any point, lie on a diameter. 

[ The perpendiculars meet PG anft PT at their mid-pts. ] 

5. Shew that if PGBsPAf ( = the focal distance of P), MG bisects 
the focal distance at right angles. Hence shew that T, P and G 
are oonoyclio. 
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[ Tho AP/SCr is equilateral and each of MPQS and MPST is a 
rhombus. ] 

6. Shew that the portion of any straight line drawn through S 
and intercepted between tho tangent at any point P and a straight 
lino Gt drawn through G parallel to the tangent is bisected at the 
focus S, 

Through S draw a straight line IV meeting PT, Gt in I and V, 
Tho As TSl^ GSV are equal in all respects, so that Sl = Sl\ 

7. A chord PQ of a xmrabola is 7iormxl to the curve at P and 
subtends a right angle at the focus S ; shoio that SQ = 2SP. [ C. U. 1917 ] 

In the figure of Proposition XIV, produce PG to meet the curve in 
Q Join SQ, Draw QR perpendicular on iifP produced to meet it 
in li. Draw QN perpendicular on tho directrix. Tho Z.PPG' = the 
Z.SGP=theZ..9PC7 (Prop. XIV, 3) ; and SPQ,' PItQ are right- 
angled As, PQ being common to both. .*• the As are congruent. 

PR==SP. :SQ=NQ=ME=MP+VE^SP+SP=-^SP. 

8. Show that tho foot of tho perpendicular drawn from G, the 
point of intersection of the normal at one end of a focal chord with 
tho axis, on the tangent at the other end of the focal chord lies on the 
latus rectum. 

The tangents PZ^ pZ at tho ends of the focal chord PSp meet the 
latus rectum at I and V respectively. Join VQ, The As ZSPt GSV 
are congruent, [ Prop. XI ^ Ex. 12. ] 

9. Show that PQ is tangent to the circle PSZM. 

[ Tho Z.SPG=the L.PSZ^ each being complementary to the angle 
ZPS.'l 


10. Show that the straight line drawn through O parallel to the 
tangent at P touches an equal confooal parabola. 

[ Let the straight line GQ parallel to the tangent PT at P meet PS 
produced in Q. Then Q is a point on the confocal equal parabola 
corresponding to P. TQ is parallel to PG and is normal at Q, while 
QG is the tangent at Q» 
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11. Show that 8T«^SP^SG. Hence prove that 8M and PT 
bisect each other at right angles. 

12. The fhormala at the ends of a focal chord meet on the diameter 
bisecting that chord, 

[ The diameter becomes coincident with one of the diagonals of the 
rectangle formed by tangents and normals. ] [ Prop. XII, ] 

13. If Pf and Pf be drawn to the axis, making equal angles with 
the normal PO, prove that S0^’^Sf.8f, 

[ The As SPf, SPf are similar. ] 

14. Shew how to draw the normal at any given point without 

drawing the tangent, [ C. U. 1916. ] 

If P be the given point on the parabola, with centre S and radius 
SP describe an arc of a circle cutting the axis at Q, Then PO is the 
required normal at P. 

Pbopbrties of Subnormals. 

Definition : The Subnormal at any point of a conic 
is the portion of the axis intercepted hetioeen the normal and 
the ordinate of that point. 

Note. The subnormal (NO) is the projection of the portion {PO) 
of the normal between the point P and its point of intersection with 
the axis, on the axis of the curve. 
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Proposition XIV. 

"^The subnormal at any point of a parabola is equal to 
the semi4atus rectum, ( NG = 2A S,) 

Let P be any point of a parabola of which S is the 
focus and MX the directrix. Draw PG normal at P meet- 



ing the axis at G and PN the ordinate. Then NG is the 
subnormal. 

It is required to prove thatNG^2AS, Join FS and 
draw PM perpendicular to the directrix. 

Since PG is the normal at P, 

the Z. SPG -the Z.SGP. [ Prop. XIII ] 

' SP=SQ. 

But SP-PM-XN. 

XN=SG, 

or, XS + SN-SN+NG. 

NG’^XS-ZAS. 

• 0. U. 1916, ’19, ’20, '24, ’26, ’29. 
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EXERCISES. 

% 

1. Show how to draw the 'normal at any yoint of a parabola without 
drawing the tangent^ the axis of the parabola being given. [ G. U. 1916. ] 

2. Draw a mrmal to a parabola making a given angle with the 
axis, 

[ In the ASPG, the = 180° - 2Z^SGP. ] 

3. ShDW that the projection of the normal on tho focal distance 
=-2AS. 

4. Sho7u that the locus of the foot of the 2 wrpendiailar from the focus 
on the normal is a parabola^ whose vertex is S and latus rectum= AS. 

[ Let Sp be tho perpendicular from S on PG and pn tho perpendi- 
cular from on SG. ]ni^ = iPN^ ^AS.AN—AS.Sn. Henco, etc. 

[ Pro}}. IV, Ex. 1. ] 

5. If from one extremity P' of tho double ordinate PNP' of a para- 
bola, a perpendicular is drawn on the tangent at tho other extremity 
to meet the diameter through P at K, shew that the portion KP of the 
diameter through P intercepted between tho point P and the perpendi- 
cular is a oonstant. 

C The As PNG, PP'K aro similar. ] 

6. From any point P on a parabola, PM is drawn perpendicular 
to the directrix. A portion PO equal to 2-4 S is cut off from PM ; 
show that XO is parallel to PS and ON is parallel to tho bisector of 
the angle PSX. 

[ OP=NG = XS. ] 

7. In, Exercise 5, find the locus of K. 

[ The -locus is an equal parabola having A' forHts vertex, where 

] 

8. Prove that the normal to a parabola at any point is mean pro- 
portional between the focal distance of the point and the latus rectum. 

[ Lot PN be the ordinate of any point P of a parabola. 

Now PG* = P/7* + NG*«4AiS.A2V‘+4AS»«44S.XN^=4AS.SP. ] 
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9. Show that, if the normal PG be equal to the focal distance of 
P, SG ia equal to the latua rectum and conversely. 

10. If the triangle SPG he equilateral^ then SP is equal to the latus 

rectum. [ C. U. 1920. ] 

[SN=NG=2AS.li 

11. If the ordinate of a point Q bisects the subnormal of a point P, 

the ordinate of Q is equal to the normal at P. [ C. U. 1919. ] 

[ Let the ordinate of Q, bisect the subnormal NG at n. 

Then Qn^ ^^AS.An=^^AS.XN ( Nn^AS) 

--=AAS.SP = PG'^. [Ex. S.] 

12. The perpendicular from P to the chord AP meets the axis at 
K. Show that GK=NG^2AS. 

[ The As APNt PNK are similar. ] 

13. If Sn be drawn perpendicular to the normal PG at any point 
P, shew that Sn'^ — SP.AN. 

[ Sn = IPT. But PT ^ « A.AN.SP, 

.’. 6W» = AxY.5P.] 


[ Prop. XII, Ex. 3. ] 



CHAPTER II 


THE ELLIPSE. 

Definition : An Ellipse is a conic whose eccentricity is 
less than unity. 


Proposition I. 

Given the focus^ the directrix and the eccentricity of an 
ellipse^ to determine any number of points on the curve from 
the definition.* 



Let S be the focus, MXM' the directrix and e the eccen- 
tricity of an ellipse. 

It is required to find any nujnher of points on the curve. 

From S draw a straight line SX perpendicular to the 
directrix, meeting it in X. 


C. U. 1913. 
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Divide SX in the ratio of e : 1. But SX may be 
divided in the given ratio in two ways viz : — 


(i) internally a,t A, so that 

(ii) externally at A \ so that 


SA 

AX 

SA^ 

A'X 


e, and 


e. 


Since A and A' are two points satisfying the given 
condition, they are points on the ellipse. 

Now in A a' take any point N and through N draw 
FNP' peri^endicular to AA\ 


With centre S and radius e,XN describe an arc of a 
circle cutting PNP' at P and P\ 

Then P and P' are points on the ellipse. 

Join Pi> and P'S, 


From P and P', draw Pm and PW perpendiculars 
to the directrix. 


Now SP = e.XN « e.Pm ; SP' - cXN -= eP'm'. 

. SP_ , SP'_ 

Pm PW“®- 

In other words, tlie focal distances of P and P' bear to 
their respective distances from the directrix a constant 
ratio which is equal to the eccentricity e. 

Hence P and P' are points on the ellipse. 

Proceeding exactly in a similar wayi by drawing through 
any other point Ni in AA' a straight line perpendicular 
to it, we can find two other points on the curve. In like 
manner, any number of points on the curve may be obtained. 
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Note 1. The straight line AA' is called the major axis of the 
ellipse. The points A and A' are called the vertices of the ellipse, 
those being the points of intersection of the major axis with the 
curve. 

Hence the major axis of an ellipse is the portion of the axis inter- 
cepted between the vertices {A and A'), 

Note 2. The eccentricity e is less than unity, so that SA <. XA 
and SA^ < XA\ In other words, the distances of A and A' from the 
focus are less than their distances from the directrix. 

That is, A and A' are nearer to the focus than to the directrix. 
Therefore A and A' must lie on the same side of the directrix as 
the focus. 


EXKBCISES. 

1. Prove that the axis of an ellipse cuts it in two points only. 

If possible, let the axis cut the ellipse at a third point A^ different 
from if , A*. Two cases may arise according as A^is supposed to lie 
between S and il', or between S and A, 

CASE (a). When if ^ is between S and A\ 


SA'^eA'X (I) 

SA^=e.A^X (II) 


Subtracting (II) from (I), we get 

SA’-SA^^e{A'X-A,X), or. AiA'=-eA^A', 
or, ifiil'(l-e)*=0, which is absurd, for neither (1-e) nor A^A' 
can be equal to zero. 

[ *.* e < 1 and A^ ia different from if and if'. ] 

Case (6). When if^ is between S and A, 


SA,=e,A,X (I) 

SA^e,AX„. (II) 
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Subtracting (I) from (II), we have 

or, AA^---c.AA^, 

AAJl+e)^0. 

But (1 + e) can not be zero ; 

AA^ = Ot which is absurd, for .1^ is different from A, 

Hence tho axis cuts the ellipse in two points only. 

2. Construct the ellipse having given the following data : 

(i) Tho eccentricity, the directrix and two points on the curve. 
(Two ellipses satisfy the condition). 

(ii) Tho eccentricity, the focus, and the point whore tho axis 
meets the directrix. 

(iii) The focus, tho eccentricity and two points on the curve. 
[ Find tho directrix. ] 

(iv) Tho eccentricity, tho focus and a vertex. 

(v) Tho eccentricity, a vertex and the point -Y, where tho axis 
meets the directrix. [ Find the focus. ] 

(vi) The eccentricity, a vertex and the directrix. [ Prop. /. ] 


Definitions : 

Any finite straight line joining two points on an ellipse 
is called a chord of the ellipse. 

Any chord of an ellipse passing through one of its foci''' is 
called a focal chord of the ellipse. 

3. A focal chord QSg of an ellipse meets the directrix at B ; show 
that Sg, QR = QS, Rq. 

[ Draw QM and qm perpendiculars to the directrix. 

The As qmR are similar. ] 

*It will be seen later that an ellipse has two foci. 
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4. Prove that an ellipse lies only on one side of the directrix. 

[ See Note 2, Prop, L ] 

5. Shew that as a point moves on the ellipse from A to A\ its 
focal distatice increases from SAto SA', 

[ The focal distance, SP=e.NX, The value of NX increases 
from AX to A'X, ] 


6. A point is outside, within or on the ellipse according as the ratio 
of its distance from the focus to its distance- from the directrix is greater, 
less or equal to the eccentricity of the ellipse, [ G. U. ] 

[ Follow the same method as in Exs. 11 and 12, Prop. I. Parabola.] 


7. If a parabola and an ellipse have the same focus and directrix, 
show that the parabola lies entirely outside the ellipse. 

Take any point P on the parabola ; join PS and produce it if 
necessary to cut the ellipse in Pj. 

SP 

P being a pt. on the parabola, (eccentricity). Pi being 

SP 

a pt. on the ellipse, p < 1. 

P must be outside the ellipse. [ Ex. 6, ] 


8. If P be any point on an ellipse and PM perpendicular to the 
directrix, then the intercept made on SM or SM produced, by per- 
pendiculars to AA^ at A and A^ subtends a right angle at P. 

[ Let Aa and A' a' be perpendiculars to AA^ at A and A' meeting SM 
or MS produced at a, and a' respectively. Join Pa, Pa\ 

Thus Pa is the internal bisector of the angle MPS and Pa* is the 
external bisector of the angle MPS, Hence the result. ] 

Definition * The Latus rectum of an ellipse is the focal 
chord perpendicular to the major axis of the ellipse. 
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9. Show that the length of the latus rectum is 2(l+e)^<S. 

[ If LSL' be the latua rectum, draw LM perpendicular to the 
directrix. Thus, 

LL' = 2SL = 2eJfL = 2c{XA + AS) = 2M5 + eAS) = 2^S(1 + e) . ] 

10. Prove that the ellipse lies entirely between the two straight lines 
drawn perpendicular to the axis at A and A', Hence prove that the 
ellipse is a closed curve, 

[ the figure of Proposition I, ] 

In order that the construction of the ellipse may be possible, SH 
must be less than e,XN or SP (the radius of the circle with centre S), 

If Ux be the position of N to the left of A and the position of 
N to the right of A', 

Snx = SA-\rAnx — e,AX’¥Anx ( •/ c.AX=SA, ) 

^e.{Xni+niA)+Anx ( *.* AX^AUi+n^X ) 

— e,Xnx + {!+$) An^, 

we find SUi > e, Xn^t because (l+e) An^ is positive. 

Again. Sn^ = SA* + A’n^ = e.A’X+A*n^ ( SA’^eA'X) 

= ^.(X7ia — A'wa)+A'»a=e.Arfia + (1 — e) A'n^, 

Sn^ > e.Xn,, since (l—e)A'n, is evidently positive, e being 
less than unity. Hence N can neither be taken to the left of A nor 
to the right of A', so that the points on the curve are exclusively 
between A and A', 

Again SP^ the distance of any point on the curve from the focus 
=^e,XN, As the point P on the curve moves from A to A\ e.XH 
increases from e,AX to e,A'X ; SP or e,XN is always finite. Hence 
the ellipse is a closed curve. [ Ex, 5. ] 

11. The ellipse is symmetrical with respect to its axis major,* 

[ 0. U. 1911. ] 
[ C.A Prop. II, Chapter I. J 
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12. Any two right lines drawn from any xjomi on the axis major 
to the curve t on opposite sides of the axis and equally inclined to it, are 
equal in length, and conversely, [ 0. U. 1911, ] 

[ c./. Ex. 2, Prop, II, Chapter L ] 

Definition : The Centre of an ellipse is the middle point 
of the major axis. It is ttsually denoted by the letter G, 

The Minor axis of an ellipse is the chord through the 
centre, perpendicular to the major axis. 

Note. The minor axiR may be said to bo the central double 
ordinate of an ellipse and is usually denoted by BCD'. 


*The definition of ^symmetry’ has already been given [in Chapter I# 
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Proposition II. 

An ellipse is symmetrical about its minor axis. 



P|5. 22 

Let MX be the directrix and S the focus of an ellipse 
and lot A and A' bo its vertices. 

Througli A and A^ draw two perpendiculars to tho axis 
SAX to cut any lino MS at H and H' respectively, M 
being a point on the directrix. 

Draw a circle on HH' as diameter. At M draw a st. 
lino perpendicular to tho directrix to meet tho circle at 
P and P'. Then P and P' are botJi points on tho ellipse. 

Proof : — 

HS AS__ ,H'S A^S . _ , . 

y ^ a! X^ where e eccentricity. 

Jf, It divide MS internally and externally in the 
same ratio. 


Hence, from a well known proposition in geometry, we 

have because P is any point on the circle 

with HE' as diameter. 

6 
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PS 

That is ^1 hence P is a point on the ellipse. 

Similarly P' is also a point on the same ellipse. 

Now, if 0 bo the middle point of HH' and C be the 
middle point of AA\ then OG is parallel to A'H' and 
hence is perpendicular to AA\ But MPP' is parallel 
to AA\ 

Therefore OG is perpendicular to the chord PP' of tlie 
circle with 0 as centre. 

Hence OG bisects PP' perpendicularly. But OG being 
perpendicular to A A' at its middle point coincides with 
the minor axis of the ellipse. Again, P and P' being two 
points on the ellipse, PP' is also a cliord of the ellipse and 
it is bisected perpendicularly by the minor axis. 

Hence the ellipse is symmetrical wdtli regard to the 
minor axis. 


EXERCISES, 

1. Any two right lines drawn from any point on the minor axis to 
the curve equally inclined to and on opposite sides of the axis are equal 
in length and conversely* 

It follows from tho symmetry of the ellipse about the minor axis. 

[ Vrop, I, Ex. 13, ] 

2. Every central chord of an ellipse is bisected at the centre. 

[ Lot PCp be any central chord. Draw a straight line CQ making 
the Z-BC2^»the LBGQ and meeting the curve in Q. Now CQ and 
CP being equally inclined to the minor axis are equal in length. ] 

[ Prop, lit Ex, 1. ] 

Note. A curve is said to be symmetrical about a point if the point 
bisects eyjry chord passing through it. An ellipse is symmetrical 
about its centre. 
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3. Show that the oommon chords of an ellipse and a concentrio 
circle which will in general cut in four points are either parallel to the 
axes or pass through the centre. 

[ This follows from the symmetry of the ellipse about its axes. 

[ See Ex. 12, Prop. I, and Ex. i, Prop, II. ] 

4. Draw the major and minor axes of an ellipse, given 

(1) the ellipse and a focus, 
and (2) the ellipse and its centre. 

(1) With the focus as centre and with any radius describe an arc 
of a circle .cutting the ellipse in two points and P^. Similarly 
describe another arc with a different radius meeting the ellipse in 
andi)g. 

[ Join the middle points of P^P, and^)!^, to got the major axis. ] 

(2) With the centre of the elapse as centre and with any suitable 
radius describe a circle cutting the ellipse in four points forming a 
rectangle. 

Join the middle points of each pair of opposite sides. 

[ Otherwise : Follow the method given in (I) ] 

5. Straight lines joining the ends of any two central chords of an 
ellipse form a parallelogram. 

Any two central chords of an ellipse, like the diagonals of a paral- 
lelogram, bisect each other. [ Prop, II, Ex. 2, "i 
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Proposition III. 



Fig. 23 


Let S be the focus of an ellipse of which MX Mi is the 
directrix. 

It is required to prove that the ellipse has a second focus 
and a second directrix. 

From S draw SX perpendicular to the directrix and 
produce XS to any point L, cutting the ellipse in A and A\ 

Let G bo tho iniddlo point of A A' and BCB' the minor 
axis. From XS produced cut off CS' equal to CS and CX^ 
equal to CX, Through X' draw a straight lino M\X^ 
perpendicular to CX\ 

Then S' is tho second focus, and MiX' tho second 
directrix. 

Let Q be any point on the ellipse. Through Q draw a 
straight line parallel to the axis meeting M\X^ M\X^ 
in M and ilf ' respectively and tho ellipse in another point Q\ 

Now fold the figure about the minor axis BCB\ Then 
S will fall on S', since CS-OS', and Z.s BOS, BOS' are 
right angles. Similarly X will fall on X\ 

• 0. U. 1928. 
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Again, sinco the Z.s MXG and M'X'C are right angles, 
MXM± coincides with M'X'M\. 

By symmetry about the minor axix, Q falls on the 
point Q' of tho ellipse ; M falls on M' also. 

Hence SQ=^S'Q' and MQ^M'Q\ But QM and Q'M' 
are tho perpendicular distances of Q, Q' from MX and 
M\ X' respectively. 

/. the eccentricity of the ellipse. 

QM Q M 

by 'definiLions, is the second directrix and S' 

is the second focus of the ellipse. 


EXEncism. 

1. If e ba tho eccentricity of the ellipso, show that S'P^ePM, and 
SP — S'P't wher^ P and P' are two points symmetrically situated 
about tho minor axis. 

2. Shew that the quadrilateral formed by joining tho two foci and 
the extremities of the minor axis is a rhombus. 
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Proposition IV. 

In an ellipse, 

(*) CA~e.CX; (ii) CS^^e.CA -, (Hi) CS.CX=CA’‘* 



Pig. 24 

Let C bo the centre of an ellipse of which S and S' aro 
tho foci. 

Since A and A' are points on tho ellipse, from the defi- 
nition, we have 

SA^e,AX (1) 

and SA'^e,A'X=e.AX\ ... (2) 

(i) By adding (l) and (2), wo have 

Sil + Si4' = c.UX+4Z'), 
or, AA' = e.XX\ 

But A A '-2CA and XX' = 2CX. 

■ . 0 ^™e. 0 -^Sr. ■». ... (3)' 

(ii) By subtracting (1) from (2), wo have 

SA'-SA^-eUX'-AX). 
or, SS' + S'A'-SA~e.(AA' + A'X'-AX) 


•0. U. 1932. 
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or, SS'’^e.AA'. [ •/ S'A' = SA,a.uAA'X'’‘AX.] 
Bub SS' ~2CS and AA'-^ 2CA . 

CS’-e.CA. ... ... (4) 

(iti) Prom (3) and (4), wo havo 

CA-e.GX and e,GA = CS. 

By multiplication, we got e.GAXA =e.CXCS, 
or. GX.GS^GA^. 

EXERCISES. 

1. Show that CJ3* = C5.CX.(l-fi’) and e^.CX=- CS. 

2. Show that the semirmajQt axis is equal io the line joining the 
focus to the extremity of the minor axis. [ S73=* CA.] [ 0. U. ll)32, ] 

3. Given the ellipse, eccentricity e and its centre 0, find the foci. 
[ Find the axes. ] 

4. Given the ellipse and one focus^ find the centre and the eccenlri” 

city. [ Prop. IV, Ex. 4 . ] 

5. Given tho ellipse, a directrix and the eccentricity, find the 
centre and foci. 

[ Draw two chords of the ellipse parallel to the directrix. The 
middle points of the parallel chords give the axis. ] 
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Proposition V. 

The sum of the focal distances of any point on an ellipse 
is a constant and is equal to the major axis.* 

( SP+S'P-=AA' ) 



Let S and S' be the foci of an ellipse of which ilfJC and 
M'X' aro the directrices. 

Let P be any point on the ellipse. Join SP and S'P. 

It is required to prove that SP+ P'^ AA\ 

Through P, draw a straight line il/il/' i^erpondicular to 
the directrices, meeting them in M and 

From the property of the ellipse, 

SP^e.PM, and S'P^e.PM'. 

By addition, SP + S'P = efPM + PM') 

^e.MM' 

^e.XX' 

^2e.CX 

-204 [Prop. IV] 

^A/J. 

Cor. 


*0. U. 1909. '10, *12. »16. »17, *20, *22, *24, *27, *30, *34, *35, *37. 
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EXERCISES. 

1. To construct an ellipse mechanically. [ G. U. 1910. ] 

Tlio sum of tho distances of any point P on an ellipse from the 
foci S and S' is always constant. 

Hence an ellipse is a curve traced out by a point which moves in a 
plane, in such a way that tho sum of its distances from two fixed 
points in the piano is constant. 

Therefore'an ellipse may be mechanically constructed as follows : 

Take two pins and fasten tho ends of a string to them. Fix the 
two pins at S and S\ on a paper pinned on a drawing board. 

Placo a pencil point P .against tho string. Now trace a curve by 
moving tho pencil point around, in such a way that it is always 
pressed against tho string, so as to keep it stretched. 

The curve will evidently bo iWx ellipse with foci at S and S\ and 
major axis equal to tho length of tho string. 

SP+iS'P= length of the string, which is always a constant, 
=:AA'f the major axis. 

2. If a point moves in a plane in such a way that tho sum of its 
distances from two fixed points in _thc plane is constant, then the 
locus of the point is an ellipse. 

3. Prove that the major axis Is the longest chord in an ellipse. 

[ C. U. 1917, ’20, ’34. ] 

Lot bo any chord of an ellipse having for its foci S and S'. 

Then FS + QS > PQ, and PS' + QS' > PQ. 

(P5f + g5) + (PS'+QS') > 2Pg. 

.-. {PS+PS') + {QS + QS')=^AA'+AA’ = 2AA' > 2PQ. 

Hence A A* is greater than any other chord PQ. 

4. The distance of either extremity of the minor axis from either 
focus is equal to half the major axis. 

[ C. U. 1909, ’15, ’32. ] [ Prop. F, Cor. ] 

5. Given the base and the sum of the other two sides of a triangle, 
find the locus of the vertex. 

[ locus of the vertex is an ellipse, the extremities of the base 
being the foci. ] 
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6. A circle is drawn wholly within arboiher circle. Find the locus 
of a point equidistant from the two circumferences. 

The point equidistant from the two circumferences is the centre 
of a circle touching the two circles. 

Let S and S' be the centres and a, h the radii of the outer and the 
inner circles and P the centre and r the radius of any circle touching 
them at A and B respectively. 

Now SP^^SA-AP^a-r ... ... (i) 

S'P = S'B+DP^b + r ... ... (ii) 

From (i) and (ii), 5P+5'P=a+ 6= a constant. 

7. Shew that two ellipses having the same foci can not intersect 

each other, [ C. U. 1022. ] 

If P be any pt. of intersection of the two ellipses having the same 
foci 8 and S', PS+PS' = the major axis. 

the major axes of the ellipses are equal, which is contrary to 
the hypothesis • 

8. If P bo any point on an ellipse, find when the angle SPS' is 
the greatest. 

[ The base and the sum of the sides of a triangle being given, the 
isosceles A has the greatest vertical angle. ] 

9. A point lies within, without or on an ellipse according as the 

snm of its distances from the foci is less than, greater than, or equal 
to the major axis. [ C. U. 1912, ’27, ’30. ] 

Case I. If P is inside the ellipse, let SP produced intersect the 
ellipse at Q', Join S'Q. 

Then (S'Q+PQ) > S'P. (SP+S'P) < fifP+(PQ+S'g) ; 
or, (8P+8'P) < [SQ+S'Q). (SP+S'P) < AA'. 

(••• S0+S'0=AA'). 

Case II. When P is outside the ellipse. 

Join SP cutting the ellipse in Q. Join S'Q, 
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But (5'P+ s'p) *= (sg+ gp) + ST. 

iSP+S'P) > (SQ+S'Q) ; ( gp+s'p > QS' ) 

{SP+ST)> AA\ SQ+S'Q^AA'). 

Case III. When P is on the ellipse, SP+S'P==AA'. 

10. S and S' are two fixed points. With radius 2a (greater than 
SS') and centre S describe a circle. Take any radius SQ of the circle. 
From QS cut off QP equal to PS'. Find the locus of P. 

[ PS + PS' = /Sg = a constant « 2a. The .locus of P is an ellipse of 
which S and S' are foci. ] 

11. If of two ellipses one falls entirely within the other ^ the axis 
major of the one is less than the axis major of the other, [ C. U. 1910. } 

Hints. Let the major axis of the outer and the inner ellipses be 
AA' and DD' respectively. Produce DD' to meet the outer ellipse at 
d and d'. Join Sd, Sd', S'D, S'D\ where S^ S' are the foci of the outer 
ellipse. Sd+Sd' > dd' ; S'd'+S'd > dd't and so on. 

2.4.4' > 2dd', whence .4^1' > DD', 

12. If two ellipses have a common focus , and their major axes equals 
show that they cannot intersect in more than two points. 

Let S be the common focus, S^ and the second foci. If P be 
any point common to the two ellipses, 

PS+PS^ =P5+Pfi’a ( = the major axis). PS^ =PS^, 

Hence the common points between the two ellipses lie on the per- 
pendicular bisector ot S^S^^ the line joining the second foci. If there 
be three points of intersection, they must be* on the ellipses as well as 
on the perpendicular bisector of S^S^^ which is absurd. 


13. If the two foci of an ellipse coincide, show that the ellipse 
becomes a circle. [ 0. U. 1924, *34. ] 
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Proposition VI. 

The semi-minor axis is mean proportional between the 
segments of the major axis by the focus* 

( CB'‘’=-SA.SA'.) 



Lot 0 ho the centre ami S, S' the foci of an ellipse of 
which MX is the directrix and BOB' the minor axis. 

Join BS. Draw BM perijcndicular to tho directrix. 

It is required, to prove that CB^ = SA.SA'. 

Since 21 is a point on the ellipse, 

SB’^e.BM’-c.GX^GA. [Prop. IV] 

GB^^SB^-GS^-^GA^-GS^ 

-‘(GA + GS){GA-CS) 

’={GA'+GStGA-GS) ( •.' OA^CA) 
•“SA'.SA. 

.•. GB^~‘GA^-GS^‘=SA'.SA. 

EXERCISES. 

1. Show that CB' = CS.XS. 

CB’ = SB* - OS* -04* - OS* - CA.CA - CS.CS 

- GA.e.CX-CS.eCA [ Prop. IV. ] 

= e.CA(CX-CS)=e.CA.XS - CS.XS. 

*0. U. 1916, '21, ’26, ’36. 
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2. Givon tho major axis of an ellipse in magnitude and position 
and the minor axis, find the foci and the directrices. [ BS^CA, ] 

3. Showthat = I + CS^ . ] 

4. If circles are described on AA' and SS' as diameters, prove that 
the portion of the tangent to the inner circle lying within the outer 
circle = BB\ 

(Half the tangent)^ == (radius of the outer circle)^ -(radius of tho 
inner circle)* = CA^ — 05*, 

5. Find the length of the semi-latus rectum in terms of the axes, 

[ C. U. 192C, ] 

From definition, SL — XS,e = e,^j^, = 3 

eCA CA 

6. Show that the length of the chord of the auxiliary circle parallel 
to the minor axis and passing through the focus = BB', 

7. Find the centre of an elfipso, having given a focus, the lengths 
of the major and minor axes and a point on the ellipso. 

[ 5' is the intersection of tho circlo with centre P and radius 
(AA' — SP) with that having 5 as centre and 55' as radius. ] [ Ex, 3 ] 

8. Any chord PQ of the circle on the minor axis as diameter meets 
the circle on the major axis as diameter at p, g. Show that Qq,Qp = 
CS*-Pi).gp. 

Let X be the perpendicular distance CO of the chord from the 
centre C. 

Then OP* = CP* -a*, and Op^--Cp^-x^, 
r. Op* - OP* = Cp* - CP* = c^* - CP* = C5*. 

But Op* - OP* = (Op + OP)(Op - OP) = Op. Pp. 
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Peoposition VII. 

The middle points of parallel chords of an ellipse lie on a 
straight line passing through the centre.^ 



Let PQ bo one of a system of parallel chords of an 
ellipse and V its middle point. Let Sjbe the focus and G 
the centre of the ellipse. 


It is required to prove that the locus of V is a st. line 
passing through the centre of the ellipse. 

Draw SY perpendicular to PQ to meet the directrix at 
K. Produce QP to meet the directrix at D, Join PS, QS 
and draw QM, PM' propendiculars on the directrix. 


Since the As DPM', DQM are similar, 

op. 

PD 


t QS , QD^ QS^ 
PS** 


QS* PS® QS* -PS® 
QP* “ PP® “ QP* - PP* 


(I) 


* 0 . U. 1918, ’16, ’22, ’24, ’28, ’31, ’83, ’36. 
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But QS^-PS‘-=(QY^ + SY^)-{PY^+SY^) 

“ QY’‘ - PY^ 

’-(QY-\-PY){QY-PY) 

= PQ{{QV+ YV) - iPV' - YV)} 

^2PQ.YV. (II) 

Similarly, QD^ - PC® - (QD + PD){QD - PD) 

=‘2PQ.DV (Ill) 

from (I), (II) and (III), 


PS^__2P Q.YV YV 
PD'^ 2PQ.DV DV" 

SP . 


... (IV) 


Now the ratio is constant being equal to the cceon- 
tricity of the ellipse. ... ... ... (a) 

PM' 

The ratio ~~pjj clepends only on the inclination of PQ to 
the major axis.* But PQ is drawn in a fixed direction, 
is a also constant (for all parallel chords). ... (p) 

Hence evidently constant from (a) 

and ip), 

YV 

from (IV), is a constant ratio for all chords of 
the system. 

*lt 0 be the angle which PQ makes with the major axis, 

pm' 

oos constant for parallel chords. 

JoJJ 
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But D lies always on the directrix which is a fixed st. 
line and Y on another fixed st. line viz,^ the perpendicular 
drawn from the focus on the system of parallel chords, the 
two lines intcrtsecting at K, 


. ‘ . V also must lie on a fixed st. line passing through 


the common point 7i. 



YV 

DV 


is always constant 


•) 


(By a well-know proposition.) 


That is, tlie locus of the middle point of all chords 
parallel to PQ is a straight lino. 

Again, when one of the system of parallel chords passes 
through C, tlie centre of the ellipse, it is bisected at that 
point, from the symmetry of the ellipse; so that 0 is 
a point on the locus. 

Hence the locus of V is a st. line passing through 
the centre of the ellipse. 

Def. : The locus of the middle point of a system of 
parallel chords of an ellipse is called a diameter of the 
ellipse. 

Note. We have seen that the middle points of a system of parallel 
chords of an ellipse lie on a straight line passing through the centre. 
Diameters are therefore straight lines passing through the centre. 


EXERCISES. 

1. Having given a diameter of an ellipse, find the system of para- 
lleljchords which are bisected by it. 

[ Let the diameter meet the d^eotrix in K. loin: KS, where 8 is 
the focus. Chords perpendicular to KS or KS produced form the 
system of parallel chords. ] 

2. Any straight line passing through the centre is a diameter of the 

ellipse* [ See Ex, 1, ] 
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Conjugate Diameters. 

Two diameters are said to he conjugate ^ token each bisects 
chords parallel to the other, 

3. If ono diameter of an ellipse bisects chords parallel to a second, 
the second diameter bisects chords parallel to the first. 

[ Let a chord POP' bisect chords parallel to BCD', Draw A'Q 
parallel to CD, meeting CP in L and the ellipse in Q, Join AQ meet- 
ing CD in H. 

CL ia parallel to AQ, and AQ is bisected by CD at if. ] 

N, B. The major axis and the minor axis form a pair of conjugate 
diameters of an ellipse. 

4. Show that the diameter of a system of parallel chords and the 
perpendicular drawn from the fo^us on the system of parallel chords 
intersects on the directrix. 

5. An ellipse being given find its centre, axes, foci and directrices, 

C 0. U. 1933, »35. ] [ See Prop, IV, Ex, 3. ] 


6 
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Pboposition VIII. 

If any chord QQ' of an ellipse intersect the directrix 
in D, SD bisects the exterior angle between SQ and SQ'* 



Let QQ: be any chord of an ellipse with focus S, which 
moots the directrix in D. 

.Join DS, QS and Q'S and produce QS to any point q. 

It is required to prove that DS bisects the exterior angle 
Q'Sq. 

Draw QM and Q'lT perpendiculars to the directrix. 

Since the As QMD, Q'M'D are similar. 

. QD m_ 

•• Q'D M'Q’’ 

But from the definition ef the ellipsOi 
SQ^eMQ and SQ'-sM'O'. 

• ' M'Q’ S^Qf^ 
from (1) aud (2), 

»C. U. 1919, ’23, ’23, '88. ’40, ’42. 
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Henco the base QQ^ of the A QQ^S is divided externally 
in the ratio of the sides SQ and S^Q. 

SD bisects the Vertical angle QSQ' externally. 

EXERCISES. 

1. The straight lines joining the vertices of an ellipse to any point 
P on the curve are produced to meet a directrix in D and D* ; shew that 
DD' subtends a right angle at the corresponding focus. [ 0. U. 1919, *40.] 

[ PS is produced to meet the ellipse again at g. 

D'S bisects the Z^ASP and DS bisects the Z^ASg. ] 

2. (i) Find the locus of the pair of points of intersection of the 
straight lines joining the extremities of a pair of focal chords, as the 
angle between the focal chords varies. (The locus is the corresponding 
directrix.) 

(ii) Show also that the interqfpt an the directrix between each pair 
of such points subtends a right angle at the focus. 

[ Prop. VIII, Ex. 1, Chapter I. ] 

3. The intercept made on either directrix by straight lines joining 

the extremities of a focal chord to any point on the curve subtends a 
right angle at the corresponding focus. [ C. U. 1942. ] 

[ Chapter J, Prop. VIII, Ex. 2. ] 

4. Given the eccentricity, a focus and two points on an ellipse, to 

construct the curve. [ Ex. 4, Prop. VIII, Chap. I. ] 

5. Given a focus and two points on an ellipse, show that the 
corresponding directrix passes through a fixed point. [ In fig. 28, JD is 
the fixed point.] 

6. Having given the focus and three points on an ellipse, to find any 

number of points on it. [ C. U. 1929. ] 

C For each pair of points, we can get a point D on the directrix. 
Find the eccentricity. ] 

7. The intercept on either directrix of an ellipse between the 
straight lines joining the ends of a given chord to a variable point 
on the ellipse subtends a constant angle at the corresponding focus. 

[ Proceed os in Ex. 1, Prop. VIII, Chapter I. ] 
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[ The constant angle is equal to half the angle subtended by the 
given chord at the focus. ] 

8. Any straight lino DQ intersects the directrix at D and the 
ellipse at Q, Take a point ^ on the curve so that the angle DSp at 
the corresponding focus is made equal to the angle DSQ, If pS be 
produced to meet DQ (produced if necessary) at P, shew that P is a 
point on the ellipse. 

( Prove it by reductio ad absurdum ). 

9. If any chord QQ' meet the directrix in P, then QS and Q'S are 
equally inclined to DS produced. 

10. Show that no straight line can meet an ellipse in more than two 

points, [ C. U. 1923, *38. ] 

The ellipse is a closed curve. [ Prop. J, Ex, 10, ] A straight line 
will, in general, meet it in two points. Let the straight lino PP*P 
meet the ellipse in P and P\ and the directrix in D. Then PS and 
P'S are equally inclined to DS produced. [ Ex, 9, ] 

If it meet the ellipse again at the third point Q, QS, P'S will bo 
similarly equally inclined to DS produced, which is absurd. 

11. Show that in an ellipse for any chord QQ', the external 
bisector of the angle QSQ' and the directrix are coneurrent. 

12. Show that the lines joining the extremities oj any focal chord to 
X are egtmlly inclined to the axis, 

[ Let QSq be any focal chord. Join qX and QX intersecting the 
ellipse at P. Join PS, Then XS is the bisector of the angle PSq, 

PS^qS. [Prop, I, Ex, 12,} 

the two As XPS, XqS are equal in all respects. ] 

18. The ends P, P' of a focal chord PSP' are joined to any 
variable point Q, where QP and^QP' meet a directrix in p and p'. 
Prove that the rectangle contained by pX and p'X is a constant 
(-SX*). [ Ex, 5, Prop. VIII, Chap. 1 . 1 

[ The ApSp' contains a right angle at jS. ] [ Ex. 3. } 
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TANGENCY. 

Proposition IX. 

The tangent to the ellipse at either end of a diameter is 
parallel to the system of chords bisected by the diameter. 



Let QGQ^ bo any diameter of the ellipse of which G is 
the centre. Lot PVP^ be one of a system parallel chords 
bisected by QGQ* at F. 

It is required to prove that the tangent at Q is parallel 
to PVP'. 

Lot the chord PFP' move parallel to itself so that P' 
coincides with V, In each of its successive positions PF*“ 
P'V, because QCQ' is the diameter of the system of chords 
parallel to PVP'. 

Hence it is clear that when P' coincides with F, P also 
coincides with V, and the chord in this limiting position 
becomes the tangent to the ellipse at Q. Thus the proposi- 
tion is proved. 

N. B, This method of proof Is known as the method of limits. 

Cor. There can be only one tangent to an ellipso at a given point. 

* 0. U. 1918, *28. 



86 


CONIC SECTIONS 


EXERCISES. 

1. Draw tangents to an ellipse which will make a given angle with a 
given straight line. 

[ Draw a straight line making, with the given straight line, the 
given angle. Draw a chord parallel to this straight line. ] 

2. Tangents at the vertices of an ellipse are perpendicular to the axis 

major. [ 0. U. 1919. ] 

[ Tangents at the vertices are parallel to the chords bisected by the 
major axis ; but the major axis bisects chords perpendicular to it, and 
hence, etc. ] 

3. Shew that the straight line joining the points of contact of two 

parallel tangents to an ellipse is a diameter. [ C. U. 1918, ’31. ] 

[ Let the tangents at P and Q he 1|. Join PC and QC, where O is 
the centre. Then, PC is the diameter of chords parallel to the 
tangent at P ; QC is the diameter of chords parallel to the tangent 
at Q, That is, PC and QC bisect the same system. ] 

.*• they are parts of the same diameter vie. the straight line PQ. 

4. Tangents at the extremities of any two diameters of an ellipse 
form a parallelogram. 

5. Draw tangents to an ellipse which shall cut off equal intercepts 
from the axes. 

[ Draw a chord equally inclined to the ;axes. See Ex. 1. ] 

6. Draw a tangent to an ellipse parallel to a given st. line, and 

show that tioo such tangents are always possible. [ C. U. 1928. 1 
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Proposition X. 

The portion of the tangent to aii ellipse at any point 
intercepted between that point and the directrix subtends a 
right angle at the focus^ and conversely. 



Let; QZ be the tangent to an ellipse at Q meeting the 
directrix in Z, and S the focus. Join ZS, 

It is required to prove that the angle QSZ is a right 
angle. 

Let QQ' be any chord of the ellipse meeting the direc- 
trix in D. Join DS^ Q'S. Produce QS to any point q. 

Now DS bisects the exterior angle Q'Sq, so that the 
Z. Q'SD = the Z DSq. [ Prop. VII ] 

Let the secant QQ'D bo turned about the point Q, so 
that 0' approaches Q. 

Ultimately, when Q' coincides with Q, the secant QQ'D 
becomes the tangent QZ at Q, D coincides with Z, and the 
Z.S Q'SD, qSD coincide with the Zs QSZ, ZSq respec- 
tively. 

*0. U. 1914, »17, *19, »20, 33, '40, 42. 
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But the Z.Q'SD is always equal to the /LqSD. 
the /LQSZ^thQ Z_ZSq. 

Hence the zl QSZ = one right angle. 

EXERCISES. 

1. If the tangent at any point P of an ellipse meets the directrices 
at Z and Z\ show that Z*P subtends a right angle at S\ 

2. The tangent at any point of an ellipse meets the directrices in 
Z and Z’, The straight line drawn through P perpendicular to the 
directrices meets them in M and M'. Show that the pts. P, ilf, N, Z 
and P, S', M\ Z' are conc 5 'clio. 

3. The tangent at any point P meets the directrix in Z and the 

latus rectum in H, Show that HS^e.SZ. [ G. U. 1942. ] 

[ Draw PM. Join ZS^ PS, MS. From Ex. 2, P, Jf, S, Z are 
conoyclic ; hence Z.iHPS = 180° - /^MZS « L^SZX^r- ^ ZSH. 

ZX II SU. 

Again, /LPMS^L.PZS, being in the same circle. 

.*. As ilfPS, ZHS are similar. Hence, etc. ] 
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Converse op Proposition X. 

If a straight line, drawn from any point on an ellipse to 
meet the directrix, subtends a right angle at the corresponding 
focus, then the straight line is the tangent to the ellipse at 
that point f ' 



Let PZ bo any straight lino drawn from any point P on 
the ellipse of which S is the focus, to moot the directrix in 
Z. Let PZ subtend a right angle at the focus. 

It is required to prove that PZ is the tangent to the 
ellipse at P, 

If PZ be not the tangent to the ellipse at P, lot PZ' be 
the tangent at P meeting the directrix in Z' 

Now PZ' subtends a right angle at the focus, so that 
the Z^PSZ' is a right angle. 

But by hypothesis, the fLPSZ is a right angle. 

/. the Z.PS-^ — the Z^PSZ' ; that is, a part is equal to 
the whole, which is impossible. 

Hence PZ must be the tangent at P. 

•0. U. 1917. 
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EXERCISES. 

1. Draw a tangent to an ellipse at a given point. [ Ci Ui 1914. ] 

[If P bo the point at which the tangent is to be drawn, join PS. 
Draw SX perpendicular to PS meeting the directrix in Z, Then PZ 
is the tangent required. ] 

2. Draw a tangent to an ellipse from a point on the directrix. 

[ If ^ be the given point on the directrix, join ZS and draw the 
focal chord PSp perpendicular to ZS. Then Zp and ZP are the 
tangents required. ] 

3. The tangents at the extremities ofalatus rectum intersect the 

major axis produced on the directrix. [ C. U. } 

4. By drawing a tangent at B, the extremity of the minor axis, 

show that CS.CX--CA\ [ C. U. 1918. 1 
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Proposition XI. 

The tangents at the ends of a focal chord of an ellipse 
intersect on the corresponding directrix.* 



Lot PSp be any focal chord of an ellipse of which S is 
the focus and MZ the directrix. 

Let PZ bo the tangent at P mooting the directrix in Z. 
Join Zp. 

It is required to prove that pZ is the tangent at p to the 
ellipse. 

Since PZ is tho tangent at P, the Z.PSZ is a right 
angle. [ Prop. X ] 

tho fLpSZ is also a right angle. 

Thus pZ subtends a right angle at the focus S. Hence 
pZ is the tangent at P. [ Prop. X ] 

Note. The locus of the points of intersection of tangents at the 
ends of focal chords of an ellipse is the corresponding directrix. 

Def. : The line joining the points of contact of two 
tangents drawn to an ellipse from a point outside it is called 

the chord of contact. 

*0.U. 1909, *16. *18, *19, *34. 



92 


CONIC SECTIONS 


EXERCISES. 

1. Tho tangents at the extremities of a focal chord meet the 
directrix on the focal perpendicular. 

2. Prove that tangents at the extremities of the latus rectum 
intersect where the major axis meets the directrix. 

[ 0. U. 1909. *15. ’20, ’34. ] 

[ If X bo the point of intersection of the major axis with tho 
directrix, XS is the focal perpendicular. 

XL and XL^ aro tangents at the extremities of the latus rectum 

LSL\ ] 

3. The chord of contact of tangents to an ellipse from any point on 
the directrix passes through the focus. 

4. If the ordinate NP of any point P of an ellipse be prodticed to 
meet the tangent at the end of the latus rectum at Q, shew that QN^SP, 
the distance of P from the corresponding focus. [ C. U. 1917, ’33. ] 

[ See Chapter J, Prop. FJ, Ex. 13. ] 

Tho As QNX, XLS are similar. 

Henoe XN.. SP. 

5. Having given the tangents at the extremities of a focal chord, 
find the corresponding focus. 
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Proposition XII.* 

The tangent at any •point on an ellipse makes equal 
angles ivith the focal distances of the point. 



Fig. 33 

Let the tangent at any point P of an ellipse meet the 
directrices in Z and Z\ Join PS, PS\ 

It is required to prove that the ASPZ =^the /LS'PZf. 

Through P draw MPM' perpendicular to the directrices, 
meeting them in M and M\ Join ZS^ Z'S', 

pir 

The As PMZt PM'Z' being similar, (l) 

Again, PS - ePM, and PS' •= eFM\ . p® , = (2> 

PS PZ 

Hence, from (1) and (2), 

. PZ’‘ PS* PZ^-^S^ ZS^ . PS Z^ : 

. . * PS'” Z'Sf' 

*C. U. 1910, '16, *19, '25, *27, '82, '39, '41, '43. 
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Thus in the two As ZSP 9 Z^S'Pt we have' 

APS^Z\ each being a rt. angle and the sides about the 
equal angles proportional, As ZSPt Z'S'P are similar. 

Hence the /.SPZ ^tho Z.8'PZ\ 

Cor. The tangent at any point P on an ellipse is the external 
•biseotor of the angle SPS\ [ G. U. 1929. } 


EXERCISES. 

1. Show that the bisector of the exterior angle between the focal 
distances of a point is the tangent at the point. 

Hence construct the tangent at a given point on the ellipse, having 
given the foci only. [ 0. U. 1932. ] 

2. P is any point on an ellipse and T is a point on the major axis 

TS' S'P 

produced, so that-g^®-^* shew that PT is the tangent at the 
point P. [ ] 

3. The tangent at any point on an ellipse makes a greater angle 
with the focal distance than with the perpendicular to the directrix. 

[ 0. U. 191C. ] 

[ In fig. 33. since M’P > S'P. < S'Z'. 

the Ul'PZ' < the A S'PZ\ and so on. ] 

4. The tangent at any point P meets the directrices in Z and Z\ 
The intercept between the perpendiculars drawn from Z and Z' on SP 
or S'P (produced) is always a constant. 

[Draw Z*D perpendicular to SP produced. The right-angled 
AS PS'Z\ PZ'D are congruent. the intercept SD^SP+S'P^^AA*. ] 

5. Having given a focus of an ellipse and the point at which the 

ellipse touches a given straight Ivne^^find the locus of the other focus' and 
that of the centre. [ 0. U. 1927. ] 

[ If XY be the given line, P the given pt, on it and S the given 
focus, the locus of the other focus is a straight line PK passing 
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through P and having the Z.^PS=the ^YPK, The locus of the 
centre is a straight lino |i to PK passing through the mid-point 
of SP. ] 

6. The tangents at the vertices of an ellipse are at right angles to 

the 7najor axis. [ C. U. 1919. ] 

[The tangent YAY' at A makes equal angles v«ith the focal dis- 
tances 2 IS, .4 which are in the same straight line. the ^YAS 
“the fLY'AS'= one right angle. ] 

7. St, S't' are perpendiculars upon the tangent at any point P of an 
ellipse. If PN he the ordinate of P, prove that PN bisects the angle tNt\ 

[ C. U. 1941. ] 

[ The quadrilaterals PNS't', PNSt are concyclic. Join Nt', Nt. 

z^tNP=^tsp--dQ^ - Atps, /:.t*NP^Lt's'p^^o^ - li:ps\ 

But /LtPS = /LePS', .V Z,tNP=jLt'NP.] 

8. Having given a focal chord and the tangents at its extremities, 
construct an ellipse. 

[ Draw 2!S perpendicular to Pp to find the locus. By Prop. XII, 
draw S'P, pS' to determine the other focus. ] 

9. If the perpendicular SO drawn from the focus S on the taiigent 

at ajiy point P meetP'P produced ins, show that (i) sO=SO, and 
(ii) S's is constant. [ 0. U. 1910, *39, ’43. ] 

Hence show that the locus of O is the auxiliary circle, i.o., a circle 
with A A* as diameter. 

[ 5's=»<S'P+Ps=S'P+SP=»themajoraxis. ] [ S's=2C0=2C4. ] 

Note. The locus of the imago *s’ of the focus 'iS’ in the tangent at 
P is a circle of radius AA' and centre S\ 

10. Having given the foci of an ellipse, and a tangent, show how to 
find the point of contact* [ 0. U. 1925. ] 

[ Draw Ss perpendioular to the given tangent meeting it at y, so 
that Sy^sy. Join sS* intersecting the tangent at P. ] [ Ex. 9. ] 
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Proposition XIII. 

The normal at any point of an ellipse bisects me angle 
between the focal distances of the pointf^ 

T' 



Let TPT' bo the tangent at any point P of an ellipse of 
which S and S' are the foci. 

Draw the normal PO at P meeting the axis in G. Join 
SP and S'P. 

It is required to prove that PG bisects the ajigle SPS\ 

Since PG is a normal, the Z. PPG — the Z^T'PGi each 
being a right angle. Again TPT' being the tangent at P, 
the Z TPS « the Z T'PS\ [ Prop. XIII. ] 

the Z>SPG-thoZS'PG. 

Hence PG bisects the angle SPS' between the focal 
distances. 


EXERCISES. 

1. The fwrmal at any point on an ellipse divides SS' internally in 
the ratio of the focal distances of the point. 

[ The normal is the biseotor of the Z^SPS' ] 

♦0. U. 1910, *39, »41. 
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2. Show that the normals at the extremities of the axes pass 

through the centre of the ellipse. Ex , 2. ] 

3. If the oirole described on the normal PO as diameter intersect 
the fopal distance of P at and F, shew that PQ bisects TJV at right 
angles. 

MISCELLANEOUS EXERCISES. 

Sec a. PAEA130LA. 


1. Any parabola cuts the ordinates (produced if necessary) of any 
other parabola having the same axis and vertex in a constant ratio. 

2. A parabola rolls on an equal parabola, the vertices originally 
coinciding. Provo that the tangent at the vertex of the rolling para* 
bola always touches a fixed circle. 

[ The required circle has its centre at S and its radius equal to AS. ] 

3. Prove that the intercept made on the directrix by two straight 
lines joining the extremities of ^ focal chord to any pt. on the para- 
bola subtends a right angle at the focus. 


4. A parabola passing through the middle points of the sides of 
a triangle ABC meets the sides again at a, b, c ; show that Aa, Bb, 
Cc are parallel to one another. 


Let jD, E, F be the middle points of the sides BC, CA, AB respect- 
ively and let BC meet the parabola again at a. Then La and FE 
are parallel chords. 

.*. the axis is parallel to the line joining the mid. pts. of Da and 
FEt which is again parallel to Aa, 


5. IfPKQheany chord of a parabola intersecting the axis at K, 
prove that AK^^AM.AN, where M and N are the feet of the ordinates 
of P and Q respectively. 


From similar As PKMf QKN, we have 


or, 


im^ PM^ AM 
KN* ” gJ^’* ~'an‘ 


(AM-AK\* AM 
\AK-A'Nf “ Alf 


whence AK^ ^AM, AN. 


N. B. If PQ be a normal chords AQ*^ AM. AN \ 
if PQ be a focal chord, AS*=^AM, AN, 

7 
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6. A chord PQ U normal to the parabola at P and au/ttends a right 
angle at the vertex ; show that SQ=»3SP, 

Draw PM, QN ordinates to the points P and Q respectively. From 
PAf* A AT® 

similar Aa PAM, QAN, whence 16AS^ ^ AM. AIi^=AO\ 

[ Ex. 5, ] 

But .4M-SP--4S = 2^Sf, whence 8^15. 

S0 = i4JV+2lS = 9i4S«3SP. 

7. Show how to draw a pair of tangents to a parabola from a point 

on the axis. [ C. U. 1921, See Prop. XI, Ex. 5. ] 

8. Show that the normal at any point P of a parabola meets the axis 
at a point Q which lies on AS produced towards S. [ Apply Prop, XV. ] 

9. Find the locus of the middle points of focal chords of a parabola. 

Let V be the middle pt. of a focal chord PSp and let the diameter 

PK intersect the parabola at P. Draw BT tangent to the parabola 
and BN ordinate to B, 

If VM bo drawn perpendicular to the axis, As BTN, VSM are 
congruent, VM^ ^BN^^4.AS,TN^2A8.TN=^2AS.SM. 

Hence the locus is a parabola passing through the focus and 
having the same axis and latus rectum equal to 2AS, 

10. Given a focal chord and tangents at its extremities, find the 

focus and the directrix of the parabola. [ Prop- XII, Ex, 7, ] 

11. In a parabola the normals at the ends of a focal chord meet on 
the diameter bisecting that chord. 

12. A focal chord PSp is bisected at right angles by a line which 
meets the axis in O \ prove that Pp^2SO^ 

Let 'A be the pt. on the directrix at which the tangents at P and p 
intersect. OV being the perpendioular bisector of Pp, OK is parallel 
to Z8. 

ZV being parallel to SO, SO-ZV^iPp, 

13. The diameter th/roiAgh either end of a focal chord of a parabola 
bisects the normal chord at the othesf. 

Let PSp be a focal chord and PGQ the normal chord at P . If pm 
be perpendicular to the directrix, mS is the focal perpendicular to 
PQQ, mp bisects PQQ, 
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14. The locm of the foot of the focal perpendicular upon any tangent 

to a parabola is the tangent at the vertex. [ C. U. 1931. ] 

Let y be the pt. of intersection of the tangent at any pt. P with the 
line MS, whore PM is drawn perpendicular on the directrix. Then PT 
is the perpendicular bisector of MS, AY is tangent at the vertex. 

15. Given the focus and two tangents to a parabola, construct the 

curve. [ Apply Ex, 14. ] 

16. From any point F in a fixed st. line PQ, a straight line B'V is 
drawn in a fixed direction such that B'V is proportional to QV.PV; 
prove that the locus of P' is a parabola passing through P, Q, and 
having its axis parallel to 

[ If O be the middle point of PQ, PV.QV=- PO^ - OV^ 
■«4(PS.BO--4PS.Pv), ( Bv' is the ordinate to the diameter BO) 
= 4BS(BO-Bt;) = 4BB.B'F. ] 

17. O is the middle point of a chord PQ of a parabola. The per* 

pendiculars through 0 to PQ and the axis meet the axis at G and N. 
Show that GN is equal to the senii-latus rectum, [ 0. U. 1926. ] 

Let O be the middle point of the chord PQ intersecting the axis at t. 
Draw the diameter through O meeting the curve at B. Let BT be the 
tangent at B meeting the axis at T and Bn the ordinate to the pt. B. 

The Aa BTn, OtN are congruent. 

. • . ON* = Bn* = 4AS.An = 2AS.2An = 2AS.Tn=2AS.tN. 

[ Prop, XIIL ] 

BxjLtON*=-tN.NG. .-. tN.NG^2AS.tN. Hence NO --2 AS. 

18. The tangents at the ends of any chord of a parabola intersect 
on the diameter which bisects the chord, and conversely. 

[ We know that the st. lines joining the extremities of any two 
parallel chords of a parabola intersect on their diameter. In this case 
the two parallel chords become consecutive. ] 

19. If dB, SF be perpendiculars from the vertex and focus of a 
parabola upon any tangent, prove that SF* = SF.dB+SA*. 

20« Given the vertex, a tangent and the latus rectum, construct 
the parabola. 

21. The portion ol a diameter intercepted between the tangent at 
any point of the parabola and the ordinate of the point to the diameter 
is bisected at its vertex. 
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Let the tangent at any point P meet BV at It and the tangent at 3 
in T, Draw BK parallel to Pit to meet PV at K, Join TK and BP 
intersecting each other at II, Now U is the mid. pt. of BP and TK^ 
because PKBT is a parallelogram. TK is a diameter. Hence 
BB ; BV^THi IIK^l. [Ex. IS, ] 

22. The circle circumscribing the triangle formed by any three 
tangents to a parabola passoss through the focus. 

23. Describe a parabola to touch four given st. lines. 

[ Apply Ex. 22t Ex, 15. J 

24. A parabola rolls on another equal parabola, their vertices being 
initially coincident ; show that the focus of the former describes the 
directrix of the latter. 

Let lS, s' be the feci and P the pt. at which the parabolas touch 
each other. The common tangent at P bisects the Z-SP^'. Hence 
PS' is perpendicular to the directrix of the first parabola and is equal 
to PS. 


25. Show that there are two points having a given abscissa and that 
the line joining these points is perpendicular to the axis, .'[Dacca Board.} 

( Apply PiY* = 4AS.A^. ) 

26. If the double ordinate QQ', be double the length of the latue 

rectum t shew that it subtends a right angle at the vertex and AQ divider 
the lotus rectwn in the ratio of 1 : 3, [ Dacca Board. ] 

QN*^4AS.AK=16AS\ AN=^4AS. Hence QQ'‘^^AQ^ + 

A' Q*('=‘ 64 AS'*.) If I be the pt. of intersection of AQ with LS, then 

= whence = and so on. 

AS AN 

27. Shew that the scmi-latus rectum is a harmonic mean between 
the segments of any focal chord. 

Sec. b. Ellipse. 

28. The st. lines joining the extremities of any two parallel chords 
of an ellipse intersect on the diameter which bisects the chord. 

Let Pp and Qq bo two II chords. Let QP, qp meet the diameter 
bisecting Pp, Qq at T and t respectively. If V and V be the middle 
pts. otPptOq respectively, 

TV : TV'^^PV : QV'^pV : qV'^tV : tV. .\ t and T coincide. 
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29. Tho tangents at the ends of any chord of an ellipse intersect 

on the diameter which bisects the chord. [ Ex, 18, ] 

30. 0 and A ate two fixed points, OP is a variable straight line 
of constant length. On OP a point Q is tahen such that PQ^QA \ 
show that the locus of Q is an ellipse with O and A for fod, {Note — the 
point Q is always situated between the points O and P.) [ Dacca Board. ] 

[ OQ + O-d = OP= a constant. ] [ Apply Prop, V] 

31. If the normal at any point P on an ellipse meet the major axis 
at Gt prove that SO-e.SP, 

[ pa bisects the Z.5PS\ S'P : SP^S'G : SO, 

(S'P+SP) : SP^iS'O-hSG ) : SG ; 

i.e„ AA' : SP^SS' : SO, Hence SG^e.SP, ] 

32. A chord PQ of an ellipse meets tho directrix at D ; show that 
SP : PD = SQ : QD. 

33. Provo that the external bisector of the angle SPS' is tho only 
st. line passing through P that cannot meet tho ollipso again, hence 
ehow that it is tho tangent at P. 

[If XY be the external bisector of tho angle 6’PS', (5P+S'P) is 
4;he shortest distance ( = the major axis). No other point on XY 
or on any other straight lino passing through P can satisfy this rela- 
tion and so on. ] 

34. In an ellipse if S and S' coincide, the ellipse becomes a circle, 

[ 0. U. 1924. ] 

[ flfP+S'P«2SP«2C^«2CP=a constant. ] [ Prop, 7] 

35. The st. lines joining the foci of an ellipse to the ends of a 
•diameter makes equal angles with the tangents at those ends. 

[ Apply Prop, Xn, ] 

36. Given a focus and the length of the major axis/ describe an 
ollipso touching a given st. line and passing through the given pt. 
How many solutions does this problem admit of ?'' 

[ Apply Prop, V and Prop, XII, ] 

37. Given the distance between the focus and the directrix equal 

to 3 ins. and the eccentricity equal to determine the positions of A, 
A\ B,B' the extremities of the principal axes. Obtain the length of 
(he 2 principal axes. [ G. U. 1913. ] 
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JO A V 1 XS 3 3 , 

AS^«.AX. 2x~2’ :i^= 2 • • ^-*^“2*“®**®®' 

Again A'S=e.AX. ^^“2, or, 1+^'^ ’St whence 

A'S^XS^^B. inches. 4il' = eU'X' + i4'Z) = 4 inches. 

CB® *5,4.54'= 3 sq. inches. J 

38. Given a focus and the length of the major axis, describe an 
ellipse touching two given st. lines. How many solutions are there ? 

39. A piece of paper out out in the shape of a circle, is folded so 
that its circumference always passes through a fixed point in the 
paper ; prove that the creases left in the paper are tangents to an ellipse. 

40. (a) Prove that the normals at the extremities of the axes all 
pass through the centre, and conversely. 

(6) Having given a focus, a tangent and the length of the 
major axis of an ellipse, find the locus of the other focus. 

[ The locus is a circle with centre the image of the focus in the 
given tangent and radius the major axis. ] 

41. Show that the two tangents which can be drawn to a parabola 
from any point on the directrix are at right angles. [ G. U. 1927. } 

42. In an ellipse show that (i) BO® =45.45' ; 

(ii) B0® = 57y.C4. 

[ Apply Prop. 4 ] [ 0. U. 1926, *30 ] 

43. Given a focus of an ellipse and three tangents, find the other 

focus. C Prop. Z/J.] [ C. U. 1929. J 

Let 4T, BT be two tangents intersecting at the point T. Make 
the Z.4T5*the jLBTS'a Then the second focus 5' must lie on TS\ 
and so on. 

44. ThO'^ perpendicular 50 drawn from the focus 5 on the tangent 

at any point P on an ellipse meets 5'P produced in 5. Show that the 
locus of 5 is a circle.; [ See Prop. XII^ Ex. 9. ] 

45. PN is the ordinate of a parabola ; a straight line dravm parallel 
to the axis bisects PN and ctUs the cijgrve in Q ; NQ meets a line through 
the vertex A at right angles to the axis in T. Prove that BAT^BSNm 

[ 0. U. 1943. } 
[ See Prop. IP. Ex. II. Chap. 1} 
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Appendix. 

Proposition A. 

The square of the ordinate of any point on an ellipse 
varies as the rectangle under the segments of the axis i major 
made by the ordinate A 

( PN^ ; AN.A*N==CB^ : CA^) 



Let PN bo ordinato to any point P on the ellipse of 
which A and A' are the vertices. Join AP, A'PI and 
produce them to moot the directrix at D and d respectively. 

Join DS, dS and produce PS to meet the curve in p. 

Now, the As DAX, PAN are similar. 

. m 

AN AX 

^Definitions of the 'ordinate* and the 'abscissa* have teen given in 
Chapter I. 

tC. U. 1912, 'U, *21, *23, *26, *31. 
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Again the As dA'X, PA'N are similar, 

• EM 

• • a'n'°a'x 



Hence from (I) and (II), by multiplication, 


we have 


PjV* _DXdX 

AKXN axa'x 


Again since, DS and dS bisect the angles pSX and PSX 
respectively, [ Prop. VIII. ] 

the Z.DSd is a right angle, 
from Geometry, SX®. 


Hence 


PX* SX» 

a'n.a'n’^ax.a'x 


SX^ 

AX A'X ^ constant, because S, X, A and A' are 
fixed points ; 


PN^ 

AN A'N same value for all position of the 


f point P. 


Let us find the value of the constant in the particular 
case, when the point P coincides with the extremity B of 
the semi-minor axis BC. 


PJV* , BG 

AC 


2 

2 * 


the constant 


SX^ BO^ 
AX^A'X^AO^’ 


Hence 


PN^ CBl 

an.a'n’^oa^^ 


when P is any point on the 


ellipse. 
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Alternative Proof 



Let PN be tho ordinate to any point P on an ellipse of whioh S is 
the focus, MXM' the directrix, AA* the major axis. 


Draw the double ordinate tiCD' through the centre O of tho ellipse. 


It is required to prove titat 


PN^ CB' 
AN.A'N CA^' 


Join SP and draw PM perpendicular to the directrix. Then 
PJV* = SP* - SxV* = (SP+SN)(SP - SN), 

Now SP-hSN=e{AX-hAN)+SN 

= AS+eAN-hAN-AS^(l+e)AN 
and SP-SN^eXN-SN--e{A'X-A^N)-SN 

A' S-eA'N- M'S - X'iV) = (1 - e)A'N, 

Pi^* = (l+e)(l-eMN.4'2V'=(l-e*MJ\r.A'N. 

PN^ 

which is constant for a given ellipse. 


We have taken P to be any point on the ellipse, so that the relation 
PN* 

— e*), is true for any position of P on tho curve. 

AN»A XT 

Now in the particular case when P coincides with B so that N 
coincides with C, 


PN* CB* 
AN.A'N CA*' 


OB* 

\ the constant 
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PN* CB^ 

Hence -r<f-Tnrr^ 7m' which is constant. 

AN. A N CA* 

Note. The ratio of the miner axis to the major one= 


EXERCISES. 

PN^ CJ5® 

1 . Shoio that * hence prove that 

CN^ PN^ 

[ AN.A’N:-^ (CA - CNHGA'-h CN) = {GA + CN){CA - CN) 


Since 


_PN^__ 

CA‘*'-CN^~'CA*' 


. PN^ CA^-CN^ 
•• 'CA^~ 


PN^ 

CB'^ 


CN^ 


Honco 


PN\C^ 
CB'^ CA-^ 


2 . 


Show that the ratio of the minor axis to the 7»fljor=(l— c®) 


i. 


hence prove that e* 


CB® 

Oi®* 


[ C. U. 1910, ’21, '36. ] 


3. Enunciate and prove the converse of Prop. III. 

Enunciation : 

If a point P moves in such a way that PN^ : AN.A'N is a constant 
PN being the distance of P from tho lino joining two fixed points A 
and A' and N lyiilg between them, the locus of P is an ellipse of which 
AA' is an axis. [ Provo it by the indirect method. ] 

4. From any point P on a circle, PN is draivn perpendicular to a 
diameter meetijig it at N. Find the locus of the middle point of PN. 

Let C be the centre of a circle of a diameter AA' and PNP' any 
chord perpendicular to AA\ If Q be the middle point of the ordinate 
QN, then QN^^iPN^. 

But Pi^®*CP®-Ciyr*. 

= i(CP» - CiV®) =-i(CP+ CN){CP - CN) 

= iiCA + CN)(CA - Of) - i(CA'+CNKCA - CN) 
^iA'N.AN. 

QN"^ 

constant. Hence the loous of Q is an 

ellipse. 
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5. Show that the maximum value of PN is BG. [ G. U. 1912, ’31. ] 


We have 


PN^ CB^ 

aKa^n”ca^' 


PN^_ 


CB^ 

CA^* 


[Prop. VIII, Ex. J.} 


PN* = {CA* - ON*) = CD* - 

Now, PN will be maximum when the negative square term on the 
right-hand side is zero. 


6. If the ordinates of .all points on an ellipse he divided in the 
same ratio, the locus of the points of division is an ellipse. 


PQ 

Let the ordinate PN be divided at Q, so that 
whence = (suppose). = 

^ANA'N. ^^^-i*m\^AN.A'N.k, where 7c is a constant. 
Hence the locus of Q is an ellipse. [ Ex. 3. ] 


7. If the ofi dinates of all points on an ellipse fee produced in the 
same sense, and in the same ratio, shew that the locus of the extremities 
of these ordinates, so produced, lie on an ellipse. 

[ Follow the method of Ex. 6. ] 

8. If QM he drawn perpendicular to the minor axis from any point 

03 /“* GA"^ 

Q on the ellipse, shew that - 


Draw QN, QM perpendiculars on the major and the minor axes 
respectively. 

Now, BM.B'M^ BC^ - CM^ = BC^ - QN^ 

- DO* - — (CA* -CN*) [ £*. i. 1 



9. If the ordinate PN meet the circle on the major axis AA* as 
diameter at p, show thati)^' : PN^CA : CB. 

[ PN^ CB^ PN^ 1 

AN.A'N ^ CM* " * because ApA* is a right-angled triangle. J 
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10. P is any point on an ellipse. From A and A' perpendiculars 
are drawn to AP and A'P to meet at the point Q ; shew that the 
locus of Q is an ellipse of which AA' in the minor axis. 

[ Follow Ex, 3, 8. ] 

11. Shew that CP* = CP* +e*.CN^*. Hence deduce that the major 
axis and the minor axis are the maximum, and minimum central 
chords of an ellipse. 

[ CP* = PN* + CN' - (04* - CN') + CN* 

= CB' + CN* (l - r=CB*+e'.CN*. I Ex. 2.1 

Hence CP is minimum, when CN is zero. 

Again, CP*«(l-e*)CA*+fi*.CN* = C^*-fl*.CA*+c*.CN*. [Ex. 2.] 
= C^*+e*(CN*-CA*). 

Hence CP is maximum, when CN=CA. ] 


12. P is any point on an ellipse. AP and A'Q (produced if 
necessary) meet the minor axis at Q and R respectively ; show that 
CR.CQ-^BC\ 

[ Produce PA, A'P to meet the directrix at D, D' respectively. 

The As ADX, AQG are similar. The As A'RC, A'D'X are similar. 
See Prop. III. ] 


13. Construct an ellipse by the application of Ex. 9. 

14. Shew that the ordinate at any point P increases as it moves from 


the extremity of the major axis to that of the minor one. 
^ PN* 

CA^^AN.A'N CA*-CiV*’ 

Hence PN increases as CN decreases. 


[ C. U. 1923. ] 


PN'~CB*-CN'-^^< 


15. Prove that A A' (major axis) = — ; hence prove that 

the other vertex A' and the centre 0 of a parabola are at infinity. 


For an ellipse, SX-4'X-4'S=4'X-«.4'jr-4'X(l-e) ; 
• A'X^-^^ 


*The circle described on the major axis of the ellipse as diameter is 
called the auxiliary circle. 



ELLIPSE 


10 » 


But — -*)A?. 

1-a (1-c) 

For the parabola, e (eccentricity) = 1. 

Now AA* (length of the axis of a parabola) •-> c» as 1 

/. Ci4«oo. 

Hence the centre C and the other vertex A^ of a parabola are at 
infinity. 

Note. In a parabola, the other focus S' is at infinity. 

Proposition B. 

The ellipse 'is symmetrical loith respect to its minor axis,^ 
(An alternative proof.) 



Fig. 37 

Let AA^ bo tho major axis of an ellipse of which C is 
tho centre. 

Through C draw a chord BCB' perpendicular to tho 
major axis, meeting the ellipse in B and B\ 

It is required to prove that the ellipse is symmetrical 
with respect to the minor axis BCB\ 

Let Pp be any chord at right angles to BCB meeting 
it in 0. Draw PNi pn ordinates to the points P and p 
respectively. 


*0. U. 1925. »28, *41. 
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aWi'n” *• ^ 


PN^ pn^ , K • 1 ^ 

■ • AN:A'N-An:A'-n 

But AN.A'n - (CA + CN){CA '-CN)^CA^- GN^ . 

Similarly An,A'n ** CA'^ — Cn®. 

_Pi^ ^ 

• • CA '^ - GN^^ OA''^ - Cn^ 


Since PNnp is a rectangle by construction, PN^pn (2) 
.\ from (1) and (2), GA^ - GN^ - GA’^ - Gn\ 

Since “ GA'\ .\ GN^ - Cn^ Hence GN--Gn. 

But CN^PO and Gn'^pO. [*•* the quadrilateral 
PNGO, pnCO are rectangles.] 

/. PO^pO, That is, Pp is bisected at 0 by BCB\ 
But Pp is any chord of the ellipse at riglit angles to 
BGB\ 

BGB' bisects every chord of the ellipse at right 
angles to it. 

Hence the ellipse is symmetrical with respect to the 
minor axis BCB\ 



CO-ORDINATE GEOMETRY 

CHAPTER I. 

CO-ORDINATES. 

Co-ordinates — The position of a point in a plane can 
l)e determined ^vith tho help of two given intersecting 
straight lines in the plane which divide it into four parts. 
Lot XOX* and YOY' he two fixed straight lines intersect- 
ing at I'ight angles. 

lY 



Take any point Q in the plane. From Q draw QN per- 
pendicular to XOX', Then it is evident that the position 
of Q will be known, if ON and NQ are known. 


0. S.— 1 
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ON is called the abscissa or the i^-co-ordinAe and NQ 
is called the ordinate or the J^-co-ordinate of the point Q. 
The line XOX' is called the axis of X, the line YOY' the 
axis of and the two lines XOX' and YOY' are together 
called the axes of co-ordinates. The point 0 is called the 
origin. 

Tho four parts viz. XOY, YOX', X'OY' ami Y'OX into 
whicli the piano is divided hy the axes of co-ordinates are 
respectively called the first, second, tlnrd and fourth 
quadrants. 

Tlie convention adopted for the signs of co-ordinates 
of any point in a ])lane, containing two axes may bo stated 
thus : 

Any distance measured parallel to tho axis of x is taken 
to be positive, if it lies to the right side of tho axis of y and 
negative, if it lies to tho left. Any distance measured 
parallel to tho axis of y is taken to be positive, if it lies 
above tlio axis of x and negative, if it be below the axis of ?y. 

Hence (1) for any iioint in the first quadrant XOY, both 
X and y co-ordinates are positive. 

(2) Yor any point in the second quadrant YOX' 
the 2 /-co-ordinate is positive and tJie rc-co- 
ordinate is negative. 

(3) For any point in the third quadrant X’OY\ 
both X and ly-co-ordinates are negative. 

(4) For any point in the fourth quadrant Y OX, 
the ar-co-ordinate is positive and the y-co- 
ordinate is negative. 
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When the axes of co-ordinates XOX\ YOY' aro inclined 
to each ofclier at an angle other than a right angle, they 
are called oblique axes. The convention regarding signs 
in the case of hotli the oblique and the rectangular axes 
is exactly the same. In both cases the £C-co-ordinato of 
any point on the ^-axis is zero, the i/-co-ordinatos of any 
point on the ai-axis is zero, so that the co-ordinates of tlie 
origin 0 aro (0, 0). 

This system of co-ordinates {viz., the rectangular co- 
ordinates and the oblique co-ordinates) is known as the 
Cartesian system of co-ordinates, because it was first intro- 
duced by the philosopher Doscai tes. 

"We shall assume the axes to bo rectangular, if not 
otherwise mentioned. 

The X and y co-ordinates of a point will usually bo 
denoted by symbols like x, y respectively. 

Thus, if a point P lies in the first quardrant and if its 
geometrical distances from the uxos XOX' and YOY' aro 
respectively b and a, the fact will be symbolically stated by 
writing ‘P(a, bY, If the point lies in the second quadrant 
it is P( - a, 6). 

1. To find the distance of any pL {x^, yi) from the 
origin. 

Lot P be the pt. (oJi, i/i). 

In fig. 1, draw PM perpendicular to the £C-axis. 

Join OP. Then, OP^ - OM^ + PM^ 

-* 1 * 

whence /*(>■■ Jx,*+yt*. 
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2 . To find the distance between tioo points whose co- 
ordinates are given. 



Let P and Q be two given points, and let their co-ordi- 
nates bo (xi, yi) and (2:21 1/2) respectively with reference to 
the rectangular system OX, OY. 

Draw Pil/, QN perpendiculars to OX and QL perpendi- 
cular to Piir, so that Oil/=a?i, ON"^X2, PM=yi, QN — y2^ 
Now in the right-angled ^PQL, PQ^ =Pfj^ + QL^, 
But QL^^NM^OM- ON-Xi -X2, 

and PL ^ PM- LM « Pil/ - ©N = z/ 1 - ?y 2 . 

Hence PQ^ («i " +(z/i -^y^Y^ 

or, PQ - - ATa)® + IJf 1 

Tliis formula holds good whatever be the values of a:i,. 
l/ii ®2f 2/2 i positive or negative. 

Note. The distance of P from the origin Art, I) can be^ 

obtained by putting iCa — 0 = j/,, in the above result, so that Q coincides 
with the origin. 

Ex. 1. Find the distance between:the origin and the point (5, 12),. 

The co-ordinates of the origTn are (0, 0). 

The reqd. distance ,y6* + 12* - 13. 

Ex. 2. Find’the distance between the points P(26, 10) and Q(2, 3).. 

P0*-(26-2)•-Kl0-3)® = 24*+7• = 625-25^ PO-25. 
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Ex. 3. Show that the distance between F(a^~-h) and b) is 

W-{a-(-a)r + (-6-6)" = (2a)* + (-26)" = 4(rt»+6»). 

/. PQ^2ja^--¥b\ 

Ex. 4. If the point (oj, y) be always equidistant from the points 
<7, -3) and (-5. 4), show that 14?/-24a: + 17«0. 

The distance between (a, y) and (7,-3)= \/(a;~ 7) * + (?/+ 3)'" . The 
distance between (x, y) and.( -5, 4)= ^/{a:4-5)® +(3y-4)®« Hence, by 
the question, wo have (a; — 7)* +(?/+3)* = (a; + 5)* + (?/-"4)^, 

or, os'* +7/'^ -143j + Cy+58 = a;^ + 7/’ + 10ai-8?/ + 41, 
or, — 14aj + Gy+58— 10a;— 8y+41, 

or, — 24a; + 143^+17 = 0. 

141/ -24a; +17 = 0. 

Ex. 5, Prove that the points ^(2, 4), 1^(2, 6) and C(2+ js/3, 5) 
Skte the vortices of an equilateral'irianglo whoso side is 2, 

^i?* = (2-2)" + (6-4)^ = 4. ^D = 2, 

i?C* = (2+ ^/3-2)*+(f)-6)* = 3+l-4. ZiO=2. 

CA*" = (2+s/3-2)^ + (5-4)^ = 3 + l = 4. CA^2. 

Hence the result. 


EXAMPLES T. 

1. Find the distance between the following pairs of points : 

(i) (0, 0), (n cos 0, a sin <p) ; (ii) (a, 6), (c, d) ; 

(iii) (3,-2), (-1, 1) ; (iv) (a cos 0, a sin B), (a cos 0, a sin 0) ; 
(v) (11, 3), (3, -3) ; (vi) (-15, -25) ; (-5. -10). 

2. The distance between the points (a;, 5} and (8, 3) is 2. Find 
the value of x* 

3. The square of the distance between the points (5, 10) and 
(10, y) is 60. Find the ordinate of the unknown pt. 

4 . If the point (a;, y) bo equidistant from the two points (3, 5) and 
(2, -3), then will 2®+ 16^=21. 

5. Find the co-ordinates of the point whioh is equidistant from 
(6. -6), (3.-4) and (1. 2). 



CHAPTEK IL 


THE STRAIGHT LINE. 

3. The locus of a point is the path traced out by it 
as it moves satisfying some given condition. 

The relation or condition to be satisfied by the moving 
point may he ‘expressed in terms of its co-ordinates. The 
equation to the locus (i.e., the curve or the st, line) is the 
relation which exists between the co-ordinates of any point 
on the locus and which is never satisfied by the co-ordinates 
of any point outside it. 

Suppose a point (a;, y) moves in such a way that its 
ordinate is always equal to m times its abscissa plus c 
y mx + c, so that y =» mx + c is the equation to the locus 
or the path traced out by the moving point. 

The ar-axis is the locus of points for which ?/ =• 0. Hence 
2/ 0 is the condition satisfied by all points on the a?-axis, 

so that is the equation to the aj-axis. Similarly 

is the equation to the ^-axis. 

4. To find the equation to a st, line parallel to one of 
the co-ordinate axes. 

Let P^AP 2 (in fig. 1) be any st. line parallel to the 
2^-axis cutting the a;-axis sothatO.^»a. If be 

any point {x, y) on the st. line PiP 2 i the abscissa of B 
is always equal to a. Hence x^a is the equation to the 
at. line P 1 AP 2 . 
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Similarly tho equation to the st. line QiBQz (in fig. l) 
parallel to tho cc-axis and at a distance b from it, is given 

by j^-6. 

5. To find the equation to the st, line which is inclined 
to the axis of x at a given angle and ctUs off a given inter- 
cept from the y-axis. 



Let AB be any st. line, inclined at an angle 0 to the 
flj-axis and cutting off an intercept OG (“c) from the 
//-axis. Take any point P(x, y) on it. From P draw PJV 
perpendicular to the ic-axis and from C draw CL perpendi- 
cular to PN, so that the APCL^O, 

Now yPN-- PL’\-LN^ CL tan 0 + CO 
= ON tan d + c^x tan 0 + c, 
i,e.t y^mx + c, whore tan 0 = m. 

Hence is tho required equation. 

Note 1. Thus 'm' is the tangent of tho angle which the st. line 
makes with the positive direction of the axis of x and ‘c’ is the inter- 
cept made by the line on the ^-axis. 
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Cor. Any equation of the first degree in x and y always represents 
a straight line* 

Note 2, In order to obtain the ‘wi* of a line, Ax-i-By+C^O take 
the term containing y to one side and all other terms to the other. 
Then divide both sides by the coefticient of y. The coeiheient of x 
now gives the *m’ and the constant term the *c’ for the st. line. 


Consider the equation Ax-^By+G-0* 

A G 

Transposing, we have By== -Aaj-C, i.c., V= - jjX- 

Hence we can interpret it as the equation to a st. line whoso inter- 
cept on the y-axia is — anu which makes an angle 6 with the 


flc-axis, such that tan 0- — 


B 


Notes. When m is zero, the equation y^mx + c is reduced to 
y — Ox-hc, i.e.t y — c, whence the line is parallel to the a-axia. When 
c»0, the equation becomes mo;, i.e., the st. lino passes through 
the origin. 

Note 4. When two linos are parallel, their m’s are equal, because 
they make the same angle with the axis of x. 


Ex. 1. Find the equation of a st. line which makes an angle tan^Vi 
with the positive direction of the axis of x, and cuts off an intercept 
i from the ^-axls. 

Let the equation of the line be y=mx + c. 

Hero and c = i. Hence the required equation is 7/ =.^x+i, 

i.c., Sy = 2x + 1, or, 37/-2x-l«0. 

Ex. 2. Find inolination of the st. line 5x + 3^ + 2 = 0 to the axis 
of X and determine its intercept on 7/-axis. 

5x + 3?/+2*=0, or, Bt/®— 6x-2, 
or, 

Hence the required angle is tan~^(-^), and the line cuts off an 
intercept 3 from the negative side of the fy-axis. 
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6. To find the equation of the straight line passing 
through a given point (;Ci, y\) and inclined at an angle 
tan'‘^m to the x-axis. 


Since m is eiven, we can assunio the equation, to the 
line to be y = mx + c, where c is unknown. Hence, lot the 
equation of the st. line be ?/ = m£c + c. ... ... (i) 

Since it passes through (xi, t/i), 

Pi —mxj_ + c. ... ... (ii) 

Subtracting (ii) from (i), we have = /w(a:- X i), 

which is the required equation. 

7. To find the equation of the straight line passing 
through the Uoo points {x\, ?/i) and (aj 2 , ?/ 2 ). 

Lot the equation of tlmdino be |/ = 77ix + c, ... (i) 


where m and c are both unknown. 


Then, tlie points (xu ?/i) i^nd ( 0 : 2 , y^) being on (i), 

Hx^niXx'^c ... ... (ii) 

y2^mx2+c ... ... (iii) 

Subtracting (ii) from (iii) and (ii) from (i), we have, 

y 2 ’^Vx^ni{x 2 ^Xi) ... ... (iv) 

and y'~yx^m{x-Xx)^ ... ... (v) 


Dividing (v) by (iv), we liave the required equation 
V2^yi X2-X1 

8. To find the equation of a straight line, having given 
the intercepts made by it on the axes of co-ordinates. 


Let the st. line AB cut the axes of co-ordinates at A 
and B, so that the intercept OA ^a and OB^b. 

Take any point P{x, y) on it, and draw PN perpendicular 
to the flj-axis, so that PN^y and ON^x. 
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Now the As PNA, ABO are similar. 

. ON^ X ^BP 

OA a AB 


and 


PN 

OB 


y 

h AB 


(i) 

(ii) 


X 

Fig. 4 

Adding (i) and (ii), we have 

a 6 ^ AB AB AB 

Hence the required equation is ^ "1. 

Otherwise : Join OP. Draw PN, PM perijendiculars 
on the axes of co-ordinates. 



The area of the AAOi? = the area of the AOP-4 + the 
area of the AOPP, 

or, iOA.OB = iOA.PN+ iOB.PM, 
or, iab^^iay + ibx. 


Dividing both sides by ia6, we have 1 ‘ 


y . X 
l a 
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Ex. 1. Find the intercepts made by any st. lino Ax + By+C^O 
on the axes of co-ordinates. 

The given equation is 

Aa;+H?/+C = 0, or, ^ 2/ + 1 =0, 


or, 


-§■ + -^+1 = 0. or, 
A B 



1 . 


Hence the intercepts made by the st. lino on the axes of x and y 
G G 

arc — ^ and — ^ respectively. 

Note. Since the equation of the x-axis is 7/ = 0, the intercept made 
by the st. line Ax+ By +C = 0 on the x-axis can bo obtained by putting 
y — 0 in Ax + H// + C = 0; whence Ax + H.0 + C*=0, i.e., ^ 

intercept on the x-axis). Similarly putting x = 0 in Ax+L7/+C = 0, 

the intercept on the 2/“axis= — ^ • 

£x. 2. Find the equation of the straight line which passes through 
the points (1, 2) and (2, 1). Find also the length of the st. line inter- 
cepted between the axes. [ G. U. 1930. ] 

Let the equation of the line bo ^ ““A* (0 

Since (i) passes through the pts. (1, 2) and (2, 1), wo have 

i+6“i - 


Solving (ii) and (iii) for a and &, we have 

Hence the equation of the line is ^ ^ “1* 

o o 

.*. The intercepts made by the lino on the axes of co-ordinates are 
3 and 3. Hence, the length of the st. line intercepted between the axes 
v'3* + 3*= 

Otherwise : Let the equation of the line be y = fnx he. 

Then we have 2=s7/t+c ... ... (i) 

and l»2m+c ... ... (ii) 

Solving (i) and (ii) for m and c, wo have m=* — 1 and c*=3. 

Hence the equation is ?/* “X+3. i.e., 3 3 
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Ex. 3. Find the equation of the straight line passing through the 
point (11, -7) and making equal interocpts on the axes of co-ordinates. 

Lot the equation of the straight line be * + ^ =1. 

CL O 

Since the intercepts are equal, a=h. 

9! 7/ Ct 

.’. the equation ' + , —1 becomes '+ = 1, or, a; + 7/ = a. 

ah a a 

Since tbe lino passes through (11, —7), we must have 

11 — 7 = a, or, n=4, so that the required equation is a;-i-7/=*4. 

Ex. 4. A straight line moves in such a way that the sum of the 
reciprocals of its intercepts on the axes of co-ordinates is always 
constant. Show that it passes through a fixed point. 

Lot the equation of the straight line be * + ^ — 1. (i) 

By the condition of the problem, wo have 

^ ^ =a constants ^ i (suppose). 



from (i) and (ii) it is evident that the pt. (/c, h) is on the st. line (i). 
Hence, wc find that the straight line (i) always passes through the 
fixed point (fc, h), Avhatevcr be the values of a and &. 

9. To find the co-ordinates of the point of intersection 
of two given straight lines. 

Lot tliG equations of tlio given linos bo 

Ax^ By + G~0 ••• (i) 

ax + hy-^Jc — O ••• ••• (ii) 

If the co-ordinates of the oibmmon point of intersection 
be (a, jS), we have 


i4a + 2?j3 + C7“0 
aa + + A; " 0 


(iii) 

(iv) 
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By the method of cross-multiplication from (iii) and (iv)^ 
we have =» f ^ j 

. Bk-Cb , ^ Oa-ilA; 

Note 1. The co-ordinates (a, fi) of the point of intersection are 
infinite, if Ab—Ba = 0, 

i.e.t ^ 5 * ^^once ‘wi’ of (i) must be equal to the ‘m* of (ii). 

This gives the coiidition that two sL. Urns may he parallel. 

Note 2. Of two st. lines at right' angles, if one be inclined to the 
axes of X at an angle the other must be inclined at an angle (d + 90’’) 
to the a:* axis, so that *772’ of the first line is tan say (i), and *7/2’ 

of the second st. line is tan (fl + 90®)= — cot say (ii). Hence 

7M,m4 = tan (~cot — 1. 

Thus *m' of the first line x ‘wi’ of the second line — - 1. This gives 
the condition that two st. lines may l>e perperidicular, 

EXAMPLES IT. 


1. Kind the equation of the straight line which cuts oil an inter- 
cept -3 from the 7y-axis and is inclined at an angle of 45° to the posi- 
tive direction of the x-axis. 

Draw a sketch of the straight line and show from geometrical 
consideration that this straight line is at right angles to the straight 
lino x+y ^2. [ 0. U. 1939. ] 

[ The intercepts made by the first line are 3 and — 3 and those of 
the second line are 2 and 2. ] 

Kind the equation to the st. line. 

2. Gutting off intercepts *~7 and 8 from the axes. 

3. Gutting ofi intercepts —5 and —4 from the axes. 

4. Find the equation to the straight line which passes through 
the point (16, 13) and makes intercepts on the axes equal in magni- 
tude but opposite in sign. 

5. Find the equation to the straight line cutting off an Intercept 
-5 from the 2 ^-axis and inclined to the x-axis at an angle, sin"* A- 
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Find the equation of the straight lino passing through the follow- 
ing pairs of points : 

6. (2, 3) and (9, 15). 7. (a, 0) and (0, &)• 

8. (0, 0) and (c, d). 9. {a cos a, h sin a) and (a cos jS, h sin |3). 

10. Find the equation of the straight lines passing through points 
(4, 5) and (2, 3) and calculate the length of the straight lino inter- 
cepted between the axes. 

11. Determine the co-ordinates of the points of intersection of 
na; + 57/ — c = 0 with the axes of co-ordinates and calculate its length 
intercepted between the axes of co-ordinates. 

Find the co-ordinates of the points of intersection of the following 
pairs of straight lines : 

12. (i) 27/-a; — 5 = 0 and ?y-aj~l = 0. 

(il) 3 + I =1 and ® + " =1. [ 0. U. 1913. ] 

13. a;-2/’”2 = 0 and 10a3-35/-65 = 0. 

14. Show that the straight line 2x — ?/-l = 0 passes through the 
point of intersection of 2?/ — x — 1 = 0 and 17X-3// — 14 = 0. 

15. Show that the straight lines ?y-x + l = 0, 2y~x-l = 0, and 
7/ — 7x+19 = 0 are concurrent, 

[ Solve any two equations and substitute the values of x, y in the 
remaining equation. ] 

16. Determine the value of m for which the straight lines 

t/ 2! ?/ 

+ ^=1, -f-'^=l, and y — mx will bo concurrent. 

p q <1 p 

17. Show that the straight line 3x+42/-7 = 0 is parallel to the 
straight line Gx+8iy + 100a0. 

18. Find the equation of a straight line passing through the point 
(6, 5) and parallel to the line 7/ -2x4-10 = 0. 

19. Show that the following pairs of st. lines are at right angles : 

(i) 3x4-4y4-7 = 0 and 4x-3y+ll = 0. 

(ii) 4x4-77/4-13 = 0 and 7x-4yjfm = 0. 

(iii) flx4- 62 / 4 - 0=0 and a7y-6x-Hfe = 0. 

20. Find the equation to the st. line which passes through the 
point (4, —6) and is perpendicular to the st. line 3x4-4p=17. 



CHAPTEB III. 


THE CIRCLE. 

10. To find the equation of a circle of given radius with 
the origin (0, 0) as centre. 



Fig. 5. 

Lot XOX\ YOY* ho two rectangular axes. Let P{x^ y) 
be any point on the circumference of the circle, whoso 
centre is the origin O and radius is a. 

Draw PM perpendicular to the cc-axis. Join OP. Then 
in the right-angled A 0PM, 

Op2-PM2 + OM^ i.e., 

[ '/ OM^Xt PM^y^ and 

Hence the required equation is a*. 
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11. To find the equation of a circle of given radius with 
any point (7i, h) as centre. 



Fig. 6. 

Let OX and OY bo two rectangular axes. Take any point 
P(a?, y) on tlie circumference of the circle, whose centre is 
tlie point C(/i, h) and radius is a. 

Draw PMt CN perpendiculars to OX, and CL perpendi- 
cular to PM, 

In the right-angled ^CPL, CL^ +P.L^ *= OP®. 

But CL = NM = Olf - OX « a; ~ fc, 

PL^PM-LM^PM-CN^y-h, and CP«a. 

(jc-/ir)»+(y-«»-a2 ... ... (i) 


This is the required equation. 
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12. To prove that a:® + 2 /^ + 2(707+ 2/y + c = 0 always 
represents a circle for all values of g, f and c, and to deter- 
mine its radius and centre. 

TI 10 given eciuation may be written in the form 

(a7^ + 2(7a; + (7*) + 0y^ +2/i/+/®)-flf^ +c = 0, 
le., (37 + ^ 7 )^ +(//+/)* “( 7 ^ +/^ -c. 
i.e., {x + gY-k- iy +/)^ « { J(Y +P-cY. 

Comparing this equation witli equation (i) of Art. 10, 
we find both the equations are tJio saiiio, if 

— gr = tho a;-co-ordinato of the centre of the circle, 

— /= the 2/-co-ordinato of the centre of the circle, 
and a = ^/^7^ +/“ *“^7 — the radius of the circle. 

Since J (/*'* +/^ - is the radius of the circle, 
if +/^ -c be positive, the circle is real ; 
if 0 “+/^ “C be negative, tlic circle is imaginary, 

because the radius is imaginary ; 

jf *1*/^ — c = 0, the radius is zero, so that it represents 
a point circle or a circle of zero radius. 

Note. The equation of a circle must satisfy two conditions, viz.^ 

(1) the coefficients of and must be equal. 

(2) the coefficient of xy must be zero. 

The general equation of the second degree vij., 

ax^ + hy^ +2hxy+2gx + 2fy+c=0t represents a circle \la=h and 7^ = 0. 

13. To find the co-ordinates of the points of intersection 
of a circle and a straight line. 

Let the equations of the circle and the straight lino be 
37^ +l/®**a^ ... (i) and y=»wa; + c ... (ii), respectively. 

To find the co-ordinates of the points of intersection 
of the circle and the st. line, we have to solve the two 
equations (i) and (ii). 

0. S.— 2 
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Substituting the value of y from (ii) in (i), wo have 
+(wx + c)^ =a®, 

03^(1 + m®) + 2wicfl; + =0. ... (iii) 

The roots of the quadratic equation (iii) give the sr-co- 
ordinates of the two points of intersection of (i) and (ii). 
When these two roots are substituted in (ii), we got the 
7 /-co-ordinatos of tlio two points of intersection of the circle 
and the st. line. The two points of intersection may be real 
or imaginary according as tiie roots of (iii) are real or ima- 
ginary. The two points of intersection of (i) and (ii) will bo 
coincident or the st. line y^mx’^c will he a tangent to tlio 
circle ^ if the roots of (iii) bo real and equal, 

i.e, if - 4(1 + - a^) = 0 , 

or, - (c“ - a* + - m^a ^) « 0, 

or, (1 + m*)a’* *=c^ c=^±Jl+m^. 

Substituting the values of c in (i), wo find tliat tlio 
straight lines ?y = ma;± a \/l +m‘'* are each a tangent to the 
circle ^ ci^ • 

Ex. 2. Obtain the equation of the circle whoso centre is the point 
(2, 3) and which passes through the point (5. 7). [ C. U. 1937. ] 

Radius of the circle = the distance between the centre (2, 3) and 
the point (5, 7)= v/(b'-'2}*+li^'3)* = ^^ + 10 = 5. 

. the required equation of the circle is (aj — 2)* + (i/ — 3)* = 25, 
or, a;*+7/^ — 4a;-6y— 12»0. 

Ex. 2. Find the radius and centre of the circle 
a;*+7/* -6 x-87/-75=0. 

The given equation may be written as (a;-3)®-^(y-4)’=10*. 

Hence the co-ordinates of the centre are (3, 4) and the radius is 10. 
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Ex. 3. Obtain the equation of the circle passing through the 


points (0, 0). (-1, 1) and (7, 7). 

Let the equation of the circle be 

a;*+j^‘^+2(7a; + 2/2/+c=0. ... ... (i) 

Since the circle (i) passes through (0, 0), ( - 1, 1) and (7, 7), 

0 + 0 + 0 + 0+c=0 ... ... (ii)i 

2 — 2gr4-2f+c = 0 ... ... (iii). 

and 98 + 14^ + li/+c-0 ... ... (iv). 

Solving (ii), (iii) and (iv), we have ( 7 = — 3, /= — 4 and c = 0. 


Substituting the values of < 7 , / and c in (i), the required cqn. is 
x’ + 7/'^ — Gx — 87/ = 0. 

Ex. 4. Prove that the straight lino y = 2x-\‘a touches the circle 
x* + 7/’ -a*. 

By Art. 12, the straight lifto y^mx + c touches if 

c=a + 

Here 771 = 2 , c—ajo. 

By the condition of the problem, c=a \/l + 4: = a >/5. 

[ The example can bo worked out by solving the two equations. ] 

EXAMPLES TIL 
Find the equation to the circle : 

1. Whoso centre is (0, 0) and radius is 5. 

2. Whoso centre is ( — 3, 4) and radius is 6. 

3. Whose centre is ( — a, — 6) and radius is (a+6). 

4. Whose centre is (0, -c) and radius is c. 

Find the co-ordinates of the centres and the radii of the circles 
whose equations are the following : 

5. aj* + 2/»-8a!-102/-59=0. 6. aj’-10aj+i/’ = 0. 

7. a;* + 2/® —2^05 + 2172/ + d=0. 8. aj’+2/*-H0^— 39“«0. 

Find the equations to the circles which pass through the points : 

9. (6, 7), (-2, 7), (-2,-1). 10. (-3, 2). (-3,-10), (13, 2). 

11. Show that the circle passing through (-3, 5), (4, 6)» and 
(-2, —2) also passes through the point (6, 2). 
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12. Show that the points (a, b), {-a, -b), (-a, 6), (a, -6), (6, a), 
( — 6, —a), ( — 6, a) and (6, —a) ace conoyclic and find the equatioD 
of the circle through them. 

13. Find the equation to the circle which touches each axis at a 
distance 8 from tho origin. 

14. Determine the equation to the circle which passes through 
the origin and cuts ol! intercepts equal to g and / from the positive 
parts of the axes. 

15. Find the equation to the circle which passes through tho 
origin and cuts of! intercepts equal to 8 and 10 from the axes and 
determine its centre and radius. 

16. Determine the radius of the circle which has its centre at 
and passes through the point (Z, m) and find its equation. 

17. Find the equation of the circle which has its centre at the 
point (3, —10) and goes through the point (11, — 1C). 

18. Find tho equation of tho circle which has its centre at the 
origin and goes through the point of intorscction of 7/-axis and 
3®-52/-10-0. 

19. Find the equation of the circle which has its centre at tho 
origin and meets the ic-axis at the point where it is intersected by 

25 15 

20. Find the co-ordinates of the points of intersection of ^ -f — 1 

with the circle jc* + 2/’ - 3aj - iy - 0. 

21. Show that the straight line y^mx+c /Jl+m* is always 

a tangent to tho circle Find the co-ordinates of the 

point of contact. 

22. Find the co-ordinates of the points of intersection of 
a;*+2/* = 25 with the straight line a;-l-32/-15 = 0. 

23. Find the equation of the circle passing through the origin 

and the points of intersection of ^ 5 ° ^ of co- 

ordinates. 

24. Show that the straight line p-3x<=10 always touches the- 
circle -l-p*®*!©. 




Let AXj tho axis of the parabola and A Y. the tangent 
at tho vertex of the parabohii bo tlio axes of aj, y respect- 
ively. 

Let P{Xt y) be any point on the parabola with focus S 
and directrix ME. 

Draw PN perpendicular to AX. 

Wo know that in a parabola 

PPI^^4:AS.AN. 


(i) 
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Now the vertex A being the origin, 

AN = X, PN = y and AS = a (suppose), 
where the latus rectum 4rAiS' = 4a. 

from (i), ^iax is the equation to the parabola^ 

Note. The equation to the directrix ME is 

x = —a, i.e.t x+a — Of because EA = AS = a, 

Second Method : Equation deduced from the definition^ 

Join SP. Draw PM perpendicular on the directrix. 

Then P being a point to the parabola, wo have 
SP^PM, 

.\ SP^^PM^^EN^ ... (i) 

The co-ordinates of S being (a, o), 

SP^^{x-a)^+y\ 

Again, EN « EA + AN^ (a 4* x). 

/. from (i), wo have {x - aT + ?/* = (a + , 

i.c., y^^^ax. 

[ The equation 2 / ^ =4a£C is the simplest form of tha 
equation to a parabola. ] 

15. To find the co-ordinates of the points of intersection 
of a given straight line and a parabola. 

Lot the equations of the parabola and the straight line 
be 1 /® — 4aa5...(i) and 2 / — mx + c...(ii), respectively. 

In order to find the co-ordinates of the points of inter- 
section, we have to solve (i) and (ii). 

Substituting the value oity from (ii) in (i), we have 

(mx + c)^ * date, 
i.e., +2majc + c* “daa;, 

or, w*a;® + 2a;(wc-2a) + c® s=0. ... (iii) 
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The roots of (iii) give the 2 ;-co-ordinates of the two 
points of intersection of (i) and (ii). When these roots are 
substituted in (ii), we get the 7/-co-ordinates of the two 
points of intersection of (i) and (ii). The two points of 
intersection are real or imaginary according as the roots 
of (iii) are real or imaginary. 

The two points of intersection of (i) and (ii) will be coin- 
cident the st. lino 7 / = wa; + c will 1)0 a tangent to the 

parabola =4aic, if tlie roots of (iii) bo real and equal, 

if i{mc- 2a)^ -- 4:m^c^ ^0, 

IX. t if {me - 2a)^ - = 0, 

or, = 

a 

or, c = - • 
m 

Substituting the vallie of c in (ii), wo find that tlio 

st. line ^ = ^ is always a tangent to the parabola 

m 

—iax, 

Ex. 1. Find the latuB rectum and the co-ordinates of the focus 
of the parabola ?/* — — 4pa;. 

The equation always represents a parabola passing 

through the vertex, whose ooiioavity is turned towards the negative 

direction of the axis of x. 

Latus rectum = = 42). 

The co-ordinates of the focus are (— p, 0), because the distance of 
the focus from the vertex is one-fourth of the latus rectum. 

Ex. 2. Find the length of the latus rectum of the parabola 5y^ = 7a;, 
and also the co-ordinates of its focus. [ G. U. 1036. ] 

The equation of the parabola may bo written in the form y'* = lx, 
so that the length of the latus rectum = :Jj. 

.'. one-fourth of the latus rectum or, 

Hence the co-ordinates of the focus are (Vci 0). 

Ex. 3. Show that the straight line 7 /= 2a; -Hi touches the parabola 

=Sx, and find the co-ordinates of the point of contact. 

Let us solve y^^8x ...(i) and y=^2x+l ... (fi). 
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Substitutiug tho value of y in (i) from (ii), wo have 
(2aj+l)»«8a;, or, 4®*-4®+l = 0, 
or, (2® — 1)*=0. ® = J, 5 and from (ii), 7/ = 2, 2. 

Hence the straight line cuts the parabola in two coincident points, 
i.e., it touches the parabola and the point of contact is (i, 2). 

Ex. 4. Determine tho co-ordinates of the points of intersection of 
tho straight line St/ — ® — 8 = 0 with tho parabola 2 /* = 4®. 

Froin the equation of tho straight line St/-® — 8 = 0, 2 / = ®^^- 

o 

Substituting tho value of y in t/’ =4®, we have 

— 20® 4-64 = 0, 

or. (® — 16)(® — 4)==0. ® = 1G, 4. 

Substituting tho values of x in 3.7/ — ® — 8 = 0, ?/ = S, 4. 

Hence the co-ordinates of tho points of intersection 'are (IG, 8) 
and (4, 4). 

Ex. 6. Show that the straight lino 3?/ =5® -I- 4 touches the para- 
bola 9y’ = 80®. 

For the straight lino .‘I// = ,*5®-!- 4, m= 1 and c= [ ArU 5. ] 

For the parabola 9?/’ =80®, 4a = -*7^ whence a= V,\ [ Art. IH. ] 

Hence, “ = x J = ‘f = c. [ Art. li. ] 

w 

Henco the straight line touches the parabola. 

Ex. 6. The parabola y'*=^4px goes through the point (3, -2). 
Obtain tho length of the latns rectum and the co-ordinates of the 
focus of this parabola. [ 0. U. 1934. ] 

The parabola 2 y’ = 4jp® passes through (3, —2). 

4 = 4/)X3, whence. 42> = j which is the length of the latus 
rectum ( = 4A*S), 

The focus is always on tho axis of the parabola, i.c., the axis of x, 
and tho distance of the focus from tho vertex is equal to one-fourth 
of the latus rectum ( = AS) = i x J = J. 

Hence the co-ordinates of the focus arc (^, 0). 

p’ 

EXAMPLES IV. 

Find the latera recta and the co-ordinates of the foci of the 
following parabola : 

1. x'^4by. 2. ®’=-462/, 8. 32/* = 16®. 4. 3?/*= -16®. 
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5. Obtain the length of the latns reotum and the co-ordinates of 

the focus of the parabola when it goes through tho points 

<i) (4, 8) and (ii) (36. 12). 

6. Show that the straight line 7/ = 2a; + 3 touches the parabola 
?/“ = 24a; and find tho co-ordinates of its point of contact. 

7. Determine the value of if tho straight line 7/ = 3a; + 5 touches 
the parabola bS^jo;. Hence find the co-ordinates of the focus. 

8. Taking the axis of the parabola and the tangent at the vertex as 
the axes of x and y respectively, find tho equation of the parabola whoso 
focus is the point (i) (-6, 0) ; (ii) (1, 0) ; (iii) (0, -8) ; (iv) (0, h), 

9. Find the points of intersection of tho straight line by — ^x — 2\. 
= 0 with tho parabola t/’ = IGr. 

10. Determine the points of intersection of tho parabola 

(rt) 3?/* — Go; with tho straight line 2a; = 3?y. 

(b) y^ = 4:ax with tho straight lino 2{x~-a)a^{a + l){y — 2a), 

11. A double ordinate of 'che parabola y^ — ^ax is of length 8a. 
Show from geometrical considerations that tho lines from the vertex 
to its two ends are at right angles. 

12. Find tho latus rectum and the co-ordinates of the focus of the 

parabola 37/® = 4a;, and determine tho points in which it is met by tho 
straight line 2x — Zy, [ C. U. 1935. ] 

[?/®*=ia;. latus rectum = 1 — 4A5, so that AS = i^ Tho co- 
ordinates of the focus are (J, 0). Solving tho two equations 3?/^=4x 
and 2x==3.v. tho points of intersections are (0, 0) and (3, 2). ] 

13. Determine the co-ordinates of the focus of tho parabola a;® = 4jp^ 
which passes through the point of intersection of the straight lines 

^ , V 1 3 X , 7! ^ 

2 “*■ 5 5 2 

14. Find the equations of the directrix, the axis and the latus 

rectum of the parabola x^ and show that it is cut by tho st. line 

x=^y + lt\n two coincident points. 

15. Find the point of intersection of tho lines 3 2 ~ ^ 

^ -t* Q » 1, and determine the co-ordinates of the focus of the parabola 
y'^ — 2axt which passes through this point. [ G. U. 1943. ] 



CHAPTER V. 


THE ELLIPSE. 



Fig. 8 

Let AA* and BB! be the major and minor axes of the 
ellipse and G its centre. If P be any point on the ellipse 
and PAT be drawn perpendicular upon the major axis, wo 
know from geometry, 

AN.A'N^ CA'^' 

Let us take C as the origfei, and GA' and GB as the 
positive directions of the x and y axes respectively. If the 
co-ordinates of P be x, the relation subsisting between 
them gives us the equation to the ellipse. 
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Now, if AA' = %a •, BB' = 2b, 

CA'^^CA^^a, CB'^CB^b, 

[ from the geometrical properties of the ellipse. 1 

Nromfig. 8. AN’^ AC + CN=a + x 
A'N=A’G-CN^a-x 
and PN‘=y. 

PN’‘ OB^ 

Honce substituting the values m ^ G'4** 

(a + x)(a - x) a‘‘ 
or, o®if* = 6'‘*(a + a;)(a-a;) = 6®(a* -x*), 
bV+a^y^^a'‘b\ 

Dividing botli sides by .«*6®, we have 

1. 


wo liavo 


x^.y^ 

^ ' 




as tho required equation of the ellipse. 

Note. WcknowC7i'' = O^Ml“C*), 6» = a*(l-e*), 

where e is tho eccentricity of the ellipse. 

17. To find the co-ordinates of the joints of hitersection 
of a given straight line and an ellipse. 

Let the equations of tho straight line and the ellipse bo 

y — mx+C’^^{i) and 2 + ^2 “ respectively. 

a u 

In order to find the co-ordinates of the points of inter- 
section, we have to solve the equations (i) and (ii). 

Substituting tho value of y from (i) in (ii), we have 

^ 2 + ^2 “1. 

i.e, h^x^ + 27wjcc + c*)® =a^fc®, 

or, a;*(a^m^ + 6*) + 2?wca^a? + a®(c* ••• (iii) 
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Tho two roots of (iii) give the a? -co-ordinates of the two 
points of intersection of (i) and (ii). When these roots are 
substituted in (i), wet got tlio 2/-co-ordinates of the two points 
of intersection of (i) and (ii). The two points of intersection 
of tho straiglit lino and tlie ellipse may bo real or imagi- 
nary according as the roots of (iii) are real or imaginary. 

Tho tw^o points of intersection of (i) and (ii) will be coin- 
cident i,e,, tho straight lino y^mx + c will bo a tangent to 

tho ellipse 1 if tho roots of (iii) be real and equal. 

i,e., if (2mca^y — + h^)a^{c“ — b^) — 0, 

i.e., if + h^)(c^ 

t.e., if - 

i.e,^ if =^0, 

i.e., if + b^. 

Hence, c~ ± fj a^7n^ +b'^. 

Substituting tho values of c in (i), we find that tho 

straiglit lines y = vix ± J are always tangents to 

2 2 

the ellipse »=* 1. 


Note. We know that in an ellipse C6’ — r.C/l. 
__GS . , 0S» 

' ’ ^ OA * • * CA^ 

[••• CS’‘ = S/J*-C'/5’ 


= 1— j* whence e 
a 




We also know that in an ellipse CA—e.CZ, 

In fig, 8, ^ * 

Hence the equation of the directrix ZM is x - 
a 


or, 


fic+^ *0, or, ea;4-a=0. 


[ Prop, 17. ] 
a’-6*. ] 

[ Prop. VI. ] 


a 

» 

e 
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Similarly the equation of the directrix Z'M' is x = 


or, 


X- ® =- 0 , 
e 


or, ca;-as= 0 . 


18. To find the length of the latus rectum of the ellipse 

(i) 


a" 


Tlio latus- rectum is, by definition, the double ordinate 
througli tlie focus. 

The co-ordinates of a focus of (i) are (ac, 0). 

Hence in (i), putting x^aey we have — e”). 

1 /i a bajb-e^ 

• • //“is/l-c"- - • 

LSI/ “iy = = from fig. 8, 

Cb Cb 


6" =a®(l “6“). 


Latus rectum “ 2— • 

Ur 


£x. 1. Find the equation to the ellipse referred to its axes as axes 
of co-ordinates which passes through the points ( 2 , 2) and (3. 1). Find 


also its eccentricity. 

[ C. U. 1939. J 

Let the equation to the ellipse bo = !• 

- (i) 

Since, it passes through (2, 2 ) and (3, 1), 

4 4 

• ^ ^ = 1 

■ • ^ 

(ii) 

and = 

qo Q2 

Solving (ii) and (iii), we have = y * 5 * 

(iii) 

Substituting the values of a*, in (i), the required equation of 

the ellipse is 

The eccentricity- ^ i “ V ^ 
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Ex. 2. For what value of p does the ellipse 2 )x* + 4?/* = l pass 
through the points ( + 1, 0) ? Find the length of its two axes. 

[ C. U. 1935. ] 

Substituting the co-ordinates of the points i.e., a;= +1, ?/ — 0 in the 
equation pa;’ +4?/’ = 1, we have p+0=l, = The equation of 

the ellipse becomes a;* + 4?/’ = l. 

Hence the lengths of the semi-axes arc 1 and so that the lengths 
of the axes are 2 and 1 respectively. 

Ex. 3. Find the equation to the ellipse which meets the straight 

2/7/ 3! 7/ 

line ^ =1 on the axis of x and the straight iine +■' =1 on the 

I to t> O 

axis of y and whose axes Ho along the axes of co-ordinates. 

Determine the eccentricity and the positions of the foci of the 
clUpso. [ C. U. 1938. J 

37 77 

To find the point at which the straight line + ;, = 1 meets the 

I A 

33 7/ 35 

x-axis, put 7y==0 in the equation ^ =1. .*. ‘ -f0=»l, whence 

i z I 

z — lt i.e, the straight line meets the a:*axis at the point (7, 0). 

X 7 / 

Similarly putting :r = 0 in the equation - + =1, wo have y — Cu 

o o 

Hence the straight lino ^ -f- ^ =l meets the p-axis at the point (0. 5). 

u o 

But the axes of the ellipse lie along the axes of co-ordinates. 

the semi-axes of the ellipse are 7 and 5. 

flj’ 7/^ 35 ’ ?/’ 

Hence the equation of the ellipse is ,y 4 + g 4 = l, or, 49+25 

V 6’ / 25 

1 — ^ 49 

The co-ordinates of the foci are (oe, 0 ) and ( — 0 ), because 

" CS^CA,e — ap 

But a.e = 7x | 

Hence the required co-ordinates of the foci, S\ 8 are (2^/6, 0) and 
(-2 s/6, 0) respectively. [ See fig. 8, ] 
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Ex. 4. Find the eccentrioity and the positions of the foci of the 
ellipse X* +22/* = 2 . [ 0. U. 1937. ] 

The equation of the ellipse may bo written in the form 

^ +^ =1, so that, a®-2, 6*»=1. 

JL X 

<^=^/2ana6=l. J ^ 

The co-ordinates of the foci are (ae, o) and ( — as, o), 
but a.e = v/2 X = 1. 

Thus the required co-ordinates of the foci are (1,0) and ( — 1,0), 
which detormino their positions. 


EXAMPLES. 

1. Find the equation of the ellipse whose latus rectum is and 
eccentricity centre of the ellipse be the origin and the 

axes be the axes of co-ordinates. 

07 , » 

r Latus rectum = (i). [Art. 17.] 


* - a a*-h* 7 

Again, c3*= (ii) 

Solving (i) and (ii), a* = IG, 6* =9. ] 

2. Determine tho equations of the ellipses, whose centres are 
coincident with the origin, whose axes are the axes of co-ordinates, 

if they pass through (i) the points (^ 2 * ^ 

(ii) the i)oints (1, 4) and ( — G, 1), 
and (iii) the points (3, 4) and (2, 2 s!^). 

^ 3. If tho two foci of an ellipse coincide, show that tho ellipse 
becomes a circle. 

[ If the foci coincide, they must bo coincident with tho centre C of 
the ellipse, because GS = CS' = a.e. 

.•. SS' = 2CS being zero, 2a.e = 0, whence e = 0. 

. e*= whence a*«6*. Hence the ellipse + 

is reduced to the circle »*+y* *a*. ] 
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4. Find the equation of the ellipse referred to its centre and axes, 
whose foci are the points (5, 0) and ( — 6, 0) and whose eccentricity is 

5. Show that the straight line x + 87 / 5=5 touches the ellipse 
4x’ +9?/* «20 and find its point of contact. 

6. Find the co-ordinates of the point at which the straight line 
x = 4 is a tangent to the ellipse 9x’ + 167/*=«141. 

7. Prove that the straight lino x+2?y — 8 = 0 touches the ellipse 
3x^ + 4^^ = 48, and determine its point of contact. 

8. Find the latus rectum, the eccentricity and the co-ordinates of 
the foci of the following ellipses : 

(i) 25 + 10 = 1 - (ii) 9x* + 162-144. 

9. Find the value otp for which the ellipse 4x®+P2/’-80 passes 
through the points (0, +4), and find its eccentricity. 

10. Find the points of intersection of the straight lino 5x + 2?/-30 
= 0 with the ellipse 

11 . Determine the points of intersection of the line ^ = 1 

^ pa 

with the ellipse = 1 . 

P 2 

12. Find the equation of the ellipse referred to its centre as the 
origin and its axes as the axes of x and y respectively, which passes 

through the points at which the straight Hue 5 'i' ^ meets the co- 
ordinate axes. 

MISCJSLLANEOUS EXAMPLES. 

A straight line forms a right-angled triangle with the axes of 
co-ordinates. If the hypotenuse is 13 and the area of the triangle is 
30, find the equation of the straight line, [ C. U. 1936. J 

[ Let the equation of the line be ^ ^ Then by hypothesis, 

a’ -I- 6 * = 13* -169 ... (i) and 4ab-30, or, ab=60 (ii). 

Solving (i) and (ii), a = 12, -12. 5, -5; b = 6 , - 6 , 12, -12. 
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X 

IG 

of 


Hence the four straight lines are ^ + g 


-1 = 
12 ^ 6 


5 : 


12 


= -l.] 


2. Find the equation of the ellipse which meets the straight line 
+ ^g=l on the axis of x and the straight line 
y and whose axes are the axes of co-ordinates. 


3. For what point on the parabola ~ 8x is the ordinate equal to 
four times the abscissa ? 

\M Provo that the parabola is reduced to a pair of coincident 
straight lines, if the distance between the focus and the vortex is 
reduced to zero. [ 2/^ = 4aic = 4x0xa; = 0. ] 

5. If the semi-minor axis be equal to the distance of tho focus 
from the centre, find tho eccentricity. 

6. Determine ' the value of if the parabola y'^—^px passes 
through tho point (16, 8). Honed' show that the parabola also passes 
through the points (4, 4) and (9, 6). 

7. Find the co-ordinatos of the points of intersection of the 

ellipse 1 with the axes of co-ordinates. Show that the quadri- 

lateral formed by tho four points of intersection is a parallelogram. 
Determine tho magnitude of its area. 

Show that tho ellipse reduces to a pair of coincident straight 
lines, if the two foci coincide with the respective vertices. 

^ [ ac= a, whence e=*l. .’. 6* =*a*(l — c*)*-0. ] 

'^9, A straight line forms a right-angled triangle of area G with tho 
axes of co-ordinates and intercepts a distance of 5 between them. 
Find its equation. 

10. Find the equation of the circle which touches the axes at (0, 1) 

and (1, 0). [ 0. U. B.A. & B.So., 1926. *31. ] 

11. Show that the circle ”2aaj— 2ay+a* =0 touches the 

axes of X and and find the chord of contact. 

[ Putting aj = 0, which is the equation to ^-axis. we have (y-a)**-0. 

the circle touches ^-axis at (0. a). Similarly the circle touches 
,«Le ic-axis at (a. 0). The chord of contact is the st. line joining the 
pts. of contact 4.e. (0, a) and (a, 0). ] 

C. 8.-3 
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12. Find the areas of the triangles cut oi! from tfie axes of co- 
ordinates by (i) ~ =1, and (ii) 3a; + 42 / = 60. 

13. Find the point of intersection of the lines " + =1 and 

*■ ah 

® + [ C. U. B.A. & B.So., 1928. ] 

14. Find the (i) axes, (ii) eccentricity and (iii) foci of the ellipae 

2 )’a;»+aV = l.‘ 

15. Find the equation of the circle which touches the at a 

distance 5 from the origin and whose centre is at a distance 3 from 
the T/'-a'XiB. 

flf * 7/*‘* 

16. Show that the ellipse , + ;', = 1 passes through the points 

4 o 

(4, 0). (0, 3), and (±'‘^ 3 ®- ± Js)* 

17. Show that the three straight lines 2a5 — 2 /-l = 0, 2 / — ® — 1 = 0 
and 05 + 2 / — 5 = 0 meet in a point. Find also the equation of the line 
joining the common point of intersection of the three lines with the 
origin. 

18. Show that the five points ( 8 , 0), (0, C), (4, 3), (12, —3), and 
( — 8 , 12 ) lie on a straight lino and hnd the equation of the straight 
line passing through them. 

19. Prove that the straight lines 2 /=±(a 5 + 2 ) touch the parabola 
2 /* = 8 x at the ends of the latus rectum. 

20. Find the co-ordinates of the point of intersection of the straight 
line 41/ — a; = 24 with the parabola ^*= 605 . 

21. Show that the straight line ?/— 3a; = 10 cuts the circle a;’ + 7 /® 

= 10 in two coincident points, and determine the co-ordinates of this 
point. [ See Examples III, Ex. 24, ] [ 0. U. 1943. ] 

22. The distance between the focus and the directrix of an ellipse 
is 16 inches and its eccentricity is |. Obtain the lengths of the 
principal axes. 

[From fig. 8 , C^= ® i OS=^. SZ=OZ-CS= - -ae. 

e e 

But e = |, 16 inches. [Art. 16.'] 

Again, &^=a^(l~e’), whence 5 = 12 inches. (Art, 17) ] 



ANSWERS 


Examples I. 

(0 “ : (ii) ^/a>T6’*Vc»+d’■■^^■c-■267^ : (iii) 6 ; 

(iv) 2a sin (v) 10; (vi) 5 ^ 13 . 2. 8. 


3. 

6, 15. 

5. 

11. 2. 





Examples II. 

1. 

3 3”^- 

2. 

« 7“^‘ 

3- l + l+l-O. 4. x-y = 2. 

5. 

5a; — 127/ = GO. 

6. 

12a; — 7;/*= 

3. 7. ^+|“1. 8. e}/ = dx. 


X a + 0 , 

V 

a + /Jv’ 


9. 

a 009-2- + 

1- sin -77-= cos 
b 2 

1 g— 10. j/-a!-l = 0; 

11. 

(vo)-(O' 

ly 

a6 

12. (i) (3. 4), (ii) (IJ, li). 

13. 

(7, 6). 16. 

1, 

18. 2a;- 

-J/-7-0. 20. 4a:-3s;-31 = 0. 




Examples 111. 

1. 

+y’ “25. 



2. ®*+7/“ + 6a;-87/-ll = 0. 

3. 

a;* +2/® + 2aa; + 267/ 

— 2ab = 0, 

4. a;®+y® +2C2/-0. 

5. 

(4, 6). 10. 

6. 

(5.0), 5. 

7. (m, — 1>), — d. 

8. 

(0, -6), 8. 



9. a;*+2/®-4a;-62/-19 = 0. 

10. 

!e* + »’-10®+8y- 

-59«0. 

11. a;® + 2 /® — 2a; — 4jy-20=«0. 

12. 

a;*+)y’=a* + 6*. 


13. (a;-8)® + (2/-8)» = 64. 

14. 

®* + y* —gx — 

/!/=< 

). 

15. a;® +y®- 8a; -10^ = 0. 

16. 

-N/Cf+ff)* + (*»+/)' 

{» + !7)* + (»+/)’=(J + ff)» + (t»+/J*. 

17. 

(a!-3)’ + {S/+10)»< 

*100. 18. 

a;® + 2 /® -4. 19. a;® + 2 /* = 625. 

20. 

(3, 0). (0. 4). 


21. 

/ — ^ c v 

22. 

(3, 4), (0, 5). 


23. 

®*+y*- 4 a;- 62 / = 0. 




Examples IV. 

1. 

ib, (0, 6). 


2 . 4b, (0, - 

-6)- 3 . y, (1.0). 
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4. 

“ (t-)- 

5. (i) 1C, (4, 0) ; (H) 4, (1, 0). 

6 . 

h 6. 

7. V. (16, 0). 8. (i) »»=:-20a!; 


(ii) 2 /* = 16® ; 

(iii) — 32j/ ; (iv) x* = 46y. 

9. 

(4» 8), (9| 12). 

10. (a) (0. 0). (^-®. ® ) : (6) (a, 2a), (-^ . 2 )- 

13. 

(0. t^4). li. 

y+7c‘=0 i x = 0 ;y’=k, 15. (U, li) ; (Vo, 0).. 



Examples V. 

1. 

16 9 

2 . (i) 25 + 16“^- 3x» + 7j/' = n6. 


(iii) ix^+5y^ = 

'*• cl’5+6«. = '- (I'-J)' 


6 . (4. 0). 7. ( 2 , 3). 8 . (H) 6 ? ; 3 ; (3, 0), (-3, 0). 

(ii) 4^: ‘^'^:(s/7,o).(-*/r,o). 9. 6 ,-ig- 

10. (4,5). (6,0). It. (p,0),(0,9). 12. + S = 


Miscellaneous Examples. 


2 . 

+^* = 1 
266 81 

«• (i' 2 ) 

• 

5. 

^2 «• 

7. 

(a, 0 ). ( 0 , i3). 

(-a, 0), (0, -/S) : 

2a/3. 



9. 

+ 

II 

1 + 

1-1 

.* + » 

13 + 4 ± 1 - 

10 . X 

* + 2 / 

*- 2 ®~ 22 / + 1 = 0 . 

11 . 

®+ 2 / = a. 

12. (i) 36 : 

(ii) 150. 


»■ 

14. 

/n 2 . 2 . 

(ii) ^1- 


(iii) 

+ -'s/ 2 lr)P', 0 . 


p 7 

? 


P 2 

15. 

®*+ 2 /*- 6 ®~ 

109 + 26-0. 17. 

3x-2y= 

0 . 

18. 8 ® + 4^=24- 

20 . 

(24. 12). 

21. (-3,1). 






SOLID GEOMETRY 

LINES AND PLANES. 

CHAPTER I. 

Definitions. 1. A point has only position, but no 
dimension,* that is, it has neither length, nor breadth, nor 
thickness. 

2. A line has length, hut it has neither breadth nor 
thickness, Le., it has one dir^^nsion. 

3. A surface has length and breadth, but it has no 
thickness, it has two dimensions. 

4. A solid has length, bread tli and thickness* i.e.i it 
has three dimensions. 

5. A plane or a plane surface is a surface such that 
the straight lino joining any pair of points in it lies wholly 
in the surface. 

Note. A line is generated by the motion of a point. Lines there- 
fore meet in points. A surface may bo generated by the motion of a 
line. Surfaces meet in lines. A solid may be generated by the 
motion of a surface, so that a solid is bounded by surfaces. A line 
intersects a surface in points. 

6. Solid Geometry deals with the properties of solids, 
planes, linos and points in a three dimensional space. 

7. Linos or points which are in the same plane* or 
through which a plane may be made to pass are said to bo 

. coplanar. 

'*'The length, breadth and thioknesa are each called a dimension 
of a body. 
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8. Two straight lines are said to be parallel when 
being in the same plane they do not meet though inde- 
finitely produced. 

9. Two straight lines through which a piano cannot 
be made to pass are said to be skew or non-coplanar. 

Note. Skow.iinea never meet, however far they may be produced ; 
on the other hand they are not parallel, because they are non-coplanar. 

The angle between two skew straight lines is tho 
angle between one of them and the straight line drawn 
througli any point in that line parallel to tho other. 

10. A straight lino is said to be parallel to a plane, 
when it does not meet the jilane though indefinitely 
produced. 

11. Two or more planes are said to be parallel when 
they do not meet though they aro indefinitely produced. 

Note. It should be noted that in Solid Geometry straight lines 
are supposed to be of infinite length, planes of infinite extent, unless 
otherwise stated. 

12. A straight line is said to he perpendicular or 
normal to a plane^ when it is perpendicular to every 
straight lino that meets it in that plane. 

|P Tho straight lino 

PO is perpendicular 
to the plane XY, 
Y when it is perpendi- 
cular to all lines like 
A OP, COD} EO etc. 
lying in the plane 
XY and meeting PO 
at 0, the pt. where 

Fig. 1. 

PO meets the plane XY. 
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13. A straight line or a plane is said to be vertical, 
when the straiglit lino or the plane is parallel to tlie direc- 
tion of a plumb line hanging froelv at rest. 

14. A plane is said to bo horizontal, when it is 
pci’pendicular to a vortical line. 

15. A straight line is said to be horizontal, when it 
lies in a horizontal piano. 

Axioms. 

1. A straight lino joining any two i)oints in a piano 
must lie wholly in tlio piano even if it ho produced 
indelinitely. 

2. An inlinito number pf planes may be made to i)ass 
tliroiigh any two points or through any straight lino. 

Note. If a plane x>a>sBing through any given straight line or the 
straight line joining the two given points, be rotated about It, it will 
l)ass through an infinite number of positions. 

3. When a piano of infinite extent is rotated about any 
fixed straight lino lying in it, it may ho made to pass 
through any point in space outside the given line. 

Note 1. (1) If a straight line be parallel to a plane, there is no 
common point between them. (2) A straight line which intersects a 
plane has only one point in common with the plane. (3) But a straight 
line which lies wholly in a plane has all the points {i.e. innumerable 
points) in common with the plane. Thus a straight line may be 
related to a plane in three ways. 

Note 2. If two straight lines be ooplanar, they must either inter- 
sect or bo parallel. 

If two straight lines be non-coplanar, they must neither intersect 
nor be parallel, i.s., they are skew. 

16. A quadrilateral which has not all its sides in one 
plane is called a skew or gauche quadrilateral. 
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Two adjacent sides of a skew quadrilateral lie in one 
plane and the other two adjacent sides lie in a different 
plane. If a plane quadrilateral be partly folded about one 
of its diagonals, wo get a skew quadrilateral. 

Proposition I. 

One, and only one plane may be made to pass through 
any two intersecting straight linesA 



Let AB and CD be two straight linos intersocting at 0, 

It is required to prove that one and only one plane may 
he made to pass through AB and CD. 

Take any plane passing through the line A OB and 
rotate this plane about the line AB until it passes througli 
G and let the plane in its new position be denoted by XY. 
The piano now becomes fixed in position. 

Since the points 0 and 0 lie on the plane XYi 
the straight line GO or GOD lies wholly in it. 

Bub AB lies in XY by assumption ; hence the plane XY 
passes through both AB and (fD. 

In any other position of the rotating plane, the point 0 
falls outside it, so that the straight line GD can not lie in it. 

t C. U. 1912 
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Hence one, and only one plane can pass through AB and 
CD. 

Note *1. One, and only one plane passes through a straight line 
and a point outside it. \ 

Note 2. From all that has been said before it becomes obvious 
that the position of a plane is fixed, if it passes through — 

(a) any straight line and a point outside it ; 

(b) any two parallel straight lines ; 

(c) any two intersecting straight lines ; 

(d) any three points which are not collinear. 

F.XERCISES. 

1. Any number of mutually intersecting straight lines, not passing 
through the same point, are coplanar. 

2. An7j three straight lines forming a triangle are coplanar. 

[ C. IT. 1911. ] 

3. One, and only one plane may be made to pass through a pair 
of parallel straight lines. 

4. Shoiv that if three or more parallel straight lines intersect a 

given straight line^ they are coplanar. [ C. U. 1915, *21. ] 

5. Through a given point draw a straight line ivhich intersects two 
given straight lines not lying in (me and the same plane, 

[ Through the given pt. draw a st. lino parallel to one of the skew 
linos and produce the plane of parallels to meet the other skew line. ] 

6. Draw a straight Ihie to cut three given sltew or non-intersecting 

straight lines. L C. U. 1913. ] 

[ AB, CD, EF are skew lines. Through P in CD draw a st. line || 
to a skew line. Produce the plane of parallels to meet the other skew 
line. ] 

7. If three or more concurrent straight lines out a given straight 
line, they are coplanar. 

8. If the diagonals of a quadrilateral intersect, the sides of the 
quadrilateral are coplanar with the diagonals. 

9. Straight lines joini}ig the extremities of two shew straight lines 
are themselves skeio st. lines. [ Four lines form a skew quadrilateral. ] 

>*The truth of the statement is so fundamental that it can be 
regarded as an axiom. 
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Proposition II. 

Two intersecting planes cut one another in a straight line 
and in no point outside it/'' 



Fig. 3. 


Let XY and MN be two intersecting idanes. 

It is required to prove that the two intersecting planes 
cut in a st, Une^ and in no point outside it. 

Lot A and B bo any two points common to both the 
planes. 

Since the points A and B lie on botli the pianos, the 
st. line AB, joining tlion, lies wholly in both tlio planesi 
so that the pianos XY and MN intersect along the st, 
line AB. 

Again, since both the planes pass thi’ough the st. line 
AB^ they can have no point common to them outside AB, 
because in that case the two planes become one which is 
contrary to the hypothesis. 

Cor. If two planes have one point in common, they will have an 
infinite number of common points. 

Note. (1) A plane may be generated by a st. line which moves 
parallel to itself and slides over a fixed straight line. 

(2) A plane may be generated by a st. line which slides over two 
fixed intersecting or parallel st. lines. 

* C. U. 1911, ’13, '15, *21, *24. *41, *43. 



LINES AND PLANES 


43 


(3) A piano may be generated by a st. line rotating about a fixed 
point and sliding over a fixed st. line. 

Thus there are three ways of generating a plane. 

EXERCISES. 

1. Prove that the common section of any three planes (non^collinear) 

meet at a point. [ C. U. 1911. ] 

2. The lines of intcfaection of two parallel plines with any third 
piano aro parallel. 

H, Two intersecting straight lines can not both be parallel to a 
third straight line. 


Proposition III." 

If a straight line perpendicular to each of ttvo inter- 
secting straight lines at their point of intersection^ it is 
2 )erpendicul ar to the plane in which they lie. 


P 



Q 


Fig. 4. 

Let OP be perp. to eacli of the intersecting st. lines OA, 
OB at their point of intersection 0. 

As OA and OB are two intersecting st. lines they deter- 
mine a plane ; let it be MN. 

♦ 0. U. 1923. »26. ’SO, *37, ’39, »41. 
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It is required to prove that OP is perp, to the plane 
MN which contains OA , OB, 

Through the point 0, draw any st. lino OC in the plane 
MN, It will be enough to shew that OP is porp. to OG. 
Draw the st. line AB cutting OA^ OC, OB at the points A, 
O and B respectively. 

Produce PO to Q, so that OQ is equal to OP. 

Join PA, PC, PB and QA, QC, QB. 

OA is x>ei*p. to PQ by hypothesis and 0 is the middle 
point of PQ. 

A in equidistant from P and Q. That is, AP — AQ, 

Similarly OB being the perpendicular bisector of PQ, 
BP^BQ, 

Now in the As APB, AQB, 

AP — AQ, AB in corninoii; and BP^BQ, 

.\ the triangles are congruent, so that 

the Z-Pi4P = the ALQAB. ••• (i) 

Again in the As BAG, QAG, 

AP^AQ, AG is common, and 

from (i), the Z.P-4C* the /LQAC, 

.* . the triangles are congruent, whence PG^^QC ••• (ii) 

Hence in the As POG, QOG, 

OP^ OQ, OG is common, and from (ii), PC^QC. 

the As are congruent, so that the APOC = the 
Z^QOG ; but these are supplementary angles ; therefore 
each of them is a right angle, i,e., PO is perp. to OG. 

But OC is a7iy st. line in the plane MN meeting OP at 0. 
OP is perp. to the plane MN, which contains OA, 
OB. 
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Alternative proof : 



Through C, any point on 00, draw a line AB cutting 
OA and OB at A and B respectively and being bisected at 
the point 0*. 

Join PA, PB and PC. 

As OP is perpendicular to OA, we have 
PA^^OA^ + OP^\ 

Similarly PB^ = OB" + OP® J ^ ' 

But in the APAB, PC is a median, 

P^*+PB®-2(PC®+.4C®). — (2) 

Similarly from the AO^B, 

04* + 0S“-2UC* + 0C*). — (3) 

i,e., from (2) and (3), (P4* - OA^) + (PB* - OB^) 

= 2(PC®-00®). 

i.e., OP^ + OP® - 20P* - 2(PC® - 00® ), from (1), 
i.e., OP® -PC® -00*. 

or, PO* OP® + 00® i.e., OP is perpendicular to 00. 

* Produce OG to A bo that OG»OD. Through D, draw lines 
parallel to OA and OB forming the parallelogram GADB. Then the 
diagonal AB is bieeoted |^t G. 
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EXEBCISES. 

1. Find the locus of a point in space equidistant from two given 

points. [ C. U. 1916, *23. *39. ] 

[ The plane bisecting the line joining the given points at right 
anglesJ ] 

2. All points in space equidistant from three non-collinoar points 
lie in a st. line : [ vi^.. the intersection of two planes. ] [ 0. U. 1941. ] 

3. Show that all points on the circumference of a circle are equi- 

distant from any point on the normal to the plane of the circle passing 
through its centre. [ C. U. 1937. ] 

4. Show that there is only one point equidistant from four non- 
coplanar points. 

5. From any point O throe straight lines OX, OY and OZ aro 
drawn, so that each is perpendicular to the plane passing through 
the other two. Prove that they are mutually at right angles. Give 
a common illustration of the same. 

6. How many straight lines may be drawn perpendicular to a 
given straight line at a given point ? 

7. If two isosceles triangles, not in the same, plane have a com- 
mon base, show that the common base will be perpendicular to the 
plane passing through its middle point and the vertices of the 
triangles. 

8. A point which is not in the piano of a right-angled triangle 
is equidistant from the angular points. Show that the line joining 
it to the middle point of the hypotenuse is perpendicular to the plane 
of the triangle. 
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Pboposition IV.* 


All straight lines drawn perpendicular to a given straight 
line at a given point are coplanar. 



Pig. 5. 

Let the st. linos OB, OG, OD be perpendicular to -40 at 
tlie point 0. 

It is required to prove that OB, OG, OD are coplanar 
i.e., lie in one 2 >lane. 

Let XY be the plane passing through OB, 00 and let 
PQ be the ])lane passing 04, OD and intersecting the plane 
XY in the st. line OQ, 

Since the st. lines OB, OG are perpendicular to 04. 

04 is perpendicular to the plane XY, 
the lino OQ, which is in the plane of OB, OG, is 
])erpendicular to 04. [ Prop, III, ] 

Hence OQ and OD are both perpendicular to the same 
st. lino 04 and they are in the same plane PQ. 

OQ coincides with OD. 

Hence OB, 00, OD are in the same plane XY. 

Cor. If a right angle rotates about one of its sides containing the 
jright angle, the other side generates a plane. [ 0. U. 1919. ] 


♦0. U. 1916, »27, »32, ’33, *36, *42. 
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EXERCISES. 

. !• How many horizontal lines can be drawn through a given point 
in a vertical line and how do they lie ? [ 0. U. 1916. 1 

2. Show that the four corners of a horizontal rectangle are equi- 
distant from any point on the vertical line passing through the centre 
of the rectangle. 

3. If a triangle revolves about its base, show that the vertex 

describe a circle. [ 0. U. 1919. ] 

4. Prove that a point can be found in a plane equidistant from 
three points outside the plane. State the exceptional case if any. 

[ G. U. 1932, »36. 1 
[ See Prop, III, Ex. 2. J 

5. In any number of planes have a common line of section, show 
that the normals to these planes from any point on that line are 
coplanar. 

6. Prove that there cannot be more than three mutually per- 
pendicular st. lines in space meeting at a point. [ 0. U. 1932, ’86. ] 

7. Find a point in a given st. lino in space equidistant from two 
given points outside the st. line. Is there any exceptional case ? 

[ Prop. Ill, Ex. 1. J 

8. Prove that all straight linos drawn perpendicular from a given 
point to a system of parallel st. lines in space are coplanar. 

[ 0. U. 1927. 1 

9. How many vertical lines can pass through a given point ? 
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Pboposition V. 

If two straight lines are parallel, and if one of them is 
perpendicular to a plane^ the other also is perpendicular to 
the same plane 



Lot OP, QR bo two x)arallel st. lines meeting the plane 
XY at O and Q respectively and let OP bo perpendicular to 
the plane. 

It is required to prove that QB also is perpendicular to 
the plane XY, 

Join OQ, PQ, Through Q draw LQM in the plane XY 
perpendicular to OQ, such that LQ *= QM, 

Join OL, OM and PL, PM, 

Since OQ is the perpendicular bisector of LM, 

OL--OM, 

Now in the As POL, POM, wo have' OL^OM, OP 
common, and the Z. POL the ^POM, each being a right 
angle, because OP is perpendicular to the plane of 
OL, OM. 

/ Hence the As are congruent, so that PL *= PM. 


* 0 . U. 1910, *18, *28, *40, '42. 
0. S.— 4 
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Again, in the As PLQ, PMQ, we have 
PL^PM, PQ common and LQ^QM. 
the As are congruent. 

the APQL = the ^PQM^ whence PQ is perp. to LM. 

But by construction, OQ is perp. to LM. 

LM is perp. to the idano of OQ, PQ. 

But the plane of the parallels OP, QP, also contains 
OQ and PQ. 

LQM is perp. to the plane pf the parallels, so that 
LQ is perp. to QB. 

Again, OP, QB are parallel and OQ meets them, 
the ZPO0*= tlie Z.B0O = a right angle. 

Hence BQ is perp. to QL as well as QO, 

i.e., BQ is perp. to the plane XY wliich contains them. 

Converse Proposition : 

If two straight lines are perpendicular to the same plane, 
they are parallel to one another. [ C. U. 1928. ] 

Let the st. linos OP, QB be both perpendicular to the 
plane XY meeting it at 0 and Q respectively. 

It is required to prove that OP and OQ are parallel to 
one another. 

Join OQ, PQ, as before, and through Q draw LM in the 
plane XY perp. to OQ, such that LQ^QM. 

Join OL, OM and PL, PM. 

Since OQ is the perp. bisector of LM, 

.•. OL-'OM. 

The As OZfP; OMP are congruent as before, 
so that PL — PM. 
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Again, the As PLQ, PMQ are congruent as before, 
so that the Z.PQI/ “the Z.PQM, 
whence PQ is perp. to LM. 

But by constructiqn, OQ is perp. to LM. 

Hence LQ is perp. to the plane of QO, QP. 

But by hypothesis, LQ is perp. to QB, so that QB is in 
the plane of QO and QP. [ Prop. IV. ] 

But OP is also in the plane QO, QP. 

OP and QE are coplanar. 

Again, each of the Z.s POQ, BQO is a right a,nglo. 

[ Definition of _L^ to a plane. ] 
the st. lines OP, QB are parallel. 

Cor. If OP is perpendicular to any plane XY, and if from 0, the 
foot of the perpendicular OP, a straight line OQ is drawn perpendi- 
cular to any straight line LM in the same plane, then PQ is also 
perpendicular to LM. [ C. U, 1938, '40. ] 

[ Make LQ^QM as before. Join OL, OM and PL, PM, The proof 
is exactly the same as in Prop. V. ] 

This theorem is known as "The Theorem of the Three Perpendi- 
culars.” 

EXERCISES. 

1. Draw a straight line perpendicular to a given plane XF from 

an external point P. [ From P draw PQ perpendicular to LM, Draw 
QO perp. to LM in the plane XY. The perp. PO drawn irom P on 
OQ is perp, to the plane A'F. ] [ See fig. 6, ] 

2. Two perpendiculars are drawn on two intersecting planes trom 
a point outside the planes. Show that the common line of intersection 
of the planes will be at right angles to the plane in which the two 
perpendiculars lie. 

3. Straight lines in space which are paraUel to a given straight 
line are parallel to one another. 

[ 0. U. 1909, *14, *19, *22, *26, *29, *85. ] 

[ Let the st. lines EF, QH be parallel to the given st. line PQ. It 
ia required to prove that EF, OH are parallel to one another. Draw 
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any piano XY porp. to PQ. Since EF is parallel to PQ, EF is 
perp. to the plane XY, Similarly GII is perp, to XY. Hence, EFy 
OH are both parallel to one another. ] 

4. If the middle points of adjacent sides of a skew quadrilateral 
are joined, prove that the figure so formed is a parallelogram. 

5. It PQt LM, RS be three equal parallel and non-coplanar 
straight lines, show that the triangles PLP, QMS ate congruent. 

6. If perpendiculars are drawn from any point to a system of 

parallel st. lines in space, then all the perpendiculars lie in a plane 
perpendicular to the parallel lines. [ C. U. 1926. ] 

7. Find the locus of the^oot of the perpendicular drawn from a 
given point upon any plane passing through a given st. line. 

[ D. B. 1924. ] 

8. From an external point P, PO is drawn perpendicular to the 
plane XY and LM is any st. line in the plane XY. If PQ be drawn 
perpendicular to Lilf, show that OQ is also perpendicular to LM, 


Proposition VI. 


(i) Of all straight lines drawn from an^external point to 
a plane, the perpendicular is the shortest* 


(ii) Of obliques drawn from a given pointy those which 
cut the plane at equal distances from the foot of the per^ 
pendicular are equal. 


P 



Fig. 7 

♦0. U. 1914, »16, *27,' '31, '36. 


t[ 0. U. 1931.3 
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(i) Let PO be the perpendicular to the plane XY from 
the external point P and let PA be any oblique meeting the 
plane at A, 

It is enough to prove that PO is less thaii PA, 

Join OA, Since PO is perpendicular to the plane XF, 
it is also perpendicular to OA, so that the /LPOA is a 
rt. angle. 

Hence in the APOA, the’ APAO is less than the 
Z.POA, PO is less than PA, 

That is, the perpendicular is less than any oblique. 

Hence the perpendicular PO is the shortest. 

(ii) Let the obliques PA and PB cut tlm plane XY at 
equal distances OA, OB from the foot 0 of the perpendi- 
cular PO. 

It is required to prove that PA = PB. 

Join OA, OB. Since PO is perpendicular to the plane 
XY, it is also perpendicular to OA, OB, so that each of the 
angles POA, POB is a right angle. 

Now in the As POA, POB, wo have 

OA^OB. PO common and the APOA^ the APOB. 
the As are congruent, so that PA^PB. 

EXERCISKS. 

1. Equal straight lines drawn to meet a plane from a point outside 
it are equally inclined to it. 

2. Equal straight lines drawn to meet a plane from a point out- 
Bide it are equally inclined to the perpendicular drawn from the point 
to the piano. 

3. Find the locus of the feet of equal obliques drawn from an 

external point to a plane. [ 0. U. ] 

4. Draw a straight line equally inclined to three straight lines 
which meet in a point, but are not in the same plane. 
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5. Of obliques dra\vn from au external point to a plane, those 
^hioh out the plane nearer to the foot of the perpendicular are less 
than those which out the plane at a greater distance and conversely. 

6. If three points A, B, G on a plane are equidistant from an 
external point O, show that the foot of the perpendicular drawn from 
0 to the plane is the centre of the circle through A, B, C, [G. U. 1914.] 

7. If through the in-centre or an ox-centre of a triangle ABC a 
normal is drawn to the plane of the triangle, show that any point on 
the normal is equidistant from the sides of the triangle. 

8. Find the locus of points equidistant from the angular points 
of a regular polygon. 

9. From the centre of a circle circumscribed about a plane 
polygon a normal is drawn to the plane of the polygon. Show that 
any point on this normal is equidistant from the' angular points of the 
polygon. 

10. Perpendiculars are drawn from an external point to a system 
of coplanar straight lines passing through a fixed point. Find the 
locus of the feet oi these perpendiculars. [ Join the external pt. P 
to the fixed point O at which the st. lines intersect. The distance of 
the foot of any perpendicular from the mid-pb. of OP is constant. 
Hence the required locus is a circle. ] 

Definition. The projection of a line on a plane is the 
locus of the foot of the perpendicular drawn from any point 
in the given line to the given plane. 



Fig. 8 
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In the adjoining figure from all points on LM perpendi- 
culars are drawn on the plane XY, The line Ztw, being the 
locus of the feet of these perpendiculars is the projection 
or orthogonal projection of LM on the plane XY, 


Proposition 


The projection of a straight line on a plane is itself a 
straight line. 



Fig. 9 

Let FG bo any straight line and H any point on it. 
Prom II draw Ilh perpendicular to the given plane XY 
to meet it in h. 

It is required to prove that the locus of h is a st, line. 

Draw Ff^ Gg perpendiculars to the plane XY meeting it 
in / and g respectively. 

Now P/, 7J/i, Gg being all perpendicular to the same 
plane XY, are parallel to one another. 

Again, these parallels are cut by the st. line FG. 
they are coplanar. 


*0. U. 1916, *18. *20, *23. *26. *30, *84. 
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the point h is in the line of section of th% planes 
XY and Fg, so that h is in the st. line fg. 

But H is any point in FG. 

/. is any point on the projection of FG. 

Hence tlio projection of FG is the st. line fg in the 
plane XY. 

Cor. A straight line and its projection on any piano are ooplanar. 

Note. The angle between a straight line and a plane is the 

angle between the straight line and its projection on the plane. 



Pig. 10 

In order to find the angle between the st, line FO and the piano 
XY, let us determine the angle between FG and its projection fg on 
XY in the adjoining figure. 

Gince FG and its projection fg are coplanar, they must meet at 
some point 0 in XY, whan produced if necessary. Then the angle 
between FO and the plane XY is measured by the angle QOg. 

EXEBOfSES. 

1. Find the length of the projection of a straight line on a plane . 
in terms of the length of the line and the angle which it makes with 
the plane. [ C. U. 1934. ] 
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Let fg bo tho projection of the st. line FO on the plane XY (as 
shown in fig. 10). Produce FG and p/, if necessary, to meet at 0 in XY. 
Through F draw FI parallel to/p to meet Og at 1. Now the Z^GFl— 
the Z.(?Op = d, where d is the angle between the st. lino FG and the 
plane XY. 

I fence the length of the projection of FG on XY 
^fg = FI =^FG COB e. 

Note. The projection is maximum, when cos 0=^1, i.e., 6 = 0, 

i.e., when FG is parallel to the plane XY ; 

when FG is perp. to the plane XY, 0 = 90®. cos 0 = 0, 
so that the projection, FG cos 0 = 0, 

Thus the projection of a line on a plane can not be greater than 
the length of the line. The projection increases as 0 decreases and 
the maximum value of the projection is equal to the length of the 
line. c' 

2. Equal obliques drawn from a point to a plane have equal 
projections on that plane. 

3. If a str. line outside a given plane is parallel to any straight 
line in the plane, it is parallel to the plane itself. 

[ C. U. 1917, '31, '33. ] 

[ Let the st. line FG outside tho piano XY be parallel to the st. 
line PQ drawn in the plane XY. It is required to 'prove that FG is 
parallel to the plane XY. Draw a plane passing through the parallel 
st. lines FG, PQ. If FO be not parallel to the plane XY, it will 
meet XY at some pt. on tho lino of section PQ, But by hypothesis, 
FG and PQ are parallel. FG, can never meet the plane XY, 
i.e., FG is parallel to XY. ] 

4. Prove that parallel straight lines have parallel Tprojections on 
a plane. Is there any exception to this ? 

5. Equal and parallel straight lines have equal and parallel 

projections on a plane. [ G. U. 1923. ] 


6. A straight line in space has equal projections on parallel 
straight lines. ^ [ See Ex, i. ] 
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7. The angle which a straight line makes with its projection on a 

plane is less than that which it makes with any other straight Ipie 
which meets it in that plane. [ 0. U. 1918, *80, *31. ] 

[ Let ah be the projection of ABt in the plane XY, If BA meets 
its projection ba at 0 in XY, through 0 draw any other st. lino 00 
in XY, so that OC = Ob. Now Bb being a perpendicular, BC > Bb. ] 

8. If a straight line is parallel to a plane, show that it is parallel 
to its projection on that plane. 

9. Show that if the projections of a given line on two intersecting 
planes be both straight lines, the given line is itself a straight line. 
[ The given line becomes the lines of intersection of two planes. ] 

[ 0. U. 1926. ] 

10. The projection of the middle point of a straight line on a plane 

is the middle point of its projection. [ C. U. 1916. ] 

11. If FG bo divided at any point H in a given ratio, show that 
7i, the projection of JI divides fg the projection of FG in the same ratio. 

12. Show that the line of intersection of two planes which respect- 
ively pass through two parallel straight lines is a third straight line 
parallel to either of the given straight lines. 

C Apply Ex. 3.] [ C. U. 1922, *35. 1 

13. A straight line AB is parallel to each of two intersecting planes ; 
show that AB is also parallel to their line of sectwn. 

[ See Ex. 5. ] [ C. U. 1917, *33. 1 

14. Show that through a given point a plane may be constructed 

parallel to each of two skeio lines. [ Through the given pt. draw two 
lines parallel to the skeio line. ( Ex. 3. ) [ G. U. 1931. ] 

15. Through either of two skew lines a plane may be made to 
pass to which the other line is parallel. [ Through any point in one 
of the skew lines draw a line parallel to the other skew line. These 
two lines determine a plane. ( Ex. 3 ^ 

16. If, of the three lines of intersection of three planes, two be 
parallel, show that the third will also be parallel to the other two. 

[Ex. 13.2 [C. U. 1914.]* 
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Definitions : 

1. The angle between tioo skew lines is the angle 
between one of them and a line draion through any point on 
it parallel to the other. 

2. Whon two pianos intersect they are said to form a 

dihedral angle. [ G. U. 1934. ] 

3. The dihedral angle between two planes is 

measured as tho piano angle between tho two straight 
lines drawn from any point in their line of intersection at 
right angles to it, one in each plane. [ C. U. 1934. ] 

In figure 10(a), the planes 
LN and MP intersecting along 
LM from a dihedral angle bet- 
ween them. From any point 
0 in LM, straight lines, OA, OB 
are drawn perpendicular to LM, l 
in the planes LN and JlfP 
respectively. Then the angle 
AOB (in the plane AOB) 
measures the dihedral angle 
between the planes LN and MP, 

4. One plane is said to be perpendicular to another, 

when the dihedral angle between them is a right angle. 

[ C, U. 1928. ] 

The plane LN will be perpendicular to the plane MP, if 
the dihedral angle AOB be a right angle. 



M 

Pig. 10(a) 
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Proposition VIII. 

If a straight line is perpendicular to a plane, then any 
plane passing through the perpendicular is perpendicular 
to the given plane* 



Lot the straight lino OP bo perpendicular to the plane 
XY and lot MN be any plane passing through the perpendi- 
cular OP, 

It is required to prove that the plane MN is perpendi- 
cular to the plane XY, 

Let OQ he drawn in tho plane XY perpendicular to ML, 
the lino of intersection of the pianos 3IN find XY, Since 
OP is perp. to tho plane XY, it is perp. to OQ and the line 
of intersection MOL, so that the /LPOQ is a right angle. 

Again, since OP, OQ are both perp. to the lino of inter- 
section ML^ tho /LPOQ measures the dihedral angle 
between the planes XY, MN, 

Thus the dihedral angle PO(S is a 'right angle. 

Hence the plane MN is perp. to the plane XY, 

•0. U. 1919, *37, ’39, ’41. 
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Cor. 1. If from any point on the line of intersection ML of twa 
perpendicular planes XY and a line be drawn in either of the 

planes perpendicular to the line of intersection then it will also 
be perpendicular to the other plane. 

Cor. 2. If from any point in either of the planes XY and MN 
which intersect at right angles along the st. lino a straight line 

be drawn perpendicular to the other, then it will lie wholly in the 
first plane. 

Proposition IX. 

If two intersecting planes are each perpendicular to a 
third plane ^ their line of section also is perpendicular to 
that plane* 


Q 



Let the two planes MN and QE which intersect in the 
st. line OP be both perpendicular to the plane XY, 

It is required to prove that PO is perpendicular to the 
plane XY, 

From any point P, common to the two planes MN and 
QJ2, let a perpendicular be drawn to the plane XY, Since 
the planes MN and QB are both perpendicular to the plane 
•0. U. 1910. »17. »20, *29. '43. 
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XY, the perpendicular through the common piont P must 
lie wholly in each of the planes MN and QB, 

I Prop. VIII, Cor. 2 ] 

Hence the perpendicular through P must bo the st. line 
common to both the planes MN and QB, i.e., it must 
coincide with their line of intersection PO. 

Hence PO is perpendicular to the plane XY. 

EXERCISES. 

1. Show that tho dihedral angle between two intersecting planes is 
equal or supplementary to the rectilinear angle between their normals. 

[ C. U. 1910. ] 

2. If from any point normals are drawn to two intersecting 
planes, show that the line of section is perpendicular to tho plane 
of the normals. 

3. Shew that three mutually perpendicular planes cut 07te another 

in three mutually perpendicular str aight lines. [ G. U. 1029. ] 

4. Show that a plane can he dravyn perpendicular to a given plane 

and passing through any given st. line. [ C. U. 1917, '19, ’20. ] 

5. If the intersections of three planes be parallel to one another, 
the normals drawn to these planes from any point are coplanar. 

[ See Ex. 2, ] [ C. U. 1910. ] 

6. If a plane intersects two parallel planes, show that the corres- 
ponding dihedral angles are equal. [ G. U. 1937. ] 

7. Show that a straight line is equally inclined to any number 
of parallel planes which it intersects. 

8. Through a given point draw a plane perpendicular to each of 
two intersecting planes. 

9. Show that the planes bisecting ^he sides of a triangle at right 
angles meet in a straight line perpendicular to the plane of the triangle. 

10. If two planes bo perpendicular to each other, show that every 
straight line perpendicular to one plane is either parallel to or lies 
on the other. 
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Solid Angles. 

1. When three or more planes mutually intersect in 
straight lines which meet in a point, they are said to form 
a solid angle at the point. 

The point at which the planes meet is called the vertex 
of the solid angle. In lig. 13, the vortex is the point S. 
The solid angle is denoted by {S, ABC), [ C. U. 1924. ] 

The lines of intersection of consecutive planes are called 
the edges of tlio solid angle. In lig. 13> the st. linos S-4, 
SB, SC are the edges of the solid angle (S, ABC). Tlio 
plane angle formed by consecutive edges at the vertex of a 
solid angle are called its face-angles. In fig. 13, the angles 
ASB^ BSC, CSA are the face-angles. 

The angles between the consecutive planes forming a 
solid angle are called its dihedral angles. 

2. Tlie solid angle formed by the mutual intersection 
of three pianos is called a trihedral angle. The solid angle 
{S, ABC) shown in fig. 13 is a trihedral angle. 

TJie solid angle formed by the mutual intersection of 
more than three planes at a point is called a polyhedral 
angle. 

When the number of planes forming a solid angle is 
four, the solid angle is called a tetrahedral angle. When 
the number of planes is five, the solid angle is called a 

pentahedral angle, and so on. 

3. When the section of the faces of a solid angle by 
any plane becomes a polygon having no re-entrant angles, 
the solid angle is said to be convex. 
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Proposition X.* 

In a trihedral angle the sum of any two of the face-anglee 
is greater than the thirdf'' 

s 



Pig. 13 

Let (S', ABO) boa trihedral angle and let the jLASB be 
the greatest of the three face-angles, namely, ASB, BSC, 
CSA. 

Since the Z.ASB is the greatest, the sum of the 
Z.5 ASB, BSO is evidently greater than the Z.ASG, and 
the sum of the Z.s ASOj ASB is also evidently greater 
than the A BSC. 

It is therefore enough to prove that the sum of the 
Z.S A8C, CSB is greater than the /LA SB. 

In the plane ASB make the /LASD equal to the angle 
ASC and make SD“SC. 

Draw a st. line through D in the plane ASB cutting 
SAt SB at Z, B respectively. Join AG, CB. 

Now in the As ASC, ASDfyve have 

SC®*SD, ilS common and the Z.ilSO“the Z.i4SD. 

•*. the As are congruent, so that AD'^AO. 

* C. U. 1909, '11, *18, *22, *24, *32. 
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Again* from the AABO. 

AC+CJ3 > AB, U., > AD + DB. 

CB> DB. 

Now, in the As BSC, BSD, 
since SD^ SC, SB is common to both, 
and CB > DB, 

the /.BSC is greater than the /.BSD. 

Hence the sum of the Z.s A SC, CSB is greater than 
the sum of the Z.s ASD, DSB, i.e., greater than the 
/LASB. 


EXERCISES. 

1. Prove that the mm of the interior^/ingles of a shew quadriloAeral 

is less than four right angles, [ Ci U. 1913, ’32. ] 

2. In a trihedral angle the difEerenoe of any two face«anglcs is less 
than the third. [ The /LBSC > the /.BSD in fig. 13. ] 

3. OA, OB, OG are three intersecting straight lines such that the 

angle BOC is equal to the sum of the angles AOB, AOO \ show that 
OA, OB, OG are cqplanar. [ C. U. 1912, '22, *36. ] 

C If not, OA, OB, OG will form a trihedral angle and hence etc. ] 

4. Provo that three pianos in general meet in a point. Discuss 
the three exceptional cases. 

5. The mm of any three* face~angles of a tetrahedral angle is greater 

than the fourth. [ C. U. 1911. J 


O. B.— 6 
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Proposition XI. 

In a convex solid angle the sum of the face-angles is less 
than four right angles^ 

S 



Fig. 14 

Let (S, ABODE) be a convex solid angle, of which ASB, 
BSCt CSDt DSEt ESA are the face-angles. 

It is required to prove that the sum of the face-angles 
ASBy BSO, CSD, DSE, ESA is less than four right angles. 

Let a plane XY cut the planes of the face-angles in 
st. lines which form the convex polygon ABODE. Take a 
poinji 0 within the polygon ABODE and join OA^ OB, 00, 
OD, OE. 

In the trihedral angle A, 

the Z.JS-4.B + the /LSAE is greater than the jLBAE, 

[ Prop. X. ] 

i.e., greater than the ^OAE + the Z.OAB. 

Similarly for each of the trihedral angles at B, 0, P, E. 
the sum of the base angles of the As with vertex S 


* 0. U. 1910, *27. 
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is greater than the sum of the base angles of the As with 
vertex 0. 

Since the number of triangles with vertex S is equal to 
the number of triangles with vertex 0, the sum of all the 
angles of the triangles with vertex S is equal to the sum of 
all the angles of the triangles with vertex 0. Hence the 
sum of the face-angles at S is less than the sum of the 
angles at 0. 

But the sum of the angles at 0 is four right angles ; 

the sum of the face-angles at S is less than four 
right angles. 

EXERCISES. 

c 

1. If three straight lines drawn from a point in space malce with 

each other three angles whose sum is four right angles, the three lines 
are then caplanar, [ G. U. 1910. ] 

[ If not, the three at. lines will form a solid angle, the sum of 
whose face-angles is less than four rt. As, ] 

2. The sum of the three face-angles of a trihedral angle is less 
than four right angles. 

,3. If the angular points of a convex polygon be joined to any 
point so that the sum of the angles between consecutive lines is equal 
to four right angles, show that the straight lines are ooplanar. 

MISCELLANEOUS EXAMPLES I. 

1. Describe a method of drawing the line of greatest slope through 
any point on an inclined plane. ( The line of greatest slope Is the st. 
line making the greatest angle with the horizonal plane. ) 

2. A plane outs two sides of a triangle proportionally. Show that 
it is parallel to the third side, 

** 3. Determine the locus of a point equidistant from three non- 
ooplanar intersecting st. lines. 
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4. If ZrAf, PQ be two skew st. lines, prove that the lines joining 
their extremities vie* LP^ MQ and LQ, MP are also skew. 

5i On what planes will the projections of two given skew lines 
be perpendicular ? 

[ Draw two perpendicular planes, each passing through one skew 
line. Any plane perpendicular to the line of section satisfies the 
condition. ] 

6. On what planes will the projections of two given skew lines be 

parallel ? [ See Prop. VII ^ Ex. 15. ] 

[ Draw two parallel planes each passing through one skew line. 
Any plane perpendicular to the parallel planes satisfies the condition. ] 

7. If 8X be a straight line within the solid angle (£f, ABC) deter- 
mined by SAt SB, SC, show that 

(i) the sum of the angles ASX, BSX, CSX is greater than half 
the sum of the angles ASB, BSC, CSA, 

(ii) The sum of the angles ASX, CSX is less than the sum of 
the angles ASBj CSB, 

(iii) the sum of the angles ASX, BSX, CSX is less than the sum 
of the angles ASB, BSC, CSA. 

8. Show that in a trihedral angle the mm of the dihedral angles 

i.e. the angles between the faces is greater than 180*^. [ From any point 

within the solid angle draw perpendiculars to the three faces giving rise 
to a trihedral angle. [ See Ex. 1, 2 \ Prop. IX. ] 

9. There can not be more than five regular polyhedra.* [ G. U. ] 

[ The least number of plane surfaces required to form a solid angle 
is three. Consequently the minimum number of plane angles required 
to form a solid angle is three, and the sum of the three plane angles 
must be less than 360*^, so that each face-angle must be less than 120’’. 
Since the polyhedron is regular, aU the face-angles are equal. Again, 
each angle of a regular hexagon isM20" and the 'angles of regular 
figures with more than six sides are still greater. Hence regular 
figures of more than five sides are excluded. In other words, only. 

*A polyhedron is a solid figure bounded by plane surface only. 
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equilateral triangles, squares and regular pentagons can form the 
faces of a regular polyhedron. 

Thus when the faces of a regular polyhedron are equilateral 
triangles^ the number of such triangles forming a solid angle may be 
(i) three, because 3 x 60® — 180® ; (ii) four, because 4 x 60® = 240® ; 
{Hi) five, because 6x60® -"300® which is evidently less than 360®. But 
more than five such triangles can not form a solid angle of a regular 
polyhedron by Prop. XI. 

When the faces are squares, the number of such squares forming 
a solid angle of a regular polyhedron be (iv) three only, because 
3 X 90® «= 270® which is less than 360®, but 4 x 90® < 360®. 

When the faces are regular pentagons, the number of such regular 
pentagons forming a ^solid angle of a regular polyhedron may be 
(v) only three but not more than three, because 108® x 3 = 324*’. 
Hence the number of regular polyh^dra is only five. ] 

10. Show how to draw a st, line through a given point in space 

intersecting two given skew lines* [ C. U. 1912. ] 

[ Draw a plane passing through the given pt. and one of the skew 
lines. Produce the plane to meet the other skew line at some point.] 

11. Prove that all points in space equidistant from two given 

points lie in a plane. [ See Prop, HI, Ex, 2, ] [ C. U. 1939. ] 

12. Draw a straight line perpendicular to two given shew straight 
lines. Show that the shortest distance between two non-intersecting 
straight lines is a straight line perpendicular to both, [ G. U. 1912. ] 

[ Let AB, CD be two skew lines. Through any point P in AB, 
draw PQ parallel to CD, At P draw PB perp. to PB and PQ, 
Produce the plane passing through AB, PR to meet CD at S. 
Through 8 draw ST parallel to PR meeting AB in T, ] 

18. Shaw that, through a given point P, a plane may be constructed 
parallel to each of two lines AB and CD, which do not lie in the same 
plane, [ 0. U. 1931. ] 

[ Through the given point P draw two lines parallel to AB and CD,] 

14. OA, OB, OC are three concurrent lines, each of which is 
perpendicular to the other two ; show that 
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(i) if OX^ OY, OZ are perpendioular to BC^ CA, AB respec- 
tively, XYZ is a pedal triangle of the triangle ABO ; 

(ii) if OP is perpendicular to the plane of ABCt show that P is 
the orthocentre of the triangle ABO. 

15. Show that any plane passing the middle points of three non- 
ooplanar lines PQ, QB, BS is parallel to PB and QS. 

[ Prop. VII. Ex. 5. ] [ D. B. 1927. ] 

16. If there be two parallel planes, show that any straight line 
drawn in any one of the planes is parallel to the other. 

17. Show that if AB and OD be two parallel straight.linea and O 
any powd outside the plane containing hoth^ then the planes OAB and 
00 D intersect in a straight line parallel to both. • 

[ See Prop. VII, Ex. 12. ] [ C. U. 1929, *35. ] 

18. Show that from a given external point, not more than one 

perpendicular can be drawn to a plane. [ 0. U. 1927. 1 

19. Show that if three planes mutually intersect, their three lines 
of intersection will be either concurrent or parallel. [ C. U, 1911, *24.1 

[ Let X, Y, Z be three non-collinear planes. If the line of inter- 
section of any two planes X, Y be not parallel to the third plane Z, 
it will intersect it at some point P. .*. P being common to the 
planes X and Z must lie on their line of section. For the same 
reason P must lie on the line of intersection of the planes Y and Z., 
Thus three planes will be concurrent, etc. ] 

20. From O, the centre of a circle, a perpendicular OA is erected 

to the plane of the circle. Show that all points on the circumference 
are equidistant from A. [ 0. U. 1937. } 
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SOLID FIGURES. 

1. Any portion of space bounded by one or more sur- 
faces, plane or curved is. called a. solid figure or a solid. 

The bounding surfaces, plane or curved, are called the 
faces of the solid. 

The lines in which the adjacent faces intersect are called 
its edges. 

2. A polyhedron is a solid figure bounded by plane 
faces only. 

Note. In order that a polyhedron may bo regular, all its faces 
must be regular figures and the same number of faces must meet at 
each vertex. 

The Regular Polyhedra.**' 

(i) A regular polyhedron of which each solid angle 
is formed by three equilateral 
triangles is called a regular 

tetrahedron. 

In the adjoining figure the 
equilateral triangles ABC, ACD, 

ABD, BCD are its four faces. 

The points A, Bf C, D are 
its vertices and the straight 
lines AB, AD, AC, BC, CD, 

DB are its six edges. 

* See Miscellaneous Examples I, Ex, 
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(ii) A regular polyhedron of which each solid angle is 
formed by four equilateral triangles is called a regular 

octahedron. 

It has six vertices and at leach vertex a solid angle is 
formed by four equilateral triangles, so that the number of 
faces is eight and edges is twelve. 

(iii) A regular polyhedron of which each solid angle is 
formed by five equilateral triangles is called a regular 

icosahedron. 

It has twelve vertices and at each vertex a solid angle 
is formed by five equilateral triangles, so that the number of 
its faces is twenty and edges thirty. 

(iv) A regular polyhedron of which each solid angle 

is formed by three squares is 
called a cube. 

In the adjoining figure the 
squares ABGD, EFGH, ADHE, 
DHGC, BCGF, ABFE are its 
six faces. The points A, B, C, 
D, E, jP, G, H are its eight 
vertices and AB, BO, CD, DA, 
EF, FG, GU, EE, AE, BE, 
BF, CG are its twelve edges. 

(v) A regular polyhedron of which each salid angle 
is formed by three regular pentagons is called a regular 

dodecahedron. 

It has twenty vertices and at each vertex a solid angle . 
is formed by three regular pentagons, so that the number of 
faces is twelve and edges is thirty. 
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3. A parallelepiped is a solid figure bounded by three 
pairs of parallel plane surfaces. 

Each of the six plane surfaces bounding a parallelepiped 
is a parallelogram, so that the opposite faces are equal in all 
respects and the twelve edges fall into three groups, each 
group consisting of four edges which are equal and parallel 
to one another. 

4. A parallelepiped of which the faces are rectangular 
is called a rectangular 
parallelepiped, or rec- 
tangular solid or 

■ 

cuboid. 

The six faces ABGD, 

EFGII^ADHEMIO C, 

BGGF, ABFE are 
rectangles inclined at 
right angles to one 
another. Fig. 17 

5. A rectangular parallelepiped whose all the six faces 

are squares is called a cube. [ See fig. Id. ] 

6. To find the surface and volume of a rectangular 
parallelepiped. 

From fig. 17, we have AB^ DG ^ HG^ EF ^at 
AD’^BG^EH^FG^b, 
and AE--DE-- BF-^ GG « c, 
taking a, fc, c to be the length, breadth and height of the 
rectangular parallelepiped. 

Area of the rectangle ABOD^ AB x AD* ab units of area. 

Areaof the rectangle EH* ab „ „ . 
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Area of the rectangle ADHE = AD x DH^^bc units of area. 

Area of the rectangle BCOF"^ BC ^ GO*^bc ,, i, , 

Area of the rectangle DCOH ■= DH x HO — ac „ „ . 

Area of the rectangle A AS X = ac ,, ,• . 

area of the total surface of the rectangular parallelo- 
piped = 2a 6 + 26c + 2ca units of area * * * (i). 

The volume of the rectangular parallelepiped 

« EF X EH X AE « abc units of volume • • • (ii). 

To find the total surface of a cube, put a* 6 = c in (i), 
because in a cube all the twelve edges are dqual. 

Hence the area of each face of a cube**a^ units of area. 

/. the area of the total surface of the cube ••6a* units 
of area, and the volume of the cube=*a* units of volume. 

7. Right Prism. 

A prism is a solid bounded by plane faces of which the 
side-faces are parallelograms and the two ends are congruent 
polygons in parallel planes. 

The lines of intersection of consecutive side-faces are 
called the side-edges of a prism. For every prism the side- 
edges are parallel and equal. 

The two ends of a prism may be triangles, quadrilaterals 
or polygons of any number of sides. A prism is said to be 
triangular, quadrilateral, or polygonal, according as the 
end-faces (or ends) are triangles, quadrilaterals or polygons. 

When the side-edges of a prism are perpendicular to its 
ends the prism is said to be right. 
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In the case of a right prism the side-faces are rect- 
angles. 

Thus a right prism is defined to be a solid bounded by 
plane faces of which the side- 
faces are rectangles and the 
two ends are congruent poly- 
gons in parallel planes. 

[ C. U. 1937. ] 

All other prisms whose 
side-edges are not perpendi- 
cular to the ends are called 
oblique prisms. * 

In fig. 18. ABGF, BGWG, 

GDKH, EDKL, AELF 
rectangular side-faces perpen- 
dicular to the parallel end- 
faces ABGDE^ FOHKL, 



Eight Prism. Pig, 18 


8. To find the area of the side-faces and the volume 
of a right prism. 

If the height or the perpendicular distance between 
parallel end-faces be h units of length and the sides AB, BG, 
GDf DE and EA be a, b, c, d and e units of length res- 
pectively, then the areas of the rectangular side-faces are 
given below : 

AG^ah, BH bh, GK ch, DL =* dh and EF ** eh. 

Hence the total area of the side-faces of any right prism 

=^ah’hbh + ch‘^ dh + eh^{a + b + c + d'i'e)h 
“(perimeter of the base) x length of the side-edge, 
because in the case of a right prism, length of the side-edge 
is equal to the height of the prism. 



76 


SOLID GEOMETRY 


Similarly in the case of an oblique prism, the total area 
of the side-faces of the oblique prism 
** (perimeter of the base) x height, 

‘ where height is the perpendicular distance between the 
parallel ends, because each side- face is a parallelogram. 

The volume of any right prism 

= (area of the base) x side -edge 

i,e. (area of the base) x height, 

because in the case of a right prism height is equal to the 
length of the side-edge. 

The volume of an oblique prism 

“ (area of the base) x (height), ^ 
where height is the perpendicular distance between the 
parallel ends. 

N. B. Area of the whole surface^ the area of the eide^ faces -t- the 
area of the end-faces. 


9. Square and triangular pyramids. 

A pyramid is a solid bounded by plane faces, of which 
the face representing the base is any polygon and the 
Q remaining faces are triangles meet- 

ing at a point called the vertex. 


In the adjoining fig., 0 is the 
vertex at which the triangular 
faces OEH, OHG, OGF, OEF 
meet, the figure EFQH is the 
base, and the st. lines OE, OH, 
OG, OF. EF. FG. GH. HE are 
the edges. 



*A parallelepiped is a speoial form of oblique prism. Cubes and 
rectangular parallelepipeds are special forms of right prisms. 
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A pyramid is said to be triangular, quadrilateral or 
polygonal according as its base is a triangle, a quadrilateral 
or a polygon. 

If the base of a pyramid be a regular polygon and if its 
vertex lie on a straight line perpendicular to its base and 
passing through the centre of the base {i.e. the centre of 
its inscribed or circumscribed circle), the pyramid is said 
to be right. 

Thus in the case of a right pyramid, the side-edges are 
all equal and the lateral faces are all congruent isosceles 
triangles. 

All other pyramids are oblique. 

A triangular pyramid is a pyramid standing on a 
triangular base. It is bounded by four triangular faces. 
In fig. 15, ABCD is a triangular pyramid. A tetrahedron" 
is a pyramid on triangular base, i,e, it is triangular 
pyramid. [ See fig. 15 \ 

A square pyramidl is a pyramid standing on a 
square base. 

In fig. 19, OEFGH is a square pyramid of which the 
base EFGII is a square and the plane faces OEH, OHG, 
OGF, OFE are triangles meeting at the vertex 0. 

*A tetrahedron or a triangular pyramid is said to be right, if its 
base is an equilateral triangle and its other three lateral faces are- 
congruent isosceles triangles. 

t A sguare pyramid is said to be right, if its four lateral faces arc 
congruent isosceles triangles, while the base is a square. 
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10.. To determine the area of the slant surface and 
the volume of a pyramid. 

(i) The total area of the slant surface of a pyramid on 
a polygon as base « the sum of the areas of the triangular 
side-faces meeting at the vertex. 

The area of the whole surface of a pyramid *=• tho total 
area of the slant surface + the area of the base. 

(ii) In the case of a right pyramid standing on a regular 
polygon of n sides as base, the total area of the slant 
surface ■“ the sum of tho areas of n congruent isosceles 
triangles \n base x altitude of any isosceles triangle, 
■■ \naht where b base of the triangle, and a =* altitude of 
the triangle or slant height of the right pyramid. 

Hence the total area of the slant surface of a 
right pyramid = i (perimeter of the base) x slant height, 
where slant height means the perpendicular distance of 
the vertex from the base of the triangle i,e, altitude of tho 
triangle. 

The volume of a pyramid on any base 

— i(area of tho base) x height of the pyramid, 

where the height of the pyramid means the perpendicular 
distance of the vertex of the pyramid from its base. 

11. The right circular cone. 

A right circular cone is a solid generated by the com- 
plete revolution of a right-angled triangle about one of its 
sides containing the right angle, as axis. [ G. U, 1937. ] 



SOLID FIGURES 


79 


In the adjoining figure, POQ is the right-angled triangle 


which by its complete revo- 
lution about the side PO 
generates the cone. The 
circle with centre 0 and 
radius OQ (=*r) descibed 
by the other side OQ is the 
base of the cone. The. point 
P is called the vertex, the 
lino OP is called the axis 
and the hypotenuse PQ is 
called the generating line 
of the cone. 


P 



The angle QPB is called' the vertical angle, the angle 
QPO is called the semi-vertical angle, and the length of 
the axis OP ( = fc) is termed the height of, the cone. 

Note. A right circular cone may he regarded as a right pyramid 
standing on a circular base. 

In general a cone is generated by the motion of a 
straight line, such that it always passes through a fixed 
point and slides continuously over a fixed curve (not 
coplanar with it). 

The fixed curve is called the guiding curve. In fig. 20, 
the circle QB is the guiding curve, P is the fixed point 
(called the vertex), and PQ is the moving lino (called the 
generating line). 

12. To find the surface and the volume of a right 
* 

circular cone. 

In fig. 20, the slant height of the cone-PQ-p ; radius 
of the base * r, and the height of the cone “ OP h. 
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(i) The total curved surface of the cone 
" i (circumference of the base) x (slant height) 

(2nr)p-nrp units of area. [ Art. Ih Note. ] 

The whole surface == curved surface + area of the base 
= nrp + Tir^ ■■ 7tr{p + r). 

(ii) The volume of the cone ** J (area of the base) x height 
*= X h’^^inr^h units of volume. 

13. The right circular cylinder. 

A right circular cylinder is a solid 
generated by the complete revolution of a 
j rectangle about one of its sides as axis. 

In fig. 21, OPQB is a rectangle which 
revolves about its sides OP as axis, so 
that QB generates the cylinder. 

The st. lino OP is called the axis of 
the cylinder, its length h ( = OP) represents 

^^8* 21 lihQ height of the cylinder, and the st. line 

QB is called the generating line of the cylinder. The 
two plane circular ends described by the sides OiJ, PQ 
are called the bases of the cylinder. 

In general, a cylinder" is generated by the motion 
of a straight line parallel to itself, so that it slides conti- 
nually over a fixed curve (not coplanar with it). 

14. To find the surface and the volume of a right 
circular cylinder. 




*In a right circular cylinder the guiding curve is a circle, so that 

the base is circular and the generating line is perpendicular to the base. 
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(i) The area of the curved surface of a right circular 
cylinder 

(circumference of the base) x height 
** ^nr X « 2jtrfc units of area. 

The whole surface » curved surface + area of the 

circular ends 

>• %nr}i + « 2jir{/i + r). 

(ii) The volume of the right circular cylinder 

=» (area of the base) x height 

X units of volume. 

15. The Sphere. 

A sphere is a‘ solid generated by the complete revolution 
of a semi-circle about its diameter as axis. 

In the adjoining figure the semi-circle FBQ revolves 
about the diameter P0> so as 
to generate the sphere. 

The surface of the 
sphere is the surface gene- 
rated by the semi-circum- 
ference as it revolves com- 
pletely about its diameter. 

As the semi-circum- 
ference revolves about its 
diameter P0, every point 
on it is at the same 

Thus the surface of a sphere is the locus of points in 
space whose distance from a fixed point is constant. The 
fixed point G is callad the centre and the constant 
distance CB the radius of the sphere. 

0. S.-6 


P 



Fig. 22. 

distance from its centre. 
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A diameter of a sphere is any straight line passing 
through the centre and terminated bothways by the surface. 

The total area of the surface of a sphere = 4;*r®, 
where r is the radius of the sphere. 

The volume of a sphere where r is the radius 

of the sphere. 

N. B. Thus tho surface of a sphere is equal to four times the area 
of a circle of equal radius. 

16. Any plane section of a sphere is a circle. 

Let tlie plane cut the sphere with centre C, and 

radius CjR( « ?*). [ 1 

Draw GO perp. to tho cutting plane. Join CE, OB. 

Now B being any point on the sphere and CO being 
perpendicular to OB, in the right-angled triangle COB, 
we have 

OB^ = CB^-GO^^r^-p^, where 00 

. . OB « constant. 

That is, the distance of any point on the line of section 
from 0 is a constant. 

/. the plane section of a sphere in a circle. 

MISCELLANEOUS EXAMPLES IL 

1. Find the surface and the volume of a sphere of radius 3 ft. 

The area of the surface of the sphere 

=* 4irr* * 4ir X 3* square feet 
•=4x3-U16x9 sq. ft.*= 113*0976 sq. ft. 

The volume of the sphere ^ 

“ « Jit X 3* cubic feet 

« 36X3*1416 ou. ft. = 113*0976 cu. ft. 

**■= 3'14169 - V roughly. 
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2. Find the area of the surface of a right prism, whoso ends are 
squares of sides 3 inches, the height of tho prism being one foot. 

[ C. U. 1936. ] 

The surface of a right prism = perimeter of the base x height. 

But the perimeter of the base = 3x4 inches = 1 foot, 
tho reqd. area of the surface 1 x 1 1 sq. ft. 

3. Find tho volume and the area of tho slant surface of a right 

circular cone of height 4 feet and the radius of whoso base is 3 feet 
(it being equal to -V)« [ C. U. 1939. ] 

Tho volume of the right circular oone= ... [ Art. 12, ] 

==ix3*1416x3’x4 cu. ft. 

= 37-6992 cu. ft. 

The slant surface of the cone = irrj) ... ... [ Art, 12, ] 

= 3*1416X3X5 sq. ft. 

‘ =47*124 sq. ft.. 

.*. the slant height, 2 ?== ^/3'* + 4'* = 6 ft. 

4. A right circular cone 20 feet high has its upper part cut off by 
a plane passing through the middle point of its axis. If the plane of 
section be at right angles to the axis and if the radius of tho original 
cone be 4 feet, find the volume of the truncated cone. [ G, U. 1936 ] 

The volume of tho original cone=iTrr®7i ... ... [ Arf. 12. ] 

= j7rX4* X20 cu. ft. 

= j'V ou. ft. 

Tho upper section of tho cone by a plane perp. to its axis and 
passing through its mid.-pt. gives a right circular cone of radius 2 ft., 
height 10 ft. 

40ir 

the volume of this cone = i?rx2* x 10 cu. ft. = cu. ft. 

Hence the required volume of the truncated cone 

3 o 3 3 7 o 

5. Three golden solid spheres of radii 3, 4, 5 inches are melted 
into a single solid sphere. Find the radius of the single sphere. 

6. Three solid glass balls of radii r, 6, 8 inches are melted into a 
solid sphere of radius 9 inches. Determine the value of r. 
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7. Two metallio solid spheres of radii B and r are melted into a 
siDgle solid sphere. Determine the radius of the single sphere. 

8. A solid spherical mass of copper is melted into a cylindrical 
solid rod of radius 6 cm. If the radius of the sphere be 8 cms., find 
the length of the rod. 

9. The curved surface of a cylinder is 1000 sq . cms. and the 

diameter of the base is 20 cms. ; find the volume of the cylinder. 
Also find its height to the nearest millimetre. [ G. U. 1934. ] 

The circumference of the base of the cylinder = 29rrB20ir cms. 

50 

. • . the height of the cylinder = (1000 -r 207r) = oms. 

IT 

50 

'*3*1416~ ^ nearly* 

The volume of the cylinder = irr* cu. cms. 

= lOOw X 6000 cu. oms. 
v 

10. Find the area of the lateral surface and volume of a right 
prism of height 8 cms. and whose base is a regular hexagon of side 
6 cms. 

11. The height of a right prism is 10 inches and the sides of the 
triangular base are 9 inoheSf 10 inches and 17 inches. Determine the 
volume and the whole surface of the prism. 

12. A rectangular block of copper of length 1 ft. 9 inches, breadth 
1 ft., and height 11 inches is drawn out into a uniform wire of radius 
*07 inch. Find the length of the wire. 

13. A rectangular tank stands on a base of length 25 ft. and 
breadth 10 ft. If its height be 4 ft., find the quantity of water 
contained in it and determine the area of its inner surface. 

14. If the length, breadth and height of a rectangular parallelo- 
piped be a, h and c respectively, find fee length of a diagonal. Hence 
show that the diagonals of a cuboid are equal, the length of a 
diagonal of a cube is equal to times its side. 

[ In fig. 17, BF is perp. to the face EQ, .’. BF is perp, to HF, 
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Again, the angle HEF is a right angle, 

so that HF*=^IIE^+EF^. 

Hence, HB* « HE"^ + EF^ + BP* . 

That is any (diagonal)* = sum of the squares on the concurrent 
edges- 

15. The diagonal of a cube is 20 cms. Calculate the length of the 
edge of the cube to the nearest millimetre. 

16. The area of the whole surface of a cube is 186 sq. cms. Cal- 
culate its volume. 

17. Find the ratio in which a plane drawn parallel to the base of 
a right circular cono divides its axis, so that the (i) volumes of the two 
parts are equal ; (ii) surfaces of the two parts are equal. 

18. The diagonar of a rectangular solid is 5^/2 inches and the 
whole surface is 94 sq. inches. Ffnd the sum of the length, breadth 
and height of the solid, [ By ox. 14, a® -1-6* -l-c* == 50, and 

2(a6+uc + 6c) = 93, where a, 6, c are the edges of the solid. ] 

19. Find the volume and the whole surface of a regular* tetra- 
hedron of edge s. 

20. Find the (i) slant surface, (ii) the volume, of a right pyramid 
12 cms. high, standing on a square base whoso side is 10 cms. 

21. Find the (i) slant surface, (ii) the volume of a right pyramid 
of height 6 cms., standing on an equilateral triangle of side 12 cms. 

22. Find the volume of a pyramid 12 ft. high, standing on a 
rectangular base of length 10 ft. and breadth 8 ft. 

23. Find the volume of a square pyramid 16 ft. high, standing on 
a square base whose side is 12 ft. 

24. Determine the volume of a pyramid whose height is 10 Jl ft. 
and which stands on a triangle of sides 16 ft., 11 ft. and 9 ft. 

[ C. U. 1941. ] 

25. Find the length of a square pyramid of volume 576 ou. ft. 
which stands on a base 12 ft. square. 

*A tetrahedron is said to he regular ^ if all the four faces are equi- 
lateral triangles. 
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26. The upper portion of a right pyramid 30 ft. high, standing on 
a square base of side 16 ft. is out ofi by a plane which is parallel to the 
base and passes through the middle point of its axis. Determine the 
volume of the truncated pyramid. 

27. Show that the perpendicular from the vertex of a regular tetra- 
hedron upon the opposite face is three times that drawn from its foot 
upon any other face. 

28. The volume of a rectangular parallelepiped is 144 cu. inchea 
and the areas of two side-faces are 86 sq. inches, and 12 sq. inches. 
Find the dimensions of the solid. 

29. The volume of a rectangular parallelepiped is 1875 cu. cms. 
Find the length, breadth and height of the solid, if they be propor* 
tional to 6, 3, 1. 

30. The diagonal of a rectangular paralellopiped is 6 ^/5 oms., its 
volume is 320 cu. cms., and area of its whole surface is 304 sq. cms. 
Calculate the dimensions of the solid. 

31. The whole surface of a rectangular block is 214 sq. cms. The 
areas of two faces are 42 sq. cms., and 30 sq. cms., respectively. Find 
the edges of the block. 

32. The edges of a cuboid are in the ratio 3:4:5. If the whole 
surface area be 1504 sq. cms., find the edges. 

33. Show that the sum of the squares on the four diagonals of a 
rectangular parallolopiped is equal to the sum of the squares on' the 
twelve edges. 

34. Find the curved surface to the nearest sq. cms., and the 
volume to the nearest cu. cms., of a cylinder whose height is 16 oms. 
and radius of the base is 5 cms. 

35. From a solid cylinder whose height 2*4 inches and radiua 
*7 inch, a conical cavity of the sameAoight and base is cut out. Find 
the whole surface of the remaining solid to the nearest square inch. 

36. The capacity of a cylindrical tumbler is fifteen times as great ^ 
as that of (right circular) conical tumbler of equal base area. 
Compare their heights. 
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37. If V be the volume, S the area of the curved surface, h the 
height, r the radius of the base and a the semi-vertical angle of a 

right circular cone, show that Sf = — — ® • 

cos a Bin a 

and tan*a= ^ • 

^ 3 tan a 

38. Show that the volume of a pyramid standing on a regular 

/Q 

hexagon is ---■ n’/i, where h is the height of the pyramid and a the 

A 

length of a side of the regular hexagon. 

39. Find the volume of a right prism of height standing on an 
equilateral triangle of side s. 

40. A right pyramid stands on a rectangular base measuring 
8 eras, by G cms. Find the height and volume of the pyramid, if each 
slant edge be of length 13 cms. 

41. Find the lateral surface and the volume of a right circular 

cone 15 ft. high, the radius of whose base is 8 ft. [ C. U. 1942, ] 

42. The faces of a tetrahedron are four equal equilateral triangles ; 
find the area of the faces of the tetrahedron, if the length of a side of 
each triangle is 4 ft. Find also the volume of the tetrahedron. 

[ C. U. 1938 ] 

43. A right pyramid stands on a square base of side 12 ft. Find 
the height of the pyramid, if its volume is 576 cu. ft. 

[See^Jx.^5,] [ C. U. 1943. ] 

44. A right prism stands on a triangular base whoso sid«*s are 

17 cms., 10 cms., 9 cms., and the height is 10 cms. Find the volume 
and the whole surface. [ C. U. 1940. ] 

45. Determine the surface of a sphere of radius 10 inches. 

[ C. U. 1936. ] 



ANSWERS 

Miscellaneous Examples H. 


5. 6 inches. 6. 1 inch. 7. 

8. 1 cm. 10. 288 oms., 432 ^/3 cu. cms. 


11. 360 cu. inches, 432 sq. inches. 
13. 1000 cu. ft., 630 sq. ft. 

15. 11*5 cms. 

17. (i) V2-1 : 1, (ii) n/2-1 : 1. 


eiji’ 


V3s’. 


12. 5000 yds. 

14* \/a* + 6* + c®. 

16. 729 cu. cms. 

18. 12 inches. 

20. 260 sq. cms., 400 cu. cms. 


21. 72 s/3 sq. cms., 72s/ 3 cu. cms. 
23. 76S cu. ft. 

25. 12 ft. 

28. 12 inches, 4 inches, 3 inches. 
30. 10 cms., 8 cms., 4 cms. 

32. 20 cms., 16 cms., 12 cms. 

35. 18 sq. inches. 

39. 

4 


22. 320 cu. ft. 

24. 420 cu. ft. 

26. 2240 cu. ft. 

29. 25 cms., 15 cms., 5 cms. 
31. 7 cms., 6 cms., 6 cms. 

34. 503 sq. cms., 1257 cu. cms. 
36. 5 : 1. 

40. 12 oms. ; 192 cu. cms. 


41. 427*26 sq. ft. nearly ; 1005*31 cu. ft. nearly. 

42. lOis/8: 43. 12 ft. 


44, 360 cu. cms. ; 432 sq. cms. 

45. 1256*64 sq. inches nearly. 
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CHAPTER I 


LIMITS AND CONTINUITY 

1.1. Functions of Several Variables. 

If an expression containing the independent variables 
(xit be denoted by z and for every set of values 

of (xj, X 2 “rrn**‘) defined in a certain domain R under cer- 
tain rules, the value of z exists as a real value, then the 
expression z is called a function of several variables (xi, x^y 
defined in the domain R and we write 2 = f(xi, 
) where z is the dependent variable. It is called a 
function of two variables, three varibles or more according 
as the independent variables are two, three or more. 

1.2. Domain of the function of two variables. 

Let f(x, }^)== J(x—1)(2 — x)(y — \.)(2'-y) where the radi*' 
cands are not negative. Here the two independent variables 
x and y can assume arbitrary chosen values independent of 
each other within the ranges 
l^x^2 and 2, 

Geometrically, if we draw a 
square with vertices at (1, 1), 

(2, 1), (2, 2) and (1, 2), then the 
arbitrary set of values of x and 
y must be chosen from the q 
border or from any point 
within this square so as to make f(xy y) a single valued 
function of two variables. 

The aggregate of the pair of numbers (a:, y) on or within 
this square is called the domain or region of definition of 
the function f{xy y) and represented by The domain or 
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region may, however, be a rectangular, a square, a circle or 
any other finite figure or the whole surface according to the 
nature of the functions of the two independent variables 
X and 

1.3. Domain of function of three variables. 

Letw= J(x-1X2-x)(p'-1)(2-j^)(z — 1)(2-2) where the 
radicands are not negative. Here the independent viriables 
X, r can assume any value within the closed intervals 
l^x^.2 j l<:y^2 and Kz^2y so as to make it areal 
valued function of x, >*, z. 

Geometrically, the ranges of .r, z can be represented 
by a cube in three dimensional space. So long x, y, z 
assume the arbitrary values lying on the surface or within 
this cube, the value of u has a meaning and we call it a 
function of a:, y, z of three variables defined in a domain R 
which is a cube here. The domain, however, may be of 
any solid shape and may be closed or open according to the 
nature of the function. 

1.4. Domain of function of more than three variables. 

Let u= (2-xij(x.j- i) {^ — Xz)--ixu-l)(2-xJ 

where the radicands are not negative. Here the ranges of 
the independent variables xu x^-^xnare l^Xj_< 2 j .V 2 < 2 

Xn< 2 and for every set of values of -ri, within 

these ranges, the expression u has got some meaning and we 
call it a^function of {xiy x^y"'x^^ i.e., u = f(x 2 , Xny'--Xn)- 

Geometrically, though we cannot represent these ranges 
on a solid figure of any shape, yet we agree to say the 
system of n ordered variables x^y'^Xn) correspond to a 
point in the n dimensional space. The aggregate of all such 
point in space constitute the domain i?„ of the n dimen- 
sional space and we say u = f{xi, x^y^'^Xn) over the domain 

1.5. Closed or open domain. 

Let f{xy y)= Ji’~(x^+V^) where the radicands arc not 
negative. Here for values of {x, y) on or inside the circle 
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x^+y^ = lt the function f(:t, >») is a single valued function 
of X and y. So the domain is + and therefore 

closed. 

Again if f(xy y)= j ^ where the radicands arc 

not negative then for all arbitrary set of values of (.r, y) 
inside the circle the given function is a singled 

valued function of y. So here the domain is + 
and so open. 

1.6. Neighbourhood of a point. 

Let f(x, y) be a function of two variables x and y defined 
in the domain 

R.^U<x<P, 

If (a^ h) be a point within this domain, then R' f^<ix<,a 

+ 5, ^ <5 <j;< 6 +<5) which lies entirely in R is called th » 
neighbourhood of the point (< 2 , /?). The domain R. may h : 
rectangular but the neighbourhood R’ is usually taken as a 
square. Since a — (5 is the same as 0< | x-^a | <<>, 

the neighbourhood of {ay b) defines the square domain 
0< \ X- a \ <S, 0< I v-b \ <6. 

Similarly, if f{xy v) be a function of x, v defined in a 
circular domain R of radius and if (a, h) be a point within 
R then — defines a circular neighbour- 

hood of («, h), 

1.7. Double or Simultaneous limits of the functions of two 
variables. Analytical definition : — 

A function f(xy y) defined in a certain domain R is said 
to have a limit / as {x, r) tends to (< 3 , h) which lie entirely 
in Ry when any positive number c having been chosen, as 
small as we please, there is a positive number d such that 
1 f(xy y)-l I <€ 
for all values of {xy y) for whicli 

\ x-a \ <dy\ y-b I <(5 

0< I x-a I + I y—b | 


and 
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Thus, it follows that | f(xy j?)— / | must be less than « f<jr 
all points in the square, centre at (a, b) whose sides are 
parallel to the co-ordinate axes and length of whose side is 
2d, the centre of the square being excluded from the 
domain. 

The square domain may, however, be replaced by a 
circle with centre at (a^ b). The definition of the limit would 
then be as follows : 

A function f(x^ v) defined in a certain domain R is said 
to have a limit I as (x, y) tends to h) which lie entirely in- 
Ry if to the arbitrary positive number e however small, 
there corresponds a positive number d depending on e sucL 
that 

I f(xy v)-l I <c 

for all values of (xy y) for which 

0< S. 

Note : The limit I is also called the Double limit or 
Simultaneous limit of f(xy y) as (xy y) tends to (a, b) and is. 
usually written as 

{x, y)^{a. b) x^a 

y-^b 

Ex. 1. Verify 

where f(x, y)==x sin 1+y sin x>0, y>0. 

X y 

for 0<x<€/2 and 0<y<€/2 
I f(xy y) — 0 1= X sin ~+y sin - 

I \ X y 

<«/* 1 sin ?+sin - 

> e c 

i.e„ <€ j sin ? 

i'e., <€ •/ jsin?j<L 
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Thus I f(x, :p) — 0 I <e for all points (x, p) within the 
square whose sides are along the coordinate axes and of 
side «/a. 

Hence Jiof(x,y)=0. 

Ex. 2. Verify 

y->0 

where f(x, y)*=(x+y) sin ^ sin x>0, y>0 

X y 

for 0 <x <€/2 and 0 <y<c /2 

1 f(x» 3^)— 0 1 <»? I sin ? sin ~ I 

i.e,^ <€ I sin ^ I j sin ^ | 

I 2 1 

i.e., <€ */ I sin ^ I 1 

Thus I f(x^ v) — 0 I <€ for all points (x^ y) within the 
square whose sides are along the co-ordinate axes of side 
equal to €/2. 

Hence f(x, y) = 0. 

1.8. Analytical definition of the limit of a function of 
three variables. 

A function f(x, y, z) defined in a certain three dimen- 
sional domain R is said to tend to the limit Z as y, z) 
tends to (< 3 , h, c) which lie entirely within if given any 
pre-assigned positive number e, however small, we can fin(| a 
positive number d depending on « such that 
I Kx, y^ z)-l I <€ 
for all values of (a:, y, z) for which 

I x-a I ^5, I y-h I I z— c | ^3. 
and 0< I x-’a | + | y— h \ + I z-c | 
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In Other words, | fix, y, z) — I | <c for all points in tfte 
cube, centre at (a, b, c) whose sides are parallel to the co- 
ordinate axes and of length 2d. The centre of the square 
being excluded from the domain. 

The cube may, however, be replaced by a sphere and 
the definition of the limit would then be as follows ; 

A function f(x, y, z) is said to tend to the limit I as 
(x, y, z) tends to {a, b, c) if given any pre-assigned positive 
number € however small, we can find a positive nuBiber <5^ 
depending on « such that 

1 f(x, y, z)—l I <e 
for all values of (x, y, z) for which 

0< 5. 

E*. 1. Verify 0. 0) y* = ® 

where f(x, y, z) = x sin i-hy sin - +z sin 
X y z 

For 0<x<€/3, 0 <:p<€/ 3, 0<z<f/3 

I f(x, y, 2 )- 0 \< ^ sin sin ^ ^ 

3 

i e.<€ sin - 
€ 

! . 3 [ 

i.e. j sin - I 

Thus I f^x, y, z) — 0 | <c for all value of (x, y, z) lying 
within a cube whose sides lie along the co-ordinate axes of 
side €/3. 

(x, y, 0, 0) y' = 0- 

1.9. Working rule for Evolution of limit of the function 

of several variables. 


Suppose we are to evaluate 


Lt 

x-^a 


f{x, y 
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If a function y=<l*(x) cxisis such that as x~^a 

then f{x,y)= 


If now 4»(x)] exists and 

limit is said to exist and we write 
Lt 


V-^h 


fix, y) = L 


=*/, then the double. 


On the other hand, if two functions <^i(a;) and <^2 W exist 
such that each one as x-^a such that 

Jia = ^ 

y-^h 

Jia = 

y-^h 

If l/^m, then the double limit is said to be non-existent. 


Ex. 1, 


Evaluate 


Lt ^ 

(x, y)->(0, 0) ^i»+xy’ 


Let y — mx, then as x~-^0, j;-»0 
Lt Lt 

0 ) Jx^ + xy -^”^0 Jx^~\rinx^ 

_ Lt 2m^x 

^-^0 Vl+m 

= 0 *,* m is finite. 


Hence 


{x, j;)->(0, 0) Jx^'^rxy 


Ex. 2. 


Evaluate 


Lt x^ -fy^ 

(x, y)-^(0, 0) x*+xy+y“ 


Let y^^mx then as x-^0, y^O 

• Lt Lt x ^+m^x* 

(x, y)-^(0, 0 ) x^-hxy^hy^^x-^O x^ + mx^+m^x^ 

_ Lt 1+m* 1+m* • j-ix 

-x^ l+;n+m» ^l +».+m» 

different finite values of m. 
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(x, y)S(0. 0) 

1.10. Repeated Limits. 

Suppose a function u=f(xy y) is defined in a certain 
neighbourhood of (<3, h) and we are to evaluate 

exist and equal to a function of Xy 

say, then, 

If now silso exists and equal to /, a finite or 

infinite value with a definite sign then, we say that the 
repeated limit of f(x, y) at (a, b) is I and we write 

x-^afl-^b f ' 

where the limit for y-^h is taken first and alter ward 
for 

2. If y) exists and equal to a function of y^ 

say, 4{y\ then 

y-^b^x-^a ^ 

If now i*{y) exists and equal to w, a finite or infinite. 

value with a definite sign, then also we say that the repeated 
limit of f(Xi y) at (a, b) is m and we write 

where the limit for x^a is taken first and afterward 
for y~^b 
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Note 1. If the double limit fix, y) exists and 

y~^b 

• equal to I, a finite or infinite value with a definite sign, then 


«*• >■>- A 

But the converse of the above statement is not always 

true. Thus fix, y) may exist or not although the two 
y^h 

repeated limits exist with definite values and equal. 

Ex. 1. Let f(x, y) = x+y+ ^ x>0, y>0 

^/x“+y’ 


then discuss the existence of double limits and repeated 
limits of the function at (0, 0). 

Let y = mx, then as x->0. y-^0» 


Double Lt = 


Lt 

x^O 

j;->0 

Lt I 

x^o' 


fix, y) 




mx 


Jx^+m^x 







Asain = = 0 

x-*0 

So double limit of f(x, y) is equal to its repeated limit 
at (0, 0). 

Ex. 2. Let l(x, i *>®. y>»- 

then discuss the existence of the repeated and double 
iimits at (0, 0). 

*-. 0 , J ..+0 ® 

ft-. >')-,i;o5+(l=J5»-,2o(«)-<> 
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So we find that the repeated limits exist and =0 
For double limit let v = mx^ then 

Lt m® 


Double Lt = 


a :->0 




which is different for different values of m. 

Double limit does not exist. 

Thus although the repeated limits exist and =0, the." 
double limit does not exist. 


1.11. Important Theorems on Limits 

>;->h 

then (a) y)±4{x, v)\ = l±rn. 

y—>b 

(b) {f(x, y).4>(x, j>'} = Im. 

y-^b * 

Proofs are exactly the same as in the case of the func- 
tion of single variable. 

1.12. Continuity of a function of two variables. 

A function fix, p) is said to be continuous at a given 
point (a, b) of its domain of definition if 

Also it is said to be continuous in a domain of definition' 
if it is continuous at every point of the domain. 

Analytically : A function f(x, p) is said to be continu- 
ous dX x^ a and y = h, if given any pre-assigned positive- 
number € however small, we can find a 3>0 such that 
I f(.x, y) - f(a, b) 1 <« 
for all values of x, y for which 

I x-a I and | y-b \ ^6 
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In other words, | f{x^ y)—f{a, b) | <€ for all points in 
the square, centre at {a, h) whose sides arc parallel to the 
coordinate aA:es and of length 25. 

If y) is continuous at every point of its domain then 
it is said to be continuous in the domain. 

The square domain may, however, be replaced by a 
circle and the definition would then be as follows : 

A function f(xj y) is said to be continuous at (<j, h) if 
to the arbitrary positive number e however small, there 
corresponds a positive number 5 such that 
I fix, y)‘-fia, h) I <c 
for all values of (x, y) for which 
(x-aV + (y-T^hr^S\ 

1.13. If f(x, y) is a continuous function of two variables 

at (a. b) then it will be continuous at (a, k) and (k, b) 

where k is a constant which may be given either to x 

or y. But the converse of this is not necessarily true. 

11 §. 
Consider fix, y) = x sin sin where x and y?^0 
X y 

fix, 0)^x sin ^ when x?^0 j f(0, y) = v sin ~ when and 

X p 

f(0,0) = 0. 

Here for OkxK^U and 0<y<^t2 

I f(x, y)~f(0, 0) I = I a; sin sin --0 | 

a : y 

^ I « . 2 « . 21 

<12®'" ;+2 ®'"?l 

i.e. <c I sin I 
i.e. <« j sin ? j 

So we see that I f(x, y)-^f(0, 0) | <e for every pair of 
values of x and y within the square whose sides He along 
the co-ordinate axes and whose side is of length «/* 
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f(x, y) is continuous at (0, 0). 
f{xy k) = x sin sin^ 

X R 


^+fesinj = 0+fe sin | 

= k sin r 
k 

Also f (0, k) = k sin ^ 

R 

Hence f ( at, y) is continious for all values of x including 
x=^0. Similarly, it can be shown that f(Xf y) is continuous 
for all values of y including 3 ; = 0 

For converse, consider the function 

f(Xiy) — - ^ when x/^O, yj^O 

X -ry 

= 0 when either or or both = 0. 

Here Kx, 

and fcO, h)=^0 


f{xy k) is continuous at ;t = 0. So f(x, y) is continuous 
for all values of x including x = 0. 

and f(b, 0)«=0 
y%my)=fik,0) 

fijki y) is continuous at j;=»0. So f(;t, y) is continuous 
for all values of y including y = 0. 
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Again consider the continuity of f(x. y) at fo, 0). 
Let y—mxt then as a:-» 0, y-»0 


rent for different values of m. So the limit does not exist. 

Hence f{xy y) is not continuous at (0, 0). However, f(j:, y)' 
is continuous in any domain excepting the point (0, 0). 


1.14. (a, b) is a point in the region R in which f(x, y) is 

continuous. If f(a, b)7^0, then f(x, y) will have the 
same sign as f(a, b) in some neighbourhood of (a, b) 

(C. H. 1963) 

Proof : Since fix, y) is continuous in (a, b), corres- 
ponding to any pre-assigned positive number €, however 
small, there exists a positive number such that 
I f(Xf y)'^f{ay h) I <€ whenever 0< \ x — a \ <,5 
and 0< \ y — b \ ^5. 

In other words, 

f{a, b)-€<f(x, y)<f(a, h)-f€ (0 

whenever 0< | x — a | <3 
and 0< I y — 6 | <6. 

Case I. Let f(a, b)>0 

If we now choose « such that €<f(a, b) then f(<?, h) — € 
is positive. 

Also f{a, h)+« is always positive. 

So from (i) we find that for every point (jv, y) in the 
square domain R’ia — d^ x<a+d , b — the 
function f(x, y) lies between two positive quantities and so 
itself positive. 

f(x, y) has the same sign as f(a, b) 

Case 11 Let fia^ b)<0 

Then -f(a, b)>0 

If wc now choose «< — f(<i, b) 

Then f(a, b)+€<0 
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Also f(a, b) €<0 f(a, b)<0 

So from (i) we lind that for every point (x, y) inf the 
square domain R' the function f(x, y) lies between two 
negative quantities and so itself negative. 

f(x, y) has the same sign as f(a, b). Hence the 
, theorem. 

1.15. Some Important theorems on continuity of functions 
of two variables, proofs of which are exactly the 
same as in the case of a singie variable. 

1. The sum, difference and product of two functions 
each continuous at a given point or in a given domain is 
continuous at the point or in the domain. 

Thus if f(x, y) and </>(x, j;) arc both coijtinuous at 
(atoi Vo) then f(x, v)±4>{x, y) and f{x, y) y) are also 
continuous at (xo, yo)> 

Also if y) and </>ix, y) arc both continuous in a 
domain then fix, y) ± <t^{x, y) and f{x, y) <f>(x, y) arc also 
continuous in the domain R. 

2. The quotient of two functions both of which are 
continuous at a point or in a domain is continuous at the 
point or in the domain except at points where the deno- 
minators vanish. 

Thus if fyx, y) and <^(x, y) are both continuous at 
(xo, yo) or in a given domain R and <f^(x, y)^0 at (xo, yo) or 
any point in R, then f(x, y)t4>(x, y) is continuous at (xo, yo) 
or in R except at points in R where (^(x, y) vanish. 

3. A continuous function of one or more continuous 
function is a continuous function. 

In particular let u-<Kx, y), y) be continuous at 

(xoy yJ and let Uo = <l>ixo, yo) and Vo = ^(xo, yo)- 

If now z = f(u, v) be continuous in (w, v) at (mq, Vq) then 
’ z=f{4^{x,y), ^Kx^y)} is also continuous in x, y 

(xo, yo)- 
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1,16. Properties of a continuous function of two variables. 

(a) A function continuous in a closed domain is 
bounded and attains its bounds at least once in the domain. 

(b) If f{xy y) is continuous in a closed domain then it 
must assume at least once every value between its upper 
and lower bounds. 

(c) If a function of two variables is continuous at 
every-point .fa closed domain, it is uniformly continuous 
in the domain. 

In other words, corresponding to any pre-assigned 
positive number € however small, there exists a positive 
number <5 such that 

I }>') - f{x'\ /) I <c 

where (x\ v) and (x\ y) are any two points in the 
domain for which J(^x' - x )^^{y — yj^ < 6. 


Illustrative Examples : 


Ex. 1. If = x= + yVO 

show that f(x, y) is not continuous at (0, 0) 


and f (0, 0) = 0 
(C. H. 1962; 


Let y^mx. Then as 

■ Et — 2mx^ _ 2m , - , 

‘ ■ ix, y)->(0, 0) x->0 x^+ni^x'^ 

lis diflFerent for diflFerent values of m. 

(x. 0) 

but f (0, 0) = exists which is zero 
Lt f(x, y)r^f(0, 0) at (0, 0) 

Hence f(-r, y) is not continuous at (0, 0) 

Ex. 2. If f(x, y)= -g_^y8_^ , x®+y®^0 and f(0, 0) = 0, 
examine whether f(x, y) is continuous at (0, 0) (C. H. 1962) 

Suppose we proceed along the curve y^ —x^mx^» Then 
.as j;— >0. 
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Lt ^ 

{x, y)-^(0, 0) l+m 


which is 


different for different values of m 

• • (x, 3;)->(0, 0) 

But f(xy y) is defined at (0, 0) 
Lt 


f\Xy y) does not exist 


Hence f{xy y) is not continuous at (0, 0). 
Ex. 3. Examine whether 


(C. H. (old) 1963) 


ir-r ^ xy if I X I > I y J 
f(x, y) < 

(-xy If I X I < I y 1 
is continuous at the origin. 

Let y^mxy then y-^0 as a:-»0 

— it \ X \ > \ y I 

=0 

(X. yf^O, 0) I ^ I < 1 F I. 

= 0 

Also f(0, 0)=s0 

(X, y>^(0, 0) 0) 

Hence f(x, y) is continuous at (0, 0). 


Ex. 4. Examine the continuity of the function 

?!±y! ,x»+y«5^o 

x*+y* ^ 

Let then y^O as 

Lf r/ Lf x*+m®A:® 


»(xi y)> 


(c. 


(at. f)-»( 0 , 0 ) 

_ Lt l+m* 

x-*o iw* • 

but f{0, 0) is not defined in the question. 


■ 0 . 
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(x, 0) 

f(<Xy y) is not continuous at (0, 0) 

Again quotient of T - g is a polynomial and so it is 

X +3? 

continuous for all values of x excepting at a;*= 0, y=»0. 

Hencd f(xy y) is continuous everywhere excepting at 

( 0 . 0 ). 

Exercise 1 


1. Show that 


Li 


(a. 0) x* + y* 


^ ^ , does not exist. 


g. Sh.wth»t (a, a^(o. 0) ^ 

3 . Let /(as, y)= . 7 — - , show that the two repeated limits ofl 

AoSi p) exist and are equal. 

Also show that yf ^(0 0) exist. 


4. Show that a fanctio.. 

/(», y)^xp ./(a, p)?^(0, 0) 

X -r j/ 

and f( 0 , 0)=0 is continuous at (0» 0). 

5. Let a function of two variables in x and y is defined aa 

/(», »)=«■ lix^-axy+yV _ ,, 

and f\Xt x)= 0 , show that f(x» y) is continuons at (0, 0). 

6. Show that a function defined as 

-/(a, y)- 0) and/(0, 0)=:»0 
is not continuous at (0, 0). 


(a* y^{a, b) y^ 

8. Let /(«, p)«»(®+p) sin ^ sin ^ , ®>0, y>0. 

Disouss the existence of the repeated and double limits at ( 0 , 0)« 

9. Show that the function /(x, sin - • x^O 

X 

.iidy(0. 0)=0 If eontinnon. at tha origin. 


2 



CHAPTER H 

PARTIAL DERIVATIVES 


2.1. Let z™((z, y) 

Then if exist is called the 

partial derivative of f{xy y) with respect to x at (d, h) and 
f ^ 

it is denoted by or f„(a, b). 


Thus fxia, h) = j^ 


fia-hky h)-f (ay b) 
h 


If, however, f{xy y) possesses partial derivative with 
respect to Xy at every point of its domain of definition, 
then at any point (xy y) of the domain 

X fix^ky y)-f(xy y) 

tx{Xy y) 

Again ^ if exist is called the partial 

derivative of f(xy y) with respect to y at (a, b) and it is 
denoted by (f'\ or fy{a, b). 

Also if f(xy y) possesses partial derivative >rith respect 
to y at every point of its domain of definition, then at any 
point (xy y) of its domain 

^ .A_ Lt f(xy y+k)-f(x, y) 

jF • 


Illustrations : 


Ex. 1. If f{xyy)^0 when a**=» 0 or j;=0 
and f{xy y)=l when xr^Oy yr^Oy find fx and fy. at (0, 0). 
Lt f(0 +hy0)-f{0y0) _ Lt 0"0_o 


U0,0)-^^Q 

K0,0+k)-f{0,0)_ Lt 0-0. 

k fe->onr 

Hence both fx and exist at (0, 0) aad=0. 




0 . 
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2.2. Partial Derivatives and Continuity. 

Let z^f(x^ y?) 

Then the partial derivatives of z with respect to x and y 
at (a, h) are respectively 

f(a -¥h^ h) — f(a, b) 

\dx)iai b) /i-»0 h 

]dyfia^ 6 ) ■ k 


Thus in forming partial derivatives we vary x along the 
line x = a in the first case and y along the line j; = b in the 
0 0 

second case. So ~ and exist at (a, h) only when the 

dx dy 

function f (a:, y) exist for points on the lines x = a and j; = b. 
For a point outside these two lines plays no roll on partial 
derivatives. But for continuity of f(x, y) at (a^ h) we have 
to consider the existence and values of the function ncr 
only on the lines x = a and x=^h but at every point on th*; 
neighbourhood of (<^, b). Thus a function may possess par- 
tial derivatives without being continuous at the point, If^ how- 
ever, the partial derivatives are bounded in the domain of 
•definition of the function, then the function must-be conti- 
rHuous in that domain. 


Theorem : 

If a function f(x, y) defined in a domain R have partial 
derivatives f^. and f^ in R and further if they are bounded 
dn R, then t(x, y) is continuous in R. (C. H. 1962) 

Let us write 

f(x+h, y+k)-f(x, y) = if(x + hy y+k)-f(x, y+kA 

+ V+k)- fix, y)} ^ (1) 

Since fx and fy are bounded in R, they are finite in R 
fix, y) is derivable in R with respect to x and y, 
Hence applying mean value theorem in (1) 
fix-^hy y'\-k)-fixy y)^kfxix+Ohy y+k) 

+hfyixy y+e^b) 


a (2) 



20 


FUNCTIONS OF SEVERAL VARIABLES 


for 0<0<1 
and O^O'^l. 

Again if M be the greatest of the upper bounds of: 
fx and fv 

Then we must have 

I I 4Af and | | 

So from (2) 

I f(x+h, y+k)~f(x, y)l < I hfjx+0k, y+k) | 

+ 1 hfy(x^ y+e'k) I 

i,e,y ^M{ I A I + I n 

i.e., <Mrf^ 

M 

•/ we can choose I ^ I + I I 

iVl 

i»e , <« 

So it follows that f(xy y) is continuous at (at, p) in the 
domain JR. 

Cor^ If tx and fv are continuous at (x, y) in R, then 
f(x, ;) is continuous in R. 

Since fa? and fv are continuous at (x, y) in /?, they must' 
be bounded in JR and so f(xy y) is continuous in R (by the 
last theorem). 

Illustrations : 

£x. 1. Let l(x, (*. y)^^® 

s=0, otherwise 

ProY£ that fa;(0, 0) and fv(0, 0) both exist but f(x, y) is- 
discontinuous at (0, 0). (G. H. 1966)' 

MO. o; ^ 

It 0-n_rt 
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f fo 0^- no,k)-mo) 

0 0 ^ ^ 

-fe-»0 -k~ 

Thus both fa, and fy exist at (0, 0) and their value = 0. 

Again let us suppose that (x^ v) approaches (0, 0) along 
the line = 

(«f>)-»(0, 0 ) j;)S( 0, 

— a which is different for different values of m. 

±“rMl 

Hence f{xy y) is discontinuous at (0, 0). 

Ex. 2. If f(x, yj = 0 when either x = 0 or y = 0 and f(x, y) 
= 1 when XT^O, y^^O. 

Show that'f(x, y) is discontinuous at (0, 0) but the partial 
derivatives exist at (0, 0). 

Since I f{xy 0) I = | 1-0 | =1<€, f(x, y) is not 

continuous at (0, 0). 

«o, 

UO.o,.,%im±StAS>.^^.o 

Thus partial derivatives of f(x, y) with respect to x and 
3; exist at (0, 0) although fix, y) is discontinuous at (0, 0). 

Ex. S. Prove that the fanetion l(x, y) defined by 

f(x, = x*+y VO and f(0, 0) = 0 has par- 

tial derivatives everywhere. Is it continuous every where f 

(C. H. 1962) 

, _ Lt f(x+h, y)-f(x, y) 
h 

^ Lt ir 2(x+h)y 2xy I 
h-*Q lX{x+h)*+y* x‘+y‘J 
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_ Lt — x^y^ xyh) 2y{y^'~x^) 

h-^(){x^+y^){x^-{^y^^h^+2xh) “ {x^-^y^)' 


which exists for all values of x other thaa x = 0, y^^O, 

Similarly, it can be shown that fy exists for all values of 
y other than a: = 0, ^ = 0. 


Ag.to«0,0)-j5„®^ »>--««. 0) 


Lt q-0 

h — >0 fi 


= 0 . 


Similarly, fy(0, 0) = 0. 

Thus we find that f(jc, y) has derivatives every where. 
For continuity of the function see Art 1*13, page 12. 
2.3. Differentiability of a function f(x, y). 


A function u = f{xy y) is said to be differentiable at a 
point ( a :, y) of its domain of definition, if the increment 6u 
of u, corresponding to any arbitrary assigned increment dx 
and 6y of x and y can be expressed in the form 
^u = f(x+h^ y'-\‘h) — f(x, y) 

= A/i + Bfe+W(/i, k)^mh, k) (1) 

wdiere A and B are constant independent of h and k j 
k) and k) arc functions of (h^ k) such that 


“■* (lt%M0,0) 

The part of Su in (1) which is lihear in h and k i.e., the- 
part A/i+Bfe is called the total differential of u and is 
denoted by du. 

So we write du=^ Ah+Bk 

^ Adx-\rB^y ••• **• ( 2 )- 

h and k axe increment of a; 4- v 


h = dx, k^dy 

Now From (1) 

du = Adx-\‘B^y’\-dxi>{dXy dy)-^dyi/f(Sx dy) (3) 
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Suppose we now regard p as iixed and a:' as variable, 
then SyssO 


from (3) 

du== ASx+Sx.^(Sx, 0 ) 

or> ~ — 0). 

Sx 


or. 


Lt » 


or, 



y is regarded as a constant. 


Similarly, if we regard x as fixed and y as variable then 
5 a: = 0 and we shall get 

~=B ‘ * a: is regarded as a constant 

dy 


Hence from (2) we get 

= + ••• (4) 

ax ay ■ 

But ^^Sx and ^3y are called the partial differentials 
ax ay 

of u with respect to x and y respectively. So it follows that 
the total differ ential of u is the sum of its partial differentials. 


If now we put u==f{x, y) = x 

Then and |H=o 

ax ay 


From (4) we get dx^dx. 

Similarly, if we put u «» f{xy y) *= y^ we shall get dy = dy. 


Hence (4) can be written as 
du + ^dy. 

Similarly, for n number of variables Xy y, z ••• 

From this it follows that a function is differentiable at 
a point if it possess a total differential at that point. 
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Theorem : 

The necessary condition for a function f(x, y) to be 
differentiable at a point (a, b) of its domain is. that f(x, y) 
should be continuous at that point. 

Since u = f{x^ y) is differentiable at (a^ b) the increment 
of u can be expressed in the form 

du= Ah-^Bk+hm, k) ••• (1) 

where A and B are constants *inde pendent of h and k j 
k) and 0(/i, k) are both functions of h and k and both 
tend to zero as (h, fe)->(0, 0). 

But du==f(a-^hi b+k]'-f(ay b) 

from (1) 

h+ife)-f(tz, b)=^Ah+Ek^M{h, k)-\‘mhk) - (2) 

The linear portion Ah’\‘Bk is the differential of f{x^ y) 
at (a, b) 

Ah-^Bk^d.f(a^ h) = 0 in the limit. 

Hence from (2) 

(A, 0, 0) 

f(x, y) is continuous at (a, b) 

The Converse of the above theoiem is not always true, 
for there are functions which are continuous at some points 
of their domain but are not differentiable at those points. 

Illustrations : 

Let f(x, y) = — , (x, y)^ (0, 0) and f(0, 0) = 0, 
vx*+y* 

Show that f(x, y) is continuous and possesses partial 
derivatives at (0, 0) but is not differentiable at that point. 

Suppose (x» y) approaches (0, 0) along the Une 
then a;-»Q as yfty 
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- • ix, 0) *-»0 

= it =0 

*-»0 's/I+^ 

and given f(0, 0 ) = 0 

•'■ 0 ) 

.’. f(x, y) is continuous at (0, 0). 

Again = hi 

_ Lt ^P+0 Lt 0-0_n 
~ A-»o h "T" 

./om- f(o,o+k)-mo) 

-0 

_ Lt j6+¥® _ Lt 0-0 

k-*0 1 fe-»0T 

Now the condition for differentiability of the function 
.at (0, 0) is the validity of the relation 

HO+h, 0+b)-f(0, 0) = Ah+Bk+h<Kh, k)+H(h, k) ( 1 ) 

Where A = f*(0, 0)=0 
B = f„(0, 0) = 0 

(h\)-^{0, 0) (h*k)-^{0, 0) 

from (1) 

f(h, b)-m 0) = h<Kh, b)-^bHh, fe) 

= /i[^(A, b)+^h, b ) } 

' Lt k 

» (h, k)-*(Q, 0) a/aK+P 


••or, 
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« 

To evaluate the L.H.5. let us suppose that (h, k) 
approaches (0, 0) along the line k=mk 


Then 


L.H.S 


Lt mh 


So from (2) we get 


m 


^=-^=0 which is impossible. 


*.* wi is a non zero positive quantity, —r=2L=.-.~ can never 

vl+m* 

be zero. 

So the relation (1) is not valid and hence f(x, v) 
differentiable at (0, 0). 


Theorem : 


The necessary condition for a function f(x, y) to be* 
differentiable at (x, y) is that the function should possess- 
partial derivatives ix and % at that point. 

Let u^f(x, y) be a function of x, y defined in the * 
domain R. 

Then the function f(x. y), is said to be differentiable at 
(x, y) if it possess total differential du at that point such 
that 


du^l^x+^ldj, 

So for existence of du, the existence of both ^ and 
are essential. 


Hence if u = f(x, y) is differentiable at (x, y), then it 
must possess partial derivatives f » and fy at that point. 

But the converse of this theorem is not true for there 
are functions which have partial derivatives but are not: 
differentiable at that point. 
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Illustrations : 


For the function f(x, y) = C I xy I )* both f* and fu exist 
at (0, 0) but is not differentiable at (0, 0). 

u; ^^0 k fe->o T~ 

Thus fge and fy both exist at (0, 0). 

Again for differentiable at (0, 0) we have the relation 

f(0 + A, 0+fe)^f(0, 0) = A/iH-Bfe + W(/i, k) + k4*{h, k) (1) 

where A = 0) = 0 

B^fviO, 0)=0 

from (1) f{k, k) - f(0, Oi^hHh, k)+H(.h, h) 


or, 


Lt { u, fe I 
(A, fe)-^(0, 0) T~ 


= (hfk)-*(.0, 0) +fvHA. A)} 

= 0 . ( 2 ) 


Now L. H. S. 


Lt jA. rnA }^ _ 

A-»0 h 


sTm putting k=^mh. 


/. from (2) N/m = 0 which is absurd as is/m luay Have 
any. value not necessarily zero. 

The relation (1) is not true and hence fix^ p) is not- 
differentiable at (0, 0). 
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Theorem : * 

A sufficieDt condition for the differentiability of a func- 
tion u = f (x, y), at a given point (a, b) of its domain, is that 
(i) fx (a, b) exists and (ii) iy (x, y) is continuous at (a, b). 

(C. H. 1968) 

Since fv(x, y) is continuous at (c, h), fy{Xi y) exists in a 
certain neighbourhood of ia, b). Let (a+^, b+fe) be any 
point of this neighbourhood. Then for values within this 
neighbourhood, we can write : 

f(a+h, b)=f(a+/*, b+b)-f(fl+b, b)+ 

fia+h,h)-f(a, b) (1) 

The function f(a+h, y) of y is derivable with respect to 
y in (b, b+b). So by Mean Value Theorem 

b+b)-f(^+b, b)=&fj;(«+b, b+ab) (2) 

where 0<0<1. 

If we construct a function ^(b, b) such that 

k)=fy(a-\-h, b + ek)-fy{a, b) (3) 

(M)-»(0, 0) (M)-»(0, 0) 

fc)} 

= fv(a, b)-fy(a, b) 

=0 fy is continuous at (a, b) 

Also since f « exists at (a, b) 

Lt f(a^h, b)-f(a, b) . / ,x 

b-»o h 

So we can write 

b)^m (4) 

where ^(/i)->0 as b-^O. 

From (2) and (3) 

f(u+b. b+b)-f(«+b, b)*W(b. b)+fefu(«, b) (5) 

From (4) 

f(t?+b, b)-f(a, b)-hfx(a, h)+H(h) (6) 
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Putting (5) and (6) in (1) we get 
f(a-f A, b+fe)-f(«, h)^hf„iay b)^kfv(a, b)+h4>(h) + k»/f(h, k) 
which is the condition for differentiability of f(Xi y) at 
b). Hence, the theorem. 

Note : If fv(a^ b) exist and fx(x, y) is continuous at 
(a, b), then also f(x, y) is differentiable at {a, b). Thus the 
sufficient condition of differentiability at (a, b) is that only 
one of the partial derivatives exists at (a, b) and the other 
is continuous at {a^ b). But there are functions which are- 
differentiable although no partial derivative is continuous^ 

This is illustrated in the following example : — 

Let f(x, y) = x® sin ^ + sin x^O, y 5*^0 
X y 

f(x, 0) = x® sin 1 , x^O 

f(0, y)=y® ain yT^O 
and f(0, 0)«0. 


Show that fa; and f^ are discontinuous at the origin but 
f(x, y) is differentiable at the origin. 

f{x^ y) — x^ sin ^ + y^ sin - , x^O^ yy^O 
X y 

fx(xyy) = 2xsin--cos x^O and y remaining 

X X 

constant. 

and f sin ^ — cos y^O and x remaining 

constant. 

But WO, m+h.r)-m>'> 


- h® sin i+ 3 ;* sin 
_ Lt h 


- - y® sin 
V 


1 

V 


A-»0 


h sin ~=0. 


h 
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and fy(x, fU.O+fc^) fU,0) 

_ Lt 

fe-»-0 k 

Lt j . 1 n 

= fe -^0 = 0 

fja and /„ is not continuous at (0, 0) 

Now if f(x, v) is differentiable at (0, 0), then we must 
have 


f (0 4- /i, 0 + ](?) — f(0, 0) = /i* sin sin 

- A^i+Bfc + WC/i, k)'hmh, ky- 
where A = f,(0, 0) = ^:^*g 

_ Lt 

-A->0 h ° 


( 1 ) 


Lt 

= 

Lt 


= 0 
Lt 


(/i, fe)2(0, 0) fe)tt(0, 0) ^>-0-(2) 

So from (1) we find that 

sin^srrO, /i + O, k'^h |/2 sin^^4“fe|fe jin^j* •• (3) 

&)=/i sin £ and fe) = fe sin- 

/* A? 


both being zero as (A, i^) — (0, 0) 

This shows that (3) is identically satisfied. 

Hence, the give function is differentiable at the origin 
although their partial derivatives do not exist at (0, 0), 
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:2.4. Calculation of small errors by differentials. 

When the values of x and are obtained by any measure- 
:ment are subject to small errors dx and dj;, the correspon- 
ding error dz of z can be calculated approximately by the 
formula. 

For example, consider the volume of a cone of height h 
and radius of the base r as 

Then g^s=§-Tr/i and 

using formula (1) 

“ {%^h)dr + ^)dh 

or, 

= ?dri-}dh, ••• (2) 

r h 

So in measuring r and /i, if there happens to be an error 
of dr and dh respectively, then by (2) it is possible to calculate 

which measures the relative error in volume of the cone. 

In particular if r and h are measured as 4 and 8 inches 
with the possible error of *04 and ’08 inches then 

4^.^?x04+|x08=03 

1/4 o 

. r» * lOOdI/ ao/ 

. . Percentage error = — ^ — —3%. 

Ex. 1. The side a of the triangle ABC is calculated by 
tneasuring the sides b, c and the angle A. If the corres- 
ponding error be db. dc and dA, show that the error in the 
calculated value of a is 

da=(b sin C) dA-|-(co8 C)db + (cos B)dc. 
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We have = b* +c* — 2bc cos A 

2a da^2h db+2c c/c-2(c cos A db+b cos Adc 

- be sin A A)^ 

or, da = (b-c cos A)^+(c-6 cos A)^+bc^5^ dA 
<1 a <1 

[ */ b=c cos A+a cos C, cos J3+b cos A ] 

= a cos C ^+<1 cos dA 

a a a 

={cos C)df»+(cos B)dc+bc.?i'?-? dA 

c 

= (cos C)db+(cos B)eic+(b sin C)xlA. 


Ex. 2. The side a and the opposite ani^le A of a triangle* 
ABC remains constant. Show that when the other sides^ 
and angles are slightly varied, then. fC. H. 1969) 


db ^ dc 
cos B cos C 


0 


We have 

b cos C+c cos B^a 


db cos C — b sin C dC+dc cos B — c sin BdB«*0. 
or, db cos C + dc cos B“l(b sin C)dC + (c sin B)dB} = 0' 
or, db cos C+dc cos B — c sin B(dC+dB)=*0 


. . sin B_sin C 

• f f 

b c 


i.e., b sin C 


c sin B. 


or. 


or. 


or. 


or. 


db cos C+dc cos B— c sin Bd(C+B)=0* 
db cos C + dc cos B— c sin Bd(3r — A)«“d. 
db cos C+dc cos B==0 d(3r— ^) = 0. 

db _i_ dc Q 

cos B * cos C 


2'5. Partial derivatives of higher order. 

The partial derivatives fx and fy are themselves functions- 
of X and y and so may again admit of partial differentiation 
widi respect to x and y. 
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The partial derivative of fxix, p) with respect to x is 
denoted by f,. or, or, 

Thus = 

_ Lt fx{x + A, v) — fx(xj V) 

A->0 h 

Similarly, 

Z#£ f x (^Xy y-bfe) v') 

fe->0 h 

^ Lt fy(x, y+b)~f y(x, y) 

k-^0 k 

•" di 

_ Lt fy{x-\-Kv)‘“fv(x,v) 

~A-^0 h 

The four partial derivatives are the second order deri- 
vatives of f{x^ y) and are also denoted by 

dy d^f d^f d^f 
dy dx^ dy^' dx dy 

The higher order partial derivatives are defined in the 
same way. 

2.6. Commutative property of the order of partial deriva- 
tives for a function of two variables. 

We have by* definition 


3 
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But 

And 


— Li tJa-hky b)-fja^ b) 
h^O h 

^ i.\— Lt — 

o; “^^0 k 

r(^ Lt Ka.h^h)'-f(a.h) 


h) 


( 1 ) 


Putting these values in (1) we get, fxyKa, b) 

Lt Lt +/*j A+ h) -fia f K h) - fia^ -¥k) + f(a. b)' 

h-^0 hk j 


Lt Lt k) 
h'^O fe— >0 


(say.) 


( 2 ) 


Similarly, it can be shown that 


fvxi^f b) 


Lt Lt F(h, k) 
fe— >0 /i— >0 hk 


( 3 ) 


From (2) and (3) we find that fxvi^i and fyxiciy b) are 
repeated limits of the same function taken in different 
orders. But we know that the repeated limits may or may 
not be equal. So it follows that fxvici^ b) and b) may 

or may not be equal. 


Illustrations : 


Ex. 1. Let f(x, y)= — ^ , fx, y)7^(0, 0) and f(0, 0) 

X ^-y ^ 

*=0. Then show that f^wCO, 0)^f„a;(0, 0) (C. H. 1964) 

X fO ifii(S^~^bry0) fy(0, 0) ..|V 

t u; - u; 


But 


f fA 0)- f(^>0+i^)-f(A,0) 

Mh, k 

_ Lt f(K k)-f(K 0) 
fe-^0 k 
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_ Lt lfhHh^jzMD-n\ 
fe-^Ofe\ h“+fe* J 

_U£,t h(h’‘-k‘^) h^_t_ 

k-^o "'h^+k^ “ a “ "■ 

And. fy(0, 0) = ^f;*o 

-4o « •‘’-“i-o 

From.(l) we get 

Again ... ( 2 ) 

But fAo, k ) = "ilPi K} 

_ Lt f(h,k)-fCg^k) 

h — >0 fi 

_ Lt lihHh'^-^kg _f,\ 

'h-^Oh\ h'^+k-‘ 1 

^ Lt k{h^-h^) _k^^_u 

A_»0 /i* + fe2 fe“ 

And 

=/.2o i 

.*. From (2) we get 

f,.(o.o)-jfi,{=i=«)--i 

'Flence, fxv{^% ^')^fvx(,Ot 0), 
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Ex. 2. Let f(x, y) =- ^ 57 — (x, y;^(0, 0) 

yx’‘+y^ 

and f(0, 0) = 0. Then show that 
0) = f„,(0, 0). 

f ^0 O'i 0) fv(0i 0) 

But h (h. 0) = ° 

_ Lt 1 2kh _ Lt 2A_ 

A»d /.(o,o)-,i,>„£fi>=.<>+‘;’-®® 

"tSo S 

/. From (1) we get 

fx«(0.0; = 4*o2-_0^^ 

Again f „.(0, 0) = t*(0..P +|Wx(q. Q) 

But /=*(0, fe) = / (O+fe.fej ^mfc) 

_ Z-t Jr 2hk 
A->0 AL Jh^ + k^ J 

^ Lt , ^2 

h-*0 
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From (2) we get 

r JLt 2 0 

fyx{0, 

Hence, fxv(S^* ~ f ux(^t 0). 


Ex. 3. Let Kx»y) = (_xyif 


xy if X I > I y 
xy if X I <: I y 


Show that fa^-,/(0, 0);?^ fwxCO, 0) 


(C. H. (old) 1963) 


r m - 0 )~f./ 0 , 0 ) 

But fv(h, 0) = 


h> k 
\ X \ > \ y 


And = 

From(l) ^»(0, 0) = ^5 q^-5=1. 

Again f„*(0, 0) = ^^*Q ■•• (2; 

R„t f CO b)- f(o+h,k)-mb) 

But 1 j;|>U 


h-*-0 h 


i-hk-0]=-~b 


And W0.0)-j2o^®^-i— — 

-jSdsW-w-o 
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From (2) 

f - Lt -k-0_ 


1 


Hence, 0)^fyx(0, 0) 


2.7. Reversal order of derivation : Sufficient conditions. 

1. Schwarz’s Theorem. Form — I. Let f(Xf y) he defined 
in some neighbourhood of (x^ y). If its derivatives (i) fx, fw» 
fxv and fyx all exist in that neighbourhood of (x^ y) and 
(ii) fxv (or fyx) is continuous at the point (x, y) 

axey^d^dx- 

Proof. Let us consider the points (x + h, y), (x, y-h/^) 
and (x-hh, y~hk) in the neighbourhood ot (x, y) so that h, h 
are small enough Then in this neighbourhood of Cr, y) 

{fix + hy y’\‘h)-f{xj y'\‘h)}-'{f{x+K y)-f{x, y)) will be a 
function of (/i, k) only. So we can write 

F(hy h) = {f(x + K V\’h)-f(xy y’\-k)]-{f{x-\-hy y)-f(x, y)} 
-=<l>(y-^k)-<t>(y) ••• ••• (1) 

if we write, <f>(y) = f[x’\’hy y)-f(xy y) 

Since f,, exists in some neighbourhood of (x, p), <f*{y) is 
derivable in that neighbourhood of (x, y) 

4>'(y) = fv(x + h, v)~fv(xy v) 

So at the point y = y + 0k 

<f*(y + 0k) = fv(x-hhy y+0k) — fv(xy y+dk) (2) 

Now applying Mean Value Theorem in (1) 

F(h, k)=k<ii\y+ek) where O<0<1 

= k{fv{x+h, y’hOk) — fy(x, v-hSh)} from (2), ••• (3) 

Since fxv is continuous at the point {xy y), fxv exists in 
some neighbourhood of (j:, y) 

fv{xy y\-Bh) is derivable with respect to x in 

(Xy X’\‘h) 
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/. Applying Mean Value Theorem 

y + Qk) 

= h fxv(x+d'h^ yk-Bk) where O<0 <1 

0 < 0'<1 

From (3) 

F(ht k)=hhfxv(x+Q'h^ v + Ob) 

cr, fxv(x + B’h, y + 0b) = ^^^ (4) 


Since f*?/ is continuous at (r, p) 

lilo £o f-v(x+o’h,vi-ek)==f.«(x,v). 


Also 


Lt Lt F(h, b) 


h ’^0 b “^0 


hb 


Lt Lt l\ f(x-\rh^ y ’^b) — f{x, y + b) 
A — >0 b^O k\ h 


. + y)- f(x , 3;)j 


_ Lt If Lt f(x + h^ y ^b'^ — fjx^ v-^b"^ 

>0 }i 

_ Lt f(x + h^ v) — ff.r, v)l 
h ^ 

_ Lt fx(x , V’hb) — fr(x^ y) 

^->0 k 


fvxixy y). 
Hence from (4) 

fxv ^ fyx 


Schwarz’s Theorem. Form II. If fv(x, y) and fvx(x, y) 
exist in a certain neighbourhood of (a. b) and if fva;(x, y) is 
c ntinuous at (a, b) then txv » fyx at (a, b). 

Proof. Since fyx is continuous at (a, h), fx exists in the 
neighbourhood of (a, b). So the given conditions imply 
that fx(x^ y)y fv(xy y) and fvx(xy y) exist at every point (xy y) 
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of a certain neighbourhood of (a, h\ Let (a+h, b\ 
h+k) and [a, b + fe) be three neighbouring points of (a, h) 
where h, k are very small ^0. Then we can write 

F(K k) = f (a + h, h + b) -f (a + h,h)^ f(a. b + fe) + f(a, b)- • ■ (1) 

Now denoting i{x)-=f(x^ b+b)— fix, h) (2) 

we get 

F(h,b)=<f(a^h)-4>(a) ••• (3) 

Since fx exists in the neighbourhood of {a, b), the func- 
tion <li(x) is derivable with respect to x in the closed interval 
(a, a + h). 

applying the Mean Value Theorem to the R. H. S. 

of (3) 

F(h, b) = h<f>Xa + 0h) where O<0<1 

= h[fx(a-\-0h,b+b)-fx(a+0h,b'\ ••• (4) 

[using (2)] 

Since fyx exists in the neighbourhood of (a, b), the func- 
tion fxicz-hOhf y) is derivable with respect to y in the closed 
interval (b, bH-i^) 

Applying the mean value theorem to the R. H. S. 

of (4) 

F(hi b) = hb fvxia + Ohy b + O'b) where OO <1 

and O<0'<1 

or, = fw^(« + 0b, b-hO'b) (5) 


F(h, b) l\f(a + h^ b-^b)- f(a + h, h) 

’■bF'“bl- b 

_f^a,b +b)-f(a. by 
b 

. Lt Lt F(h, b) 
h~^0 fe->0 hb 

_ Lt TS Lt b-bfe ) ~f(^ + b, b) 

A— >0 jJib^O b 


f(a, b-bfe)-f(a, b] 
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_ Lt fv(a-\-h. h) — fy(a, h) 

/i— >0 h 

f 

Also feSo b + 6’k)=h,(a, b) 

fvx is continuous at (a^ h) 

Hence from (5) we get 

fxvi^i h)~fyx{^i h). 

Schwarz's Theorem. Form III. 

If fj„(x, y) and fv.x(x, y) are both continuous at (a, b) then 
h) = fyxC^i h\ 

Since fxy and fyx arc both continuous at (a, h), fy and f.c 
exist in some neighbourhood of (a^ b) 

So the given conditions imply that f*, fy and fxy exists 
at every point (at, p) of a certain neighbourhood cf (a, b) 
and it is the same as form II above. 

Young's Theorem. 

If f.(. and ty exists in a certain neighbourhood of (a, b) and 
if fa; and fy are both differentiable at (a, b), then 

fxy “ fyx at (a, b). 

Proof. The given conditions imply that f^x, f 
fxy exist at (a, b). Let (a~hh, b), (a+/i, b-\-li) and ia, h + /i) 
be three points in the neighbourhood of (a, b) so that h is 
very small ^0, Then we can write 

F{h,h)^f{a^h,b^- h) - f{a + K h) - f(a, + A) + f{a, h) 

( 1 ) 

If then 4>^x) = f(xt h-\"h) — flxj b) ••• ••• (2) 

we get 

F(h, h)=<f>(a + k)--4»(a) (3) 

Since fx exists in the neighbourhood of (a^ b), <Kx) is 
derivable with respect to x in the dosed interval (a, a+h). 
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So applying the Mean Value Theorem to the R. H. 

of (3) 

h)=^M>\a-\‘Qh), 0<0<1 
= h[^fx{ci-\-Qh^ h-\‘h)--fx{a-\‘Bh, h)] •• ( 4 ) 

[using (2)] 

Now since fx{cii h) is dififercntiable at (a, fc), we have 
using the condition of differentiability 

^'xia'^rOht h + h) — fx(a, h) — Bh h)-\-hfyx{ci, h) 

+ 0/i A) (5) 

and fxict-^Bh, b) — fx(a, h] = dhf^xia^ + i>^2(hy h) (6) 

where 4>.j and all — >0 as h^O. 

Putting (5) and (6) in (4) 

= b) + e<f.,(h, h)+</>,(h, h)~ 6Mh, h) ■■ (7) 

Similarly, writing 

= + v) -f{cii v) and preceding as before we 

shall get 

b)+0'Mh. h)+Mh, h) - B'Mh, h) ■■■ ( 8 ) 

Since 01, 02 all tends to zero as A tends to 

zero we get in the limits as /i-»0 from (7) and (8) 

fvxi^t b) — fxv{cif b). 

Exercise 2 

1. If da, db, dc be the errors in measuring the sides a,b,c of the triangle 
ADC, then the error A of the area A of the triangle is given by 

<iA = r^(co8 A <Za+cos B db+coB C dc). 

4 A 

2. If da, db, dc bo the errors in measuring the sides a, b, c of a triangle 
ADO, show that 

dA^\a {da^db cos C-^dc cos B)/A 
where A is the area of the triangle and verify that 
^A+dB + d0=^0. 



PARTIAL DERIVATIVES 


43 


3. Show that (a) ^/ | asj/ j is not differentiable at the origin. 

(b) i a; I + I ^ I is continuous but not differentiable at 
the origin. 

4. For the function 

/(®f y)=xi- ^ (as* 4-1/* 5^0 a;id 
as’+i/** 

and/(0, 0)=0 

show that/jy,(0, O' ?^/j..v(0.0) (C. H I960) 

5. If /(*, p) = x^ tan“* tan”* - , xpp^O 

X y 

and=0 else where 

show that fxy{0, 0)9^fyxi0, O) 

6. lif{x,y)=^--'^^-,xj^y 

x — y 

and =0 when 05=1/ 

show that fx{0, 0) and fy (0, 0) both exist but/(ar, y) is discontinuoua 
at the origin. 

7. Show that the function dednod by 

/(a;, 1/) = ®* tan“* — t/* tan”’ - 

» y 

and /(O, y)^f{x, 0)=0 

satis fios*/'a;v—/va! for all point except at (0, 0) (C. H. 1964) 

P. If the mixed partial derivatives fxv fvx of a function /(a;, y) are 
continuous in a region 12, then show that 
fxv=fvx 

holds throughout the interior of the region 72. 

0. For the function 

/(a, y) = -(*-«)’ l*y 

•Jy 

show that fxv = fyx 
and fxx ~fy* 

10. For the function 

fix, sin 2 ffi where /(O, 0)=:0 

and ^=tan”’ Show that 

/«v(0,0)=/v*(0, 0) 



CHAPTER III 

HOMOGENEOUS FUNCTIONS 


3.1. A function f(x, y) is said to be homogeneous of degree n 
if it can be expressed in the form or in the 

form 


^ 

For example consider f{xj = 


x^+y^ 




Hence {(x^ 

f(x, v) is a homogeneous function of degree 1/20. 
Again a function f(x, y) can always be found to satisfy 
an identity of the form 

f(tx, ty)^ty(x, y) 

for all positive values of t. So alternatively, we can say that, 
a function f(xt y) is said to be homogeneous of degree n if 
it can be expressed in the form 

f{tx^ ty) = t^f(x, y) for all positive 

values of t. 

For examples 

f(Xf = is a homogeneous function of degree 

2x-^3y 

zero. For 
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A function f(x, y, z) is said to be homogeneous of 
degree n if it can be expressed in the form 



Also alternatively, a function f{x, y, z) is said to be 
homogeneous of degree n if it can be expressed in the form 
f{tx, ty, tz) = ty(x, yy z) 
for all positive values of t. 

Note. If u be a homogeneous function of degree n in 


X, y, z, then each of 


is a homogeneous function 


of degree (n — 1). 


3.2. Euler's Theorem on Homogt^neous functions of two 
variables. 

If f(x, y) be a homogeneous function of x and y of 
degree w, then 

Proof. Since f(xy y) is a homogeneous function of 
degree n, we can write 

fix, y)=x"<j>i^^ 

= x'"4>iv) if we put = 

— nx" ^<t>iv) -I- x”4‘\v) I — j 




I 



= nx''^^{v) — a ;"’ ^ y4>\v) 


( 1 ) 
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Afco 


= (v) . 


X 


[••• §-=i] 


( 2 ) 


Adding (,1) and (2) 

= nx''<t>^^ = n.f(x, y). 

Cor. If tt be a homogeneous function of x and y of 
•degree n. then 

Since w is a homogeneous function of degree w, each' of 
^ homogeneous function of degree {n - 1). 

So by Euler’s theorem 

/ 9 , d \ du f ^x9w 


and 


(*, 


, 9\9m f -,x9m 


( 1 ) 

( 2 ) 


Multiplying (1) by x and (2) by p and adding 
= («-!) (x^+y^) = (n-l)»u 
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.3.3. Compoaite functions. 

Let z = f ( a;, y) 

where x — 4>(t), y = . 

Then z is said to be a composite function of t. 

Again, if z = f(x, y) 
where x = <f>(u, v\ y = *p[Uf v) 

Then z is said to be composite function of u and v, 

3.4, Differentiation of composite functions. 

Let z^f(x^ y) 

possess continuous partial derivatives and 
let x = <fi(t) 
y = ip(t) 

possess continuous derivatives. 

dt'^dxdt '^dy dt 

Proof. The given conditions imply that f*, fy and 
are continuous. 

When t changes to t + dty let a: and 3; change to a; + 6 a: 
and y+dy respectively. 

a;H- 5 a: = 4>(i+ d^), >>+5>^ = ^(f + 50 

z+5z==f(A: + <5A:, y+6y) 

.or ^z = f{x-hdx, y’^dy)-f(x, y) “/ z«^f{x, y) 

= [fix + 6Xt y’\rdy)'-^f(x^ 3 ^+ 5 :^;)] 

y-\‘^y)-fix, y)'] 

Applying M. V. T. 

= dx.fa.[x-jrOj_dXf y+^y)~\-dyfy{x, y’he2Sy) 

for (0<ai, 0a <1) 

or + >+03^) + ^^fi;(Af, y+Bady) ••• (1) 
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Let it— >0, so that Sx and iv— »0 
’^**®** ^^Qfx{x+ei5x,y+Sy) 

0 ) v+sy) 

= fx(x,y) [*,‘ fj; is continuous] 

i= 9/ _ 9^ 

dx ” dx' 

=^fi/x, p) [*.' fv is continuous] 

dp dp‘ 

Hence, from (1) proceeding to the limit as dt -»0 we get 

dz _ 9z dx ^ dp 
dt^dx’dt "^dp'dt ' 


Cor 1. 


The last result may be written as 
dz 


dt 


, dz dx . . dz dp . 
*^^~dxdt 


(l> 


But the dififerential dx, dp and dz are given by 

dx . 1 dp ^ . dz 

-^^dt, dy = j^dt, dz = ~j-^at. 


dx- 


Hence from (1) we get 

, dzj , dz 

dz = ^^dx+^dy ^ 

Cor 2. Generally, for functions of several variables 
u = f{x, p, 2 **) where each of x, p, z • •• is a function of t 

du du dx du dp , du dz . 
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Cor 3. z = f(x, let y — <f>ix)y 
then z is a function of x alone. 

dx dx dx dp dx 

= ^ dp 
dx dydx' 


If in particular z = f(x^ 3') = 0 


Then 



From (1), we get 


or, 


dz 

Fx^dpdx^^ 

dz 

dv 

dx dz 
dp 


This gives 


for implicit function f[x, >^)=0. 


( 1 > 


3.5. Implicit Functions. 

If from an equation fix, p) = 0, it is not possible to solve 
for p in terms of x, then f(x, p) is called an implicit 
function. 

If on the other hand, it is possible to solve for p in terms 
of X i.e., it is possible to find a relation of the form p = <Hx), 
then f(xy p) is called an explicit function. 

As for example a:®+j;® + 2 = 0 is an implicit equation for 
from it j; = ± V — 2 — 1^ and so p cannot be obtained for 
any value of x. 

The equation x^-k-p^ =0 gives p= ± — a;® which gives 

p = 0 for x = 0. But for y can not be obtained. So 

a;® + 3;® =0 is an implicit equation for ^7^0 and an explicit 
equation for a: = 0, 

4 
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Condition for the existence of an explicit function y = ^x) 
from an implicit relation f(x, y)=0. 

Theorem : 

If f(x, y) be continuous together with its first partial 
derivatives in the neighbourhood of a point (xo, yo) where 
^(xo>yo) = ® fi/(xo, yo)7*^0, then there exists a function 
y=<^(x) continuous in the neighbourhood of x^ satisfying 
y 0-^(2:) such that f{x, </)(x)} = 0. 

3.6. Differentiation of Implicit Functions. 

Let f{x^y) — 0 be an equation of an implicit function 
where j; is a diflferentiable function of x and the partial 
derivatives fx and fy are continuous. 

Then 

f{x,y)=^0 
f(x + dXy 3 ;+ 5 j ;) = 0 
f{x-\-dx, y) = 0. 

or, f\,x+dx, y+dy)’-f(x, y’^dy) + f(x, y+dy) 

-fx,y) = 0 ... ( 1 ) 

Now by the Mean Value Theorem 

f(x'\-^x, y’hdy) — f{x, y’bdy)—8x-^f(x-i-di6x, y+dy) 

ox 

for O<0i<l 

and f{x, y + -f(x,]y) = y^h 0 ^8 y) 

for O<02<1 

So from (1) 

8 x, ^J^(x + di 8 x, y'h 8 y)+ 8 y^f(x, y+d 28 y )=>^0 

or, ^~f{x+di8x, y'{'8y)-\-^^f(x, y+9.j8y) = 0 —(2) 
Since j; is a differentiable function of Xt when Sx-^^O^ 
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Sy also ->0. Also since f* and fy are continuous, we get 
from (2) after proceeding to the limit as 

dx'^dx' dy'-'^ 


dx^ dy^^ 


8.7. Partial Derivatives of a function of two functions. 

L.et z-f(x,y) 

possess continuous fiist order partial derivatives 
w. r. to X, y. 

Let x — <!>{u, v) 
y=*Ku,v) 

possess continuous first order partial derivatives. Then 
_^dz dx dz dy 
du~^ dx‘ du^dy' du 

dz dy 

dv dx dv dv 

Proof. Since z — f ( a:, y) possess continuous first order 
partial derivatives 

d^=f^dx+lj^dy - (1) 


Since x = 4>(u^ v) and y = ^(u, v) possess continuous first 
order partial derivations 

j dx. , dx 


and + 

Putting these values of dx and dy in (1) we get 

-(&• l-M;- f3‘'“+(G- t*r,- 19“- 
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Again z=f(x, y) 

= fi<f>(u, v), v)) 

=F(u, v) 

■■■ ^ 3 ) 

Comparing (2) and (3), since du and dv are independent, 
we get 

^x,dz Sy 
du dx du dj;* du 

dv dx' dvdy^ dp 

Note ; Similarly, for more than two variables 
i.c., if z = f{x^, x. 2 t Xs—) and X 3 .=^fi(ui, Wg, u^ - ) 

^a~/^a(Wi, 2/a, 2/3**’) 

Xs=^fz('^x’> Wa, 1 / 3 ***) and so on 


Then 


dz 

dui 

II 

?|<SJ 

9:ci , dz 
dux ^Xa 

^X 2 t dz 
' 9ui dx^ ’ 

dxa 

0Ui 

dz ' 

= 

9 a: 1 , dz 

9^ , d^ 


0Wa 

dx^ 

du^ dx^ ’ 

dua dxo * 

du.j 

dz 

du^ 

__ dz 
dxi ■ 

dxi , dz 
du^ dx<i 

9a;2 , dz 
dus dxs ' 

Sxg 

dug 

and 

so on. 





Cor. 1. If f = f(x,ytz)f g = g{x,yyz) are differentiable 
functions of x, y, z and x = x{pj q)y y = y{Pi q), z = z(p^ q) are 
differentiable functions of p, q, then (C.^H. 1969} 
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L.H.S=» + + 

'gxXp + gv);p-hgzZjt 


f xXq H“ f yVq + f zZq\ 
gxXq + gv Va -^gzZa 


Bx dp dz * dp dx dq By * dq Bz* Bq 

^g ^+^g % 

dp By Bp Bz‘ dp dx fq By' Wq Bz' dq , 

/df Bj\ 

Bp Bq f(i \ from the given conditions. 

dg / gif gii ^ 

<dr) da/ 


\dp dq/ 

Cor. 2. If yi=f±{x^, .Vg, x^) and V 2 = fj(^ii x^, 
are differentiable functions of ati, x^y x^ in a region R and 
A:i=<^i(ti. ia), ^2 = <^ 2 (^ 1 * ^). X:i=<f>,i(ti, t^) are differentiable 


functions of ti, in a region 5, then 

/ dyi 5j^i\ /^y\ ^yj, 

ail dt^' \ I dxi dxa dx. 1 


;)-(i 


(C. H. 1967) 

Bxt \ 


R.H.S.= 





dtx 



Bx2iBvi 

dx^ 

Bxx 

Btx dx ^ ' 

dtj Bxa 

Btx' 


dxji , B y 2 
dti dx2 

dxa_^By^ 

Bx.^ 

. 

~dxx 

dti dx^ ’ 

dii ’ 



Bxi.Bvy 

Btg dx2 

BX2_ 


Bxx 

dt2 


( a.vi 

3>, 

at. 


dx, . ay. 
dto dxa 


from the given conditions. 


3.8. Space derivatives. Differentiation in a given direction. 

So far we have seen that a difierentiable function 
fix, y) have partial derivatives in the directions parallel to 
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the X and y axis. Now we shall show that the differen- 
tiable function can have derivative in any direction at an 
angle < to the positive direction of the x axis. 

Suppose, the point V+W approaches the point 

(jt, y) along a line through {xy >») making a constant angle 
with the positive direction of x axis. Then h and k will 
not tend to zero independently of another and will satisfy 
simultaneously the relation 

h = r cos k = r sin < 

so that r— 

Then f(x + r c os y+b sin <) — fjx, y) 

r->0 r 

if exists is called the derivative of f(xy y) in the direction < 
and is denoted by Di<)f(xy y) 

Thus the derivative in the direction < is 

Diofixy y)^^^ ^ f{x^Y cos <, y-^r sin y) 

From this, we can easily deduce the derivative along x axis 
i.e., for < =0, also the derivative along y axis 

i.e., for ‘^=^2' 

Thus 0(0) Hx, v) ----- 

dx ’ 

and 0^„) f(x, v) - >■> 

03 ^ ■ 

Note : Since partial derivatives have both magnitude 
and direction, it is a vector quantity. Thus if G be a 
vector whose components are fx and fy along two rectan- 
gular axes X and y respectively, then 

G = ifx+ifv where i, j are the unit vectors along the 
axes respectively. 
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Theorem : 

Let f(x, y) be a differentiable function of x and y, 

a a vector whose components are cos sin and G, a 
vector whose components are f^ along^ two perpendicular 
axes. Then 

"7^ .~^_Lt f(x+r cos «c, y + r sin <)-f('x, y) 

U a - - 


we have G = ifx+jfv 
— > 

and a = i cos <+> sin < 

G. a • (i cos <+;■ sin <) 

= fx cos <-hfv sin < •" ••• (1) 

Again since f(x^ y) '2s a differentiable function of (x, v) 
we must have 


f(x + r cos y + r sin <) — f(xt v) = r cos fx{x^ p) 

-hr sin < . fy{x^ y) + r cos «c. <l>{r cos «<, r sin <) 
+r sin «c . i/t{r cos r sin <) 

where <l>(r cos r sin x.)~0 and ^(r cos «<, r sin •<) = 0. 
or. SgitLZ t: = cos ^ :.) 

T 

-hsin ®c . fy{xt y) + cos < . cos <, r sin "C) 
-hsin < . ^(r cos <, r sin <<). 


Now proceeding to the limit as r->0, we get 
+ cos y -hr sin < ) — f(x^jy) 
r— >0 r 

= cos < . y)-hsin < . fy(x, y) 

= fx cos <+fy sin < 

= G. <2 by (1). 


3.9. Euler’s Theorem for a function of three variables. 

If f(x, y, z) he a homogeneous function in x^ y, z of 
degree n, possessing continuous partial derivatives, then 
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Proof. Since f(x, y, z) is a homogeneous function in ' 
Xy y, z of degree n, we can write 

f(tx, ty, tz) = . f{x, y.z)— • • • ( 1 ) 

for all values of f. 

Now replacing tx^ ty^ tz by u, i;, w on 
L.H.S of (1) we get 

f(u,v,w) = t'^.f(x,y,z)-- ••• ( 2 ) 


where m, v, w are all functions of f, 
Differentiating (2) w. r. to t, 

0M 'St dv* dt Sw * St 

which is true for all values of t. 
Putting t = l we get 


• 3', 2) 


3.10. Converse of Euler*s Theorem for a function of three 
variables. 

If f(x, y, z) admits of continuous partial derivatives satis' 
fying the relation 

Sf Sf Sf .f V 

where n is a positive integer, then 

f(x, y, z) is a homogeneous function of degree n. 

Proof. Let § = ^ = C=z (1) 

z z 

so that 
and z = f 

Then f{xy y, z) can Ic expressed as a function f 
So let f(x, y, ^)=g(f, V, {) 
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Then x 

zd^ ^d$' 

%=n-afav+a?aj+ 4 -ri) 

dn z^dri'^l 

= y?J=nP^ 

z d'H 


pf= J^K-P^ ^^J-^,p£.- Pi\ 

dx \a| a^: dtidx'd^dxi 


and 


J’f = AP aP^u.^^P'^ 

dz \d^'dz Bv dz dC Bz/ 



ySg.Sg 
2 ds z Bv^ dC 


= -Ag-r,^g + ,pg 
^Bi Bn^^Bi 


Putting (2), (3) and (4) in the given relation 
9f j_ 9/ r/ \ 

we get f|^ = n.g(f, »», 0 


( 2 ) 


(3) 


(4) 


or. 


= n.g 
IBg^n 

g^Tc 

.'. Integrating w r, to C we get 

log g = « log f+C (constant) •■• (5) 

Hence, the constant C is independent of C, but it may 
depend on i and >7. 

So let C=Iog <J^(g, v). 
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Then from (5) 


log g — n log f + log n) 

= Iog 


ie., = 


i.e., fix, y, z)=z”.4>\^, 

'Z Zf 

which shows that f (a:, j;, z) is a homogeneous function 
of degree n. 


Cor. 1. If f(Xi^ Xz'-'Xjn) be a homogeneous function of 
m variables of degree n having continuous partial deriva- 
tives, then 


Xi^ H \-X,nS^ =n.f(x^y 

UX 1 VX 2 ^Xm 


Cor. 2. If M be a homogeneous function in x, ^ of 

degree n, then are each a homogeneous function 

ox op oz 

in x, z of degree (n — 1). 


du 

^dx 


du 

^dy 


du 

^dV 


Differentiating this w.r.to x we get 

d^u du, d^u , d^u _ du 
^dx^ dx ^dxdy ^dxdz ^dx 

d^u. 9 ®m , d^u _( 
or. ^dx’‘'^^dxdy^^dx'd2 ^^dx 


du 

dx 


is a homogeneous function of degree (n — 1)- 
ox 

Similarly, for ~ and 

ay oz 
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Illustrative Examples : 

Ex. 1. If v = f(u) where u is a homogeneous function of 

, . , Bv dv 

degree n in x, y, then -f-y - =nu— . 

ox oy du 


sy 


— vf’(u) 

I du. ^ m\^v \ 


-nu. 


dv 

du 


Ex. V.. If u = v(y — z, z — X, X — y), then prove that 

(C. H. 1960> 




Let f = y*-z, V = z — x^ C = x — y. 
Then w = ly, C) 

0’7’aA:'^ ac a^; 


dx~ 


__du i^.du / i\_i_^w 1 _du du 

du^du ^ ^ 

ay~ ag ’ aj;"^^/ • ay“^ag * dy 

ag • ^^^■*'a»i-^'*“ac^ ac“ag' 

au__aM a^ au ag 

dz~~ d% ’ a^'^ar; ' az"^ ag ’ az 

— 1 , p. du du 

-g-. . (-i)+'g., . 1+a-^. . 0=3,.-^. 

So adding, we get 

aw aw ^ 
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Ex. 3. If u = f(x® + 2yz, y’* + 2zx), prove that 


(C. H. 1947) 

Let !£ = x^-\-2yz and -{‘2zXt then — 


0 x ”05 * dx'^dri ' 


dy d$ dy dV By Bi 

. • . S(r - 2 x)g“ ^2^-Cfx(v’‘ - ::x) + z(x--‘ - yz) + v(z^ - xj>)i 

+ 2g JI zCj;’' - zx) + v'.x^ - yz) + x(z^- xy ) } = 0. 

Ex. 4. If u = tan“^-a ^-^ 2 , show that 
x*4-y® 


0U , 0U 1 . o 

*2 =rt Sin 2u 

Bx By 2 


(C. H. 1963) 


Here, tan u = 


x^-hv^ 




-«*Q. 


.*. tan u is of degree 1. 
Hence by Euler’s Theorem 





HOMOGENEOUS FUNCTIONS 


61 


Ex. 6. If u(x, y, z, t) = ^f(t+r)+^g(t-r) 

when r®*x®+y* + z®, prove that u satisfies the 
relation u„ + u»„+u** = om (C. H. 1961) 

'I 1 9r \ 




^ __x 
dx~ r 


= 4f '(t + r)- -3 f(t + r)- ^ g{t -r)- ~g(t - r) 
r T j Y 

-{^3- SLt -r)-p g^t - r)+^^g'(t - r)( - |l )} 

+ (^-}syt-r) 


Similar expression for ^ and^f- »• 
oy S<72 

. Uxx + Uyy + m « j 5 = - { f'(t + r) + g(t — r)l 

T 

= UH, from the given relation. 
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Ex. 6. If z = xf(x+y)+?g(x+jr) show that 


dx'^ ''ax0y + ay““®* 


(C. H. 1971) 


Put v = x + y, Then ^=land |^ = 1* 
Now z = xf(v) + yg(v) 

= fM + xf'(v) + yg'(v) 
g-a = f'(v) + f 'M + xf"(v) + yg'(v) 

= 2f'(v) + xf'\v) + yg"(v) 

= xf(v) +g(v) +yg(v) 

. ■ . Ip = xf(v) +g‘(v)+g'(v)+ yg"(v) 

= 2g'(v) + xf“ (v) + yg'M 
I =f'iv) + xf\v)+g(v)+ygXv) 


Hence, ^.-^3xdy + d^^-°- 

Y® V® 7® 

Ex. 7. If — + +■'^^7- =1 

a +u^b^ + u c* + u 

where u is a function of x, y, z prove that 

(Ua;)®+(Ut,)® + (u^)®=2(xUa; + yU„ + ZUg) (C. H. 1966) 

Differentiating the given relation w, to x partially 

2x(a^-\-u)—x^Ux z'^Ux 






f \ _ 2 a; 


Similarly, differentiating the given relation w. r. to y 
and z respectively, we get 

w f . 3^* _L \ 2v ... (2) 

”l(a*+M)* + (6*+«)* + (c*+u)*i“«’‘+« 


«)*■'■ (6*+«)®'*'(c*+u)” 
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and “4(a*+u)“ + (F+w)”‘'‘(c® + M)4“«* + ^ 

Squaring (1), (2), (3) and adding 


{(l/ ,) ® + (m„) “ + (u,) + ^- 


3 13 


y , 

‘+ur^(a^+u) 


r 


{ ^2 V* ^ 

or, (uj^ + (u„y + (u,y = 4/ ^ + J^~y + (-s^) 4 

(4) 

Again multiplying (1), (2), (3) by x, >■, r and adding 

=2/ y‘- 1 


- 2 . 


. + J'Mv + zu, 2 j { .j + 


(5) 


Dividing (4) by (5) 


(mx)^ + (mJ^4-(w;s)^ 

=2. Hence the result 


Ex. 8. If yi = fi(xi, Xa, Xg), ya = »a(xi. Xa, Xj) are 
differential functions of x^, X2, X3 in a region R and Xi = 
ta), X2=4»2(ti, ta), ^z=<t>a(ti, tg) are differential func- 
tiors of ti, ta in a region S, then prove that 

9(y_ii_y22^9(yi. ys) 9(xi, x^) 9(yi, ya) 9Cxa, y» ) 

0(t„ ta) 9(Xi. Xa) • a(t„ ta; "^SlXa. X,) ’ 0(ti, tg) 

i_ 9(yi , Fa) . 9^X8, Xi) 

9(Xs» Xi) 0(ti, tg) 

■where’ denotes 

9(P, q) 


dp 6q 

0V ^ 

do 0Q 


(C. H. 1967) 
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we have _ 

aUi, ta) 


dVx 02 i 

0 tl. 9^2 

9 ^2 9^2 

9 ti 9^2 


9 :Pi I 

9 a:j 9 ti dx^ dtx dx^ dtx 


+ 


+ 


?^2 9:^1 , ?£2 , 9^2 9 ^ J ? 

dxi dtx^ dx 2 dtx'^dx,x 9ti 

9j;i _^9vi 9^2 
9^2 dx ^ dttj 

9^2 9^ 9j;2 0j^2 

0^:^ 0^2 "^9 ^2 9^2 


dxi 

dxx 

dtx 

,dVi 

'*'dx^ 

9.r2 
dt\ ’ 

dj^t 

dxj 

dxi 

dts, 

, 9j^, 
^'dx. 

9 a; 2 
9(2 

9^2 
9 a; 1 

dxx 

0 tL 

, dVti 
'^dx^ 

9^2 

dtx' 

dv2 

dXx 

dx, 

dti 

. 9j;2 

9 a; 2 
9(2 

[ 9Fi 
9A;a 

9:^2 

dtx 

,dyi 

"^dx. 

dXa 

diT ' 

?.^i 

0^:3 

9^8 

9^2 

"^dXa 

9 a; B 
9(2 

9ji2 

dxg 

, 9j’2 

dXa 

01»2 

9a; 2 

, dV^ 

dx-^ 

9a;2 

dtx 

'^dx^ 

9r, ’ 

0^:3 

9t2 

dXa 

9(2 

dy^ 

dXx 

,dyi 

dXa 

9_J^i 

dXx 

, 0 .Vi 

9a;b 

dXx 

dtx 

'^dx^ 

dtx ' 

dxj 

9(2 

'^dXa 

0^2 


dx^ 

, 9v, 

dXa 


9a;i 

, dVz 

0£3 

9a;i 

dtx 

■^9a;» 

dtx ’ 

dXx 

9(2 

dx^ 

9^2 


9 j^i pyi 
dxx dxs 

9 >^2 a 

dxx dx2 

dj^i dj^x 
i dxi dxs 

I dy-j 
I dxi dxa 


9 a; 1 

9 a; 3 

+ 

dvx 0 .Vi 


0.^3 0^:3 i 

CD 

di~ 


0^:3 9^:3 


9(i 9(i 

9 a; 1 

9 a; a 


0 J^a dVv. 


9a; 2 9a;b | 

9(a 

9(2 


9,^3 9a:3 I 

9^ ^ i 


.d^x dxa 
'^dXa dt.^ 

dy,j 0 ^ 
‘*’ 0 -^:, dt.^ 


dxx dXg 
dtx dtx 
dXx dxa 
dtfi dt^ 



HOMOGENEOUS FUNCTIONS 


65 



dyi_ dy^ 


dx^ 9a: 3 t 


dXi dxa 


9ti dt^ 


9ya ^2 


dx^ dx^ 


dX] dXe 


dti 9^a 


dx dxtf 
d}^ 9ve 
d X 2 9^3 


dx ^ dx g 

9 -r _3 dx.y 
9 Ci dta 


9^1 9yi 


9-^1 0^1 

dxi dxs 


at. 

dy^ 9^2 


9 x 3 ax. 

dxj^ dxs 


ati at. 


yJ ^ 2 ) , 9(3^, 3^a) ^ 9(A:fl, a:.,) 

9(a:i, atm) ' 9 ii, tjs) "^9 (a: 2, AT:,) ‘ 9(«i, 

y j d(x i, Xg ) 

9(^i» ^ 3 ) ’ 9f«i. ^a> ' 

Ex. 9. If f = f(x, y, z)* g = ff(x, y, z) are differential 
functions of x, y, z and x = x(p, q), y = y(p, q), z = z(p, q) are 
differential functions of p, q, then prove that 

9 (f. g) ^9(f, g) d x, y) . 9(f, g) 9(y, z) 9rf, g) 9(z, x) 
9(p, q; 9 X, y) ‘ 9 p, q;’*~9(y, z) 9(p, qj'^9(z, x) * 0(p, q) 


where 


^ 7 -’ stands for 

9(P, 9 ) 


f'jfSu fffSn 


We have 

9 (p, q) 


fp fn I 
gp g<i I 


(C. H. 2969) 


fxXj,-\-fyyp + fzZn 
gxXp + gi,y„ + gzZi, 


fxXfi^^fyya + fzZq 

gxXq+gyya+gzZq 


f »Xp-\~fyyp, 
gxXp + gyVj) 


fxXQ~\-fyya 

gxXq’^ gvVa 


f f zZp, 

gpyp'^" gzZp 
f xXp-\‘ f zZpy 
gxXp~\“ gzZp, 


fvVa'^ f zZq 

gyVa + gzZq 
fxXa + fzZa 
gxXq-^ gzZa 


fx 

f« 1 

1 «p J'p i+ 

fv 

f- 

1 yp 

f 

gx 

gv 1 

1 Xa ya ‘ 

gy 


1 1 


z« 1 




+1 

f. 

f. 






1 

g> 



z« 


5 
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Xp 




yp 

Vq 

yp 

J'a' 1 


1 

Zp 



1 

U\ 

Zp Zf 

1 

Sx i ^ 

Xp Xq 


= 1 fse fv 
Sx Jiv 


g) y ) d(f^ g ) d(v, z) 9(f, Pi) 9 (z, x) 

9(;c, j;)'9(p, q)"^ d(v-> 2 )‘ 9 (p, q) ‘^d(z, xyd(p, q)' 

Ex. 10. If Pdx4"Qdy + Rdz can be made a perfect differ- 
ential of some function of x, y, z, on multiplication by a 
factor then 

(C. H. 1949, 64) 

Let u = f (a;, y<t z) so that 

I^(JPdx~{"Qdy-\‘Rdz =du *•* ••• ( 1 ) 

Then K must be some function of x, y, z. 

But, since m is a function of x, y, z, we can write 


du^^^dx+pdv+^dz 

ax ay az 
Comparing (1) and (2) we get 
du 


dx 


= KP, 


|^=kq. 

dy 


du 

9z 


-KJR, 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


Differentiating (3) w. r. to y and (4) w. r. to x. 


and 


9*m pr dP I jp dK 

dydx dy dy 

. q?K 

dxdy dx dx* 
Assuming 

9^:0;; 0:i;9a: 

t^ 9P , p 0K iy9Q I Q 
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or. 


aJ ^dx i 


0^ 

^ dy dx/ ^ dx “ dy' 

Similarly, differentiating (4) w. r to z and (5) w. r. to y 


( 6 ) 


K 




(7) 


dy ^dz- 

Also differentiating (3) w. r. to z and (5) w. r.to x 

\ ~dx dzi dz dx‘ 

Now multiplying (6) by J?, (7) by P and (8) by Q and 
adding the result follows. 


( 8 ) 


Exerelse 3 


1. If' u - tan 




show that 


as •'ajr 4 


sin 2u. 


‘2. If V=f( 2 ) whoro « is a homogeneous function in x, y of degree ?i, tin n 
show that 


xVx + yVy — . 


3. Given fiix, y)^0 and/, (x, z)=0, 

show that 

dfj dy 9 / 5 ^ 1 , 

ax' 9x/ d2 

4. If V, t)=Ot show that 

[§] - [gi © , — • 

V const. t const. v const. 


5. Let 2 — fix, y) where x=e«+e'"“ 
and 

show that ^ 

au dv dx dy 

6. It u=fixt y, e) possess oontinnoos partial derivatiyes*, and if each of 
X, p, s is a function of t, then prove that, 
du_du dx . du dp , du dz 
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7, 


8 . 


9. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


17 . 


F is a homogeneous function in «, y, z and t of order n ; proye that 
tsF* +yVyhzVg+tVt== nF. 

If M— /(as* 4 - 23 / 0 , 3 /* 4-20®), prove that ^C. H. 1947) 

(»• - **)—+(*• - »*)?—+(*’ - = 0. 

d® op dz 

If ey 0 =log^w, prove that 

uxvz = (14- Sxys 4- ®* 3 /* 0 * 

Given F=log (®* 4-3/*4-0* — 3®y0) 


show that 


d'V 

d'x^ 


. a*F . - 3 

ay* dz^ ' {x+y-^zy 


If M=/(n®* 4-2 /i® 2/4-5?/’). ^• = ^(a®* 4-27jx2/4-?jy*), 


show that 


By 


y\ dxj a®V By/ 


(C. H. 1934) 


Let e=®(f, Vf t), P=-($» v< n are 

differential function of $, ij, t and f*), V^Vl^g ^*) 

and r=r(^i, fa) are differential function of and 
Provo that 

a(g. y) _ ae®. v) a(^ t?) 3(®, y) aiv, n d(x, y) a^r. e) 

3(^1. 3(s, ^)' a;i/, o’ a(f,. a(f, $)* a(^,f,) 


Find a function f{x,y) which is a function of ®* 4-y* and is also a 
product of the form ^(®). 'p(y). (G. H. 1962) 

If F be a homogeneous function of a?, y, z of degree n and %f^ 

log u+^n + 1) log (®*4-3/*4-0*)=O, 


then show that 



If X=r cos 3, Y~r sin d, prove th%t 


B\x,y) 

d{r. e) ■ 

Find differential coefficient of y with respect to ® from the relation 

(0- H- 19«) 

If »*==i?id, y*=^wu, z*=uv, and /(®, y, 0 ) = 0 (m, v, «>) 
then show that 


9a dy 8* 8“ 8» 8«> 


(llaths Tripoa 1938) 
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18. 


If tho indcpoDi^ont vaviAbles are changed from i/, v to x, y and then to 
JO, 7, prove that 


du du 


dx dx 


' du du 

dx dy 


dp dg 


dp dg 

dj^ dv 


dy dy 


dv dv 

dx dy 1 


dg 


dp dg 


19. If u -/i (a: + hy) +/* (a: - hy), prove that 
dy'*^ ' 0x*' 


20 . Given u - (* + ?/}{! + 

/d^u __ d^u \ 

va®’ affa®y“'\aj/*' ax ay/ 


21. ‘If /(aj, y, z)=^0, show that 

dx dxwz * dy dipdz 

il. Let X"«+2i^‘ aud y “ irht 

gV gV 

and V arc both functions of x and y. 
Show that 

dy d£ 



CHAPTER IV 

CHANGE OF VARIABLES 


4.1. Choice of Independent Variables. 

If the variables x, y, r, 0 are connected by the two rela- 
tions of the type 

x = r cos 0 and sin 0 

then any one of the variables may be expressed in terms of 
two of the remaining three. Thus we can express x in 
terms of (r, 0), (r, y) or (0, y). 

dr 

Suppose we are to find from these relations. If x is 

expressed in terms of 0, y L e., when x==y cos 0 we can not 

find since the independent variable r is absent in the 

equation. If x is expressed in terms of r, d i.e., x = r cos 0, 
dx 

then we can find when 0 remains constant. Again if x 
dr 

be expressed in terms of r, y i.e., x= we can find 

^ when y remains constant. So there is no reason to 

3r 

dx 

believe that the value of ^ when 0 remains constant will be 
/ dr 

equal to the value of ^ when y remains constant, 
or 


Let us now write the partial derivatives of .r w. r. to r 
when 0 and y remains constant by the notations and 

I drh 

Here, it can be easily shown that 




CHANGE OF VARIABLES 


71 


From x=r cos fl we get 

Also from x— 



^ = sec B 

X 


Thus form (1) and (2) 


( 1 ) 

( 2 ) 


4.2. If y be a function of x only we can always change the 
independent variable x by the relation 

But such a change js not possible if j; be a function of 
several variables. For consider relations x = r cos B and 
sin 0 

Then r= and 0 = tan"^(^| 

Now from x = r cos 6 

And from r= •Jx^-^y’^ 

■■■ [It'-VEL- • ® 

Again from .r = r cos 0 

[1^1 = - r sin 0 

LaoJr 

And from e = tan"^|^| 

y 

(■901 _ x’‘ _ y y sin^ 

U:*];' r*"” r 



CHAPTER IV 

CHANGE OF VARIABLES 


4.1. Choice of Independent Variables. 

If the variables x, y, r, 0 are connected by the two rela- 
tions of the type 

x=r cos 0 and y^r sin 0 

then any one of the variables may be expressed in terms of 
two of the remaining three. Thus we can express x in 
terms of (r, 0), (r, y) or (0, y). 

dr 

Suppose we are to find ^ from these relations. If x is 
ox 

expressed in terms of y i. e., when x=^y cos 0 we can not 
find since the independent variable r is absent in the 
equation. If x is expressed in terms of r, d i.e., x = r cos 0^ 
then we can find ~ when 0 remains constant. Again if x 

be expressed in terms of r, y i.e., x— we can find 

dx. 

— when y remains constant. So there is no reason to 
dx 

believe that the value of - - when 0 remains constant will be 


equal to the value of ^ when y remains constant. 

Let us now write the partial derivatives of x w. r. to r 
when d and y remains constant by the notations and 

I drh 

Here, it can be easily shown that 
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From x=r cos a wc get 

Also from 



- = sec a 

X 


Thusforin(l)aiKi(2)[f]^^[^]^. 


( 1 ) 

( 2 ) 


4.2. If y be a function of x only we can always change the 
independent variable x by the relation 

dx / dy 

But such a change^ is not possible if y be a function of 
several variables. For consider relations x = r cos 6 and 
y=^r sin 0 


Then r= and 0=tan-^(^) 

Now from x = r cos 0 

And from r= 


[a- 


^x^+y"^ r 


Again from x^r cos 6 

[S]r= 


And from 0 


-“"-0 


y 



( 1 ) 


sin a 
r 
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dx 

In case (1) is the partial differentiation of a:, w. r. to r 

dr 

when 0 remains constant and ^ is the partial differentia- 

ox 

tion of r, w. r. to x when y remains constant, so there is no 
reason that L. H. 5. should be equal to the R. H. 5. Similar 
reasons for (2). 


Geometrical interpretaton for inequality 

Let P he a. point whose cartesian co-ordinates are (at, 3;) 
with respect to OX and OY as axes of co-ordinates. 

Let «r, 0) he its polar co- 
ordinates. 

Let PQ (==dx) be the 
increment of x when y 
remains constant. Then 
PQ is parallel to OX. 

Join OQ ard take a 
point R in OQ such that 
OJR = OP. Then OR = r 

and RQ ( = dr) is the increment of r corresponding to the 
increment PQ ( = dx) of x. 



dx 

dr" 


dr 






dx 


^PQ' 


Again let PS (=Sr) be the increment of 
dx _ dx 


r when ' 0 


remains constant. Then 


dr' 


T — T / - 


But RQj^PS 


••• 
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4.3. For a function of several variables, the Independent vari- 
ables can be changed to a second set of variables by 
proper substitution. This is illustrated in the follow- 
ing examples : 

Ex. 1. If V be a lunction of r alone where r® = x*+y®, 
show that 

a^_0fy^iav 

0x®'^9y^ 9r®“*"r0r 

Since v = f(r), ~ = f(r) 


Again since r is a function of x, y 
9v f, / v9r dv X 

9 a ; r'dr 


0 / dv\ _ _ 9 fy dv\ 

9a:^’“0a;\9a;/ 9A:lr dri 

r dr'^ *dx\rdri 
1 dv 


= - ^ -\-x. ' 
r ar 


X fl d.v\ 
' r dr\r ari 


by (1) 


_ I dv 1 dv.^ 

~ r dr^ rVr^ dr^ r dr^i 


1 

r dr 


dv 


~'P dr'^r* dr’ 


d^v 


Similarly, 


d^v__l dv_y^ 
dy^~r dr r^ dr'^ r^ 


dy 

dr^' 


d^v d^v 2 ^ 
’ dx^^ dy^"^ r jdr 

= 2^ 
r dr 


(x'^^y^) dv 
r^ dr 




1 dv d^ v 
rdr^dr^ 


1 dv dy 
"rdr'^dr’^' 


( 1 ) 


r 


ar 
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Bx. 2. If V- is a fnnctlon of r alone where p®=x®4-v*4-r® 
show that ' 


3 x***' 9 y*+az*“ 


d“v 2 ^ 
dr'+p dr 


Since r is a function of r alone 

^ dv dr X dv , ^ . 

Sx=drTx=r ~dr Ex. 1) 


A_ A 

r dr' 


™ 3 a :\ 9 a ;/ dr) 

==ldv djldv>. 

r dr dx\ r Ur/ 

X dll (h\ 

r dr r dr^r dr) 

— 1 , ^/1 1 dv\ 

r 'dr^r\r dr^ r^ "dr) 

dv d^v ^ dv 
rdr^r^ dr^^ r^ dr 


Similarly, J'* ^ 

9y® rdr^r^ dr’‘ r® dr 


And 


~ — i 1 


z^ d^v 


dv 

dr 


d^v 




d^v 
dz^ 


3 dv x’‘ +y’‘ + z ^ 

r dr r® 


cTr" ' r“ dr 


^ 3 dv d^v 1 dv p. 
r dr dr "^ r dr 


^dy 2 dv 
dr '^^ r dr 


Ex. 3. If X — r cos 0, y = r sin 0 and v is a function of 
y possessing partial derivations of the 2nd order 


prove that 


S®v 3 ®v 
ax*"*"^ 
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Sincci Xf y ate functions of (r» $), v is a function o£ 
(r, 0), So we write v » f (r, 0) 

• . ^0 

dx " dr Bx do dx 

__ dy X y_ 
dr * r d0'r^ 

dv. « dv sin 0 zix 

=T. ae- -r - 


2 2 1 2 
r =x'‘+y 


-S-=x/r 


o=taa-^\ aJ=-;.] 


^ = ^ 0 r , 01^ do 
dy dr * 0v 00 * 0>^ 

^dv V,dv X 
0r' r 00’ 


r.. « ^ dd _ X 1 

l* ® = 9;-r*J 


0t’ . - , dv cos 0 

= sin 0 + ^- . 

dr do r 


Squaring (1), (2) and adding 


/0vv" /ai;\=_/0i;\“ l/0i^i = 

y +ld -\drl +r“U) 


Now differentiating (1) w. r. to x 
Q’‘v_d\ dr ae 

9*1; 90 sin 0_ 9r sin O ' 9v cos 6 9 0 

“ 90* ■ 9* ■ r 9~r^ 36 ’ r 36 ' r 3x 

,3v s in 6 _9r 
'*'36 r* 9:r 
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__d^v ck sin 6 cos 6_i^dv sin® 6 , 

^ dddr ; 

.d^v sin 0 y _ d^v sin 0 cos 0 ,dv sin 0 cos 0 
00® r ‘ r* 0r.0a r 00’ “ r® 

.dv sin 0 cos 0 


d V /a 1 9 sm® d ^ 0®i; sin 0 cos 0 
dr 00® r drde r 

,0V sin® 0 , ^0v sin o cos o 
dr r ^00 r® 

0®v_0®v ^_, 0®v cos® 0 , 0®v cosO sin® 

oimilarlyj sm 0 + ;^2 — a h2— 

dp^ 0r® 00® r® 0r 00 r 

,0V cos® 0 ^0v cos 0 sin 0 

0r r ■ 00 " r® 

•' dx^^dy^ dr^^r'^ de'^'^r dr 


rH dr \ dr/ 30“ 
_ 1 f 0 ( 01^\ I 0®vl 
r“i 9rV 3r)‘^30“i 


Ex. 4. Let u = fx, y) be a function of two independent 
variables x, y where x = § cos <-V sin «c, y = g sin «<+^ 
«08 <. 


th«f 9“u . 0®u_0®u . 0®u 
Prove that . 

u = f(x, y) also x = f^{%, n), y — fa(^, »>) 

• ’• M=<#>(g, V) 

. 9m^0m ^ , 0u dy 

• * '9§“0a:’ 0y 0| 

du idu^^ 

= — cos ot+^ sm «t 
0:c 9y 

• dx,^ dy 
• • dri dx dfi'^dy ~d^ 

du, ^ du 
= — sin oC r-- + cos «t . 

dx dy 


(C. H. 1968) 
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Differentiating (1) w. r. to ^ 

[ = cos < 
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= cos -t 


(d^u dx, d^u ay\ 

’ 0^ dpdx * d^l 

, . / 9‘^m , 9^ dv\ 

\dxdv 9| 9.v^ 9^' 

= cos<{cos < 0+^'n<|;9“) 

+sm<(cos<|^^ + sin<|^“)- 

Similarly, differentiating (2) . r. to ’) 

■sin <(-sin<3-,+cos<^-g-J 

9“u 


9'^m 

9"^“’ 


(- 


4- JOS <1 — sin < 


9:r9> 


- +COS=< a| 


9v“ 


Adding (3) and (4) 


(3) 


(4) 


. 9> 

9a:“ 9y“ 95“ 9»)“ ‘ 

Ex. 5. If x+y=(u + v)®, x-y = (a-v)®, show that 

It being given that f(x, y) has continuous partial deriva- 
tives of the first two orders. 

We have x = u ^ and p — v^-\-3u^v 

dj^__df dx df ^ 

9m'~9a; ' 9m'^93; 9m 


Now 
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So we have the operator 


■■■ (“+->(l;+l;)-^'“+->‘(fe+8i) 

•nd (» - ») (£ - i J - 3(» — )• - 4) 

■■■ 

-3(,+ .){|; + |;){3(«-,)g^-«)) 

■■■ ts+s)*””'*""- 

Ex. 6. If u be a function of x, y having continuous 
partial derivatives up to the 2nd order and the variables 
X, y are changed to §, v by the transformation 

(x+y) = (f+’7)’‘, (x~y) = (f-»?)'‘ 

then prove that 

^''lar+aW- 

[ C. H. 1962 ] 
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Solving the given relations 

y=l[(S+nr - (§ - •»)“}. 

and = 




(1) 

and 

gp = -V§ + " + (1 - fl)"- • • 

• (2) 

So from (1) and (2) gp = 

(3) 

Also 



' and 

k. j 

g-J = 2Kf+'j)"“"+(f-’?)’-n 

1^ = +»?)“- ® - (g -»;)’• - ^} • • ■ 

(4) 

and 

1“^ = +»»)■- “ - (§ - • . . 

(5) 


So from (4) and (5) = u 

.. 

(6) 

Now 

9u 9u dx du dj> 

9g dx ’ di'^dy ' di 



and 

dti 9u 9a: 9 m 9j' 

9'J*“9:k * 9ii'^9v ' 9’J' 

9“m 9®M/9a:i® , 9 m 9“a: 9 ®m/9 

9f®“9a:n9g/ 9a: 9g®‘’‘9v®l9 

V\® . 9m 9®j; 
f/ 9j.'9g® 



9®m 9®M/9;cV“.9M9®.a: 9 ®m/9 

9ij®"9x®\9^ 9:e'9'<*'*'9j>®\"9' 

P\® . 9m9®j; 
W 9j) 9»J® 


• • 

9“m 9®m 9®Mf/9a:\* /9M“l. 

9§»“9li“"9;e®lV9g^ \9»»/ 


19 



using (3) and (6) 
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^{dju aM„, (i+»)" (g-»»)” 

\dx=‘~'dy’‘} ''(s+v)'\i-n) 

_/9“u d^u\ ^<i{x+y){x-y) 

’ A9I* 9»J“J ^ ^ ^19«* 9j»“J‘ 

Ex. 7. It xs>c cosh i cos q, y = c sinh g sin 1, show that 

[C. H. 1966 fold) 

Since x = c cosh f cos V, y = c sinh § sin v 


^ = c sinh f cos 

xjo- Bx 

8;c ag“^ayaf 


cosh S.sin 
of 


uU 

= c sinh I cos -^+0 cosh f.sin ^ 


• • 


^=c cos -/^(sinh g .g)+c sin n |(cosh g.|) 

= c.cos V cosh § cos V sinh g 

ox 

id^u dx d^u 93;\ I ^ • ue 9 m 
^ .->l+c sin^»? sinhf ~ 
ydx'"' dg^dydx d^l dy 

- 1 -^ n c / 9 ®m dx , 0^M dy\ 

\a;va:>; as aj;® af/ 

ai/ 

=c cos coshS ^+c cos »? sinh ( 
ox 

(c sinh f.cos »». coshg sii 
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+c sin ^ sinh sf^+c sin cosh f (c sinh f cos n 
dx \ 


X ® c cosh g sin »?). 


dxdy^dy 

Again — c cosh f sin n and ^ = c sinh f cos 
au o'l 

• ?i!? I ^ 

= — c cosh f sin +c sinh s cos ^ 

a^: aj; 


(i> 


riiy 

= —c cosh b cos n^—c cosh ? . sin ^z 

a^:' 


( 


a®M gy 


) 


\aA:® aiz^a>;a;va»z 

-c ™l. ^ ,in nf+c »mh 5 c»,(^ |S+|;-?.|J) 

= — c cosh ^.cos cosh f sin ^ c cosh £ 

sin »z)+~-;^c' sinh i cos »Z 1 — c sinh 5 sin *Z 

( a^w 

“ (“ C COSh §.sin V) 
dxdy 

4-|^(c sinh g cos »z)| •• (2) 

Adding ( and (2) 

|p+|^-c*cos»U sinh*s|^“+c» cosh*f sin*** 

+c® sin®fl.cosh*^^^+c® sinh®^ cos®*? 
=c®cos®»J.sinh®5{0+|^} 

+c® sm®ii cosh'S^lp+l^} 


6 
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(g^2 + sinh®:; + sin®»/ cosh^l) 
(1^ ~ sin®»?)sinh®s=+siii'^»? cosh^ff 
= c'* + g^2jfsinh'^S + sin^»?(cosh'S-sinh^5)} 

"k £•+*“)«“>'' 2f -- 1)+<1 - eos Wl 


Ex. 8. If f(x, y, z) be a homogeneous function of x, y, z 
of degree n which satisfies Laplaces equation 


A"f = 


a^f a^f 
ax'^’^ay^ 



prove that A®(r“”*.f) =2m(2n + 2m“M)r^*'^“‘^.f where 


Since 


^“ = x’^+y^-f-z^ 

2 3 i 2 ■ 2 9^ ^ 

r =x +J. +z , ^=-, 


(C. H. 1962) 
dy^ dz^r’ 




dx dx 


—(r®"*. f) = 2»M(2m-2)r®”‘-® +2mr®”‘*“. f 

+ 2 mr*“-” 

= 2m(2m 2)r*”-*. ;cV+2»nr®”-“. f+4wr*™ ;»:f* 

+r *”*/»« 


( 1 ) 
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Similarly^ 

f) = 2m(2m-2y^"‘-*. yf+2mr^-^. f 
dy' 

+4mr*'" ^ yfu+r^^fvv • ”• (2) 

K.(r^‘'\ f)=2m{2m-2)y"~*. f 

+4»nr=’“- z/,+r““ • (3) 

Adding (1), (2) and (3) 

A=(r“”*. f) = 2m(2m-2y^’”-*(x‘+y’‘+znf+6mr’^”^-\ f 

+4mr^”^Hxf:c+yfv+zf,)+r‘”\f^x+fvi,+f»).*, 

= 2m(2m-2)r®’"-’‘. r®f+6»nr /+4m)'®’"~®. nf 

[.-. Sf**=P] 

= 2m(2w+2w+l>=”'-“. /. 


Ex. 9 . If Vn is a homogeneous functions of x, y, z of 
^degree u andr'^ = x'‘* + y^-l-z ®5 then 

y -(r”*i;,»)==m(m + 2 n + l)r”*"®. yn 4 -r'"V“. i^n where 




2 ;\a 

-h - + 

dx^ dy^ dz 




Deduce that if further i;,, satisfies the equationV^i^9»==0, 


!80 does r^ 


, Vn- 


(C. H. 1967) 


Since. r^ = A:‘"4■J;^+2^ 

dr _x ^ — V ?r = ^ 
dx dy r ^ dz r 

No. ^.o.+r-^" 


dvn 


= mxr”'-^. vn+r”.-^. 


H-nwcr”* +mr ^ +r g^a 
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=m(m — 2)x^r”*~* v„+mr’" ^v„+mxr”'~^ 

ox 

€1 ^ ii 




i^n+ + 2mxr”'^ " 


dv» 

dx 


+ r^ 


IjP- 

dx^ 


( 1 ) 


i \ 5^ / \ 

Similar expressions for j and 

,\ Adding we get 

=*m(m — 2)r^. i;n+3mr”*“®, Vn 

+ 2wir’'‘'^. nvn+r“V®v„ •.’ = V 

= m(nl-^2n + l)r”*'■^ + 

Deduction. If V^v« = 0. 
then W”>^J = 0 

if ?w(m+2w + l)r”*“®vn = 0. 

i.e.y if m+2n + l = 0 
i.e., if m=— 2n — 1. 

So for m= — 2n — 1, wc must have 
V\r^vn)=0 

Hence i/„)=«o. 


Exercise 4 

1. If x^a cos u cosh v, y=a sin u sinh v, prove that 

||^|=|o^cosfc 2 »-cob flu). 

2. If aj*=r cos y=^r sin 0 where r and B are fnnctioits of i alone, 
that 
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3. If F is a function of r alone, whore +aJa* + prove that 


d^V d^V 




a’F -i»r «-l dV 

dXn* dr‘^ r * dr 


4. It x — r cos 0, y = r sin prove that 

(i) ?!»+9*»=o 

'' 0x»+9!/* 

^ 0X* aj* “ riCax/ ^\dy* i 

5. If l^=/(a;, 3/) where = f cos < — ij sin < and y — ^ sin cos «c, then 
prove that 

Q^y d^v d^v d^v f^^vy 

dz^ ' dy‘^ dxdy~d^^ ‘0i?» \d^'dri/ ■ 


G. If K be a homogeneous function of x, y, s of degree n and if 
= + then prove that 

F— No- y^“^=o. 

. a.A dxJ^dyK dyJ^dzK dzj 

7. Let 0— 0(aj, 3/) where aj=e^ sec w, y=c'^ tan m, prove that 

\3//.9i; duj \dx^^ dy’^J dx.dy 

3. If ff*—4*{^>*y) whore x = c^ sec v, tan v, prove that 

(ax-(g)’%y(i;)’-— <S)‘i 

9. A function f{x, y) when expressed in terms of the now variables u, v 
defiuod by x = ^{u+v)t y’*~uv becomes g{u, v) ; prove that 


d'g I(av ■ gX av . 1 av 

)udv 4 tax’* ydxdy~^y dy^. 


(Cf. H, 1065) 


10. Let /> stands for the operator x^- +y^~- or, r^- in polar, prove 

dx dy dr 

+2/»|^ = D{7)-1K 
dz* 'dx.dy 01/® 

If further x~r cos 0, y~r sin 0 and r -e^ then deiluce that 



CHAPTER V 

EXPANSION OF FUNCTIONS 


5.1. Mean Value Theorem for a function of two variables* 
If f{x^ be a differentiable function of the two variables 
X and V defined in a certain domain R containing the points 
(c 7 . b) and + b + k) so that the line joining these two 
points lies wholly in R, then 

f(a + h, b-hk) = f(a, b) + Af + O/i, h + Ok) 

+ bfy(a-{-Oh, b + ek) 

where 0<0<1. 


Proof. Let x^a+ht^ so that 

fix, h+kt) 

= F(t), a composite function of a single variable f. 
Then applying Mean Value Theorem of a single variable 
to the function F(t) between 0 and t, we get 


Fit) - F(0) = tFXOt), 0<e<l, 

B.. 


( 1 ) 


/. from (1) 

F(t) — F^O) = t{hfxia + hot, b + bet) 

+kfy(a + het, b+ket)i 


Putting t = l 

F(l) — F(0)^ hfxici-\-Sh, b-^- dk)-\-bfyia-heh, b-\-ek) 

But Fil) = fia-\-h, b-bk) 
and F(0) = fia,b) 

Hence, we get 

f(ei+A, b+fe) = f(fl, b) -{‘hfxici-^ eh, b-^eb) 

“b kfyia “b eh, b + ek) 


where 0<6<1. 
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5.2. Taylor’s Theorem for a fanction of two variables. 

' If fix; y) possess continuous partial derivatives of nth 
order in any neighbourhood of a point («, h) and if + 
h'\-k) be any point of this neighbourhood, then there exists 
a positive number 0<1 such that 

f (a + /i, b + fe) = f{a b) + + k^j f(a. b) 

+, -(a ? +klYf{a+eh, b+ek} 

f n' OX oy' 

where O<0<1. 

Lemma. Let z = f(xt v) and x = a + ht, y=^b-^hty so that z 
is a composite function of a single variable t. 

• dz dz dx dz dy 
di'^dx dt dt‘ 



de^ do dtf 

Proceeding in this way, we can write 
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Proof of Taylor’s Theorem. 

We write f(xy y) — f(a-^ht, h-\-kt) = F(t) ••• (1) 

Now applying Maclaurin’s Theorem to the function F(t) 
of the single variable 

there exists a positive number 0<1 such that 

F(0 - F(0) + tF'(0) + F’Cl) + • • • + F*- »(0) 

[2 y n-l 

+ f-F"(0t). - (2) 

In 

or, for t=l, we get 

F(l) = FC0)+F'C0)+iF"(0)+ - + 1 F”-»(0) 

C I w — X 

+ 7^F"(fl) - (3) 

In 

Npw from (1) 

FO) = ffa+h,b+k) 

F(0) = f(a, b). 

Also from the lemma 

Por « = 0, we have 

••• 

F”(e) = f(a+$kt B+dk) 
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Putting these values in (3) we get 
f(a+h, b+k)=^f(a, b) + (h^+k^)f(a, b) 






+ f(a+0/i, b+Ofe) 

ay 


for O<0<1. 

Cor. 1. Replacing a and b hy x and v, the Taylor’s 
Formula may be written in the form 

f(x+h, y+h) = f(x, J' 




jfU, >>)+• 


dx 
• + 


nll(' 


dx dyl 


) H- 1 

f(x, v) 


j; + 9fe) where 0<0<1. 


This formula may be extended for any number of variables. 
Thus for three variables Xy y z we can write 
f(x+h, y+by z + l) = f(x, y, z) 


•+- 








f{x^ y, z) 


+ + f(x+eh, y’¥ek,z+OD where O<0<1. 


5*3. Maclaurin’s Theorem for a function of two variables. 

Let f(Xi 3 ;Vbe q functions of two independent variables 
X and y and let 

(t) (x, y) be a point in the neighbourhood of (0, 0) 

(a) f(xy y) has derivatives up to (n -- l)th order and all 
continuous in 0< 0<k^y 
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(Hi) f(xy y) is differentiable up to nth order in 
0<A<Ar, 0<k<y9 

then there exists a positive number 0<1 such that 

«*• ->-«<>. »)+(%+ "I, .)«»■ 

for 0<^<1, 

where ^nt^^ns after calculating partial 

derivatives of fix, y) its value taken by putting a: = 0, j; = 0. 

By Taylor’s Theorem of two variables, we know that if 
(i) f(xt y) has derivatives upto (n — l)th order and 
continuous in a^x*^a + h, h< y^b + k 

(ii) f(xf y) is differentiable up to the nth order in 
rt<A:<a + /i, b<y<b + kt 

then there exists a positive number 0<1 siich that 


f(a^h, b+b)^f(a, + + 




12 ' 

0<o<l. 

Putting €j = b.= 0, and changing h, k hy x and y the above 
Taylor’s statement reduces to Maclaurin’s statement and 
the expansion becomes 

•■•+ i4i(4+4) 

0<e<l. 
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Note. The Maclaurin^s expansion can be put in the 
following convenient form 

f(x, y) = f(u, + f(u, v)+ 


where after differentiation m, v are to be replaced by 
(Q, 0) except in the last term, where w, v are to be replaced 
by Ox and O i’. 


Illustrative Examples : 

Ex. 1. If the partial derivatives tj, ty of a function 
f(x, y) exist and have the value zero at every point in its- 
domain, prove that f(x,» is a constant. (C. H. 1961) 

By Mean Value Theorem 

f(x + /i, f(x, v) = /ifj (x + 0 / 2 , + Ok) 

'hkfy(x+ek, ,v-hOk), 0<e<i 

= kfjS, V) + kfy^(,V) ... (1) 

where (f, is an intermediate point on the line joining the 
two points (x, y) and (x + h, y+k) in the domain. 

But by the given condition fa;(S, »i)=0, »?) = 0 for 

every point in the domain. 

from (1) f(x'}-h, y + k) — f(x, v) — 0 in the domain 
y) is constant in the domain. 

Ex. 2. Prove that 

sin X sin y = xy-^{(x® +3xy®) cos Ox sin Oy 

+(y® + Sxy^) sin Ox cos 6?y} for 0<^?<1. 

Let f(x, y) = sin x sin then f(0, 0) = 0. 

= x sin V cos u-by sin u cos v 
=0 for u=v = 0. 
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i(-s 
12V 


If 9® 

9® '1 

'+j;*g^(sin M sin v)^ 

= ^{ - a:® sin m sin v + 2xy cos u cos v - v^ sin u sin v] 


= x'j; for u = v='0 

= g|A:*^^ 3 (sin u sin v ^ 

9® 9^ 

+ 3a:j;®^~ ^aCsin u sin v) + y^~^{sin u sin v) 

— — a;® cos u sin v - 3x^y sin u cos v 

o 

— 3xy^ cos u sin v — sin u cos v] 

= — ^K-^* + 3-^^^) cos 6x sin 
o 

+ + 3a:®j;) sin Ox cos Oy] for u^OXy v = Oy. 

TJow putting in the Maclaurin’s Theorem, we get 

-sin X sin 3 ; = a: 3 ^ — + 3a:j;**) cos Ox sin Oy 

o 

+ (y^ -^-Sx^y) sin Ox c6s 0 y} 
where O<0<1 

Ex. 3. Show that 

e^* sin by = by4 abxy 


+e®^^}a®x® - 3ab®xy®) sin b0y 
+ (3a®bx®y-b®y®) cos b0y}, O<0<1 (C. H. 1964) 

luct f{x^ sin l>y, then f(u, i;)=e““ sin hv 

f(0,0) = 0. 
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= xae^^^ sin bv-^yhe^^ cos bv 
= by for M = r = 0, 

1/0 av"" 

L2r^+^g;) «"“s«nb»' 

-|{*'£""‘ *■'+2 > i » 

+ sin fcj/J 

= sin bv + 2xyabe^'^ cos bv — y^b'^e^^ sin hv) 

= abxy for u^v==0, 

i|(* 8 L+^a’)’*'" 

-l{‘’&<‘"‘ ■“ ‘rf +3*')- J-a.''" 

+ 3A;:p^g^^(e““ sin sin bv)^ 

= sin + cos bv 

— Sxy^ah^e^^ sin bv — y^h^e^^ cos bv\ 
-=\e^'^^{a^x^-3ah^xy^)sm bv-^-i^a^hx^y-h^y^) cos bv} 

D 

= sin feaj;+(3«^l)j;^j; — cos bOy}. 

o 

putting M = 0 a; and v = 0y 

Now putting in the Maclaurin’s Theorem we get the 
result. 

I Exercise 5 

1. If the partial derivatives /«. /v of the function /(x, ;/) are continuous - 
• in B, prove that 

f{x+h, y+h)-f(x, ») = */»(?, i 7 ) + ^/w(€. v) 
where 17) is a point in the line joining (x, y) and {x+h, y-^k), 

(O. H. iP0i)‘ 
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2. Prove tliat for Q<0<1 

’.x+h, w+ 7 .-)=/(a, y) 

+, T*? y+»i). 

L L aajir dT/j 

Also stafco liho conditiou» under which the above expansion is \aliil. 

8,. If f'X^ y)=f{a-\-ht, h-\-}:t) — F{l) where a, ft, 7i, Zs:; are constant''., sliow 
that for 

6 + ffA.). 

i. It 2 =f{x%y) and x=a-\-ht, y^h-\~kt where b, 7i, /c are constants, 
show that 


4T-=rex^^ 


dx dyjs 




Show that for 0<^<1 

(i<iv ^.Qg by = l+ax+r-^{a^x‘^ 

U 

.aOx 

+ 2 {(a^x*-3ab^xyV cos b9y-(3a^bx*y-b*y*) sin b0y} 
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'6.1. Extreme value of a function of two variables. 

If f (a, h) be a maximum or minimum value of fixy y) at 
(a, b), then f(a, b) is said to be an extreme value of the func- 
tion f{x, y). 

If there exist some neighbourhood of (a, h) such that for 
every point (tzH-b, h+k) of this neighbourhood 
f(ay h)>f{a+hy b + b) 

then f(ay h) is said to be a maximum value of f(xy y) 
at (ay b). 

If there exist some neighbourhood of (ay b) such that for 
every point b-l-I?) of this neighbourhood 

f(ay b)<f(a+hy b+k) 

then f(a, b) is said to be minimum value of f(xy y) at (ay b). 

6.2. The necessary conditions for f(a, b) to be an extreme 
value of f(x, y) are that 

fa:(a, b) = 0, ft/(a. b) = 0 

Suppose f(ay b) is an extreme value of the function 
f(xy y) at (a, b). 

Then f(ay b) is also an extreme value of the function 
f(xy b) zt x = a 

But f(xy b) being a function of a single variable Xy the 
necessary condition for its extreme value is fx(xy b) = 0 
at x^ a 

• • f ja(^i b) = 0« 

Similarly, fv(ay b) = 0. 

Note ; f(a, b) is said to be a stationary value of f(xy y) 
at (ay b) if at this'point 

fx{a, b) = 0, fu(a, b)-0 
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But these are the conditions of an extreme value. Thus 
every extreme value is a stationary value but the converse is 
not always true. 

6.3. Sufficient condition fur the extremum of a function 
f(x, y) at (a, b). 

If fx{a, b) = 0. fy{a, b) = 0 

and fx%a, b) = A, fxv(a, b) = B, b) = C 

then (1) f(at b) is a maximum value of f(;r, y) at (a, b} 
if AC-B®>Oand A<0. 

(2) f(a, b) is a minimum value of f(x^ y) at {a, b) 
if AC-B=>Oand A>0. 

(3) b) is neither a maximum nor a minimum 
value of f{xt y) at (a, b) if AC~ B®<0 

(4) the case is doubtful and needs further investi- 
gation if AC - B® = 0, 

Proof. By Taylor’s Theorem with remainder after three 
terms wc have 

f(a+k, b+k)=f(a, 

= f(a,b)+kfx{a,b)+kfy(a,b) 

+i{h^UHa, b)+2hbU(a. b)+k’<‘fy^a, b)} 

v)+3h'kf^‘^u. v)+3hk^f^y^u, v)} 

where u=a’\‘Bht v = b’^-6k, 

or, f(a+h, b+b)- fia, b) = hfx{a^ b)’^kfy(ay b) 

b)+2kkfxy{a, h)+feV/(«, b)}-hRn 

where Rn contains the terms of third degree in h and k which 
are very small. 



MAXIMA AND MINIMA 


97 


Now by the given conditions, since ^*(<3, W=0 and 
W = 0, we get 

f(a+K b+ki-f(a, b] = iCAh^'^2Bhh-^Ck^) + Rn ••• (1) 
Now for sufficiently small values of h and k the value of 
Rn can be made so small, that the sign of the R,H.S, of (!)• 
will be the same as that of 

Ah^+2Bhk-hCk\ 

So neglecting Rn in (1) we Write 

Ha+h, b+k)-f(a, b)=^(Ah’‘+2Bhk + Ck’‘) 

= ^(A’‘h’‘ + 2ABhb+ACk’‘} 

= 2 ^^^* + ^ 

••• ( 2 ) 

Case I. Let AC — B^>0, then neither A nor C is zero. 
So from (2) we get 


f(a+h.b + k,~na,b)==^^ 


Xa non zero positive 


quantity 


(3) 


[•. h^^O, fe^O.] 

So if besides AC — B^>0, we have A<0 then from (3) 
f(a + h, b-\~k) — f(a, b)<,0 
z.e., f(<3, b)>f(a~\’h, b + b). 

Hence b) is a maximum value. 

Again if besides AC — 5®>0 we have A >0 then from (3) 
f(a+h^ b-bk) — f(a, b)>0 
i.e,y f(ay b)<.f(a + ht b-bk) 

Hence, b) is a, minimum value. 

Case 11. Let AC-’B^<.0 and suppose At^O, then 

(AC-S®)fe“<0. 

Let (AC-'B^)k^=^ — < where «c is a positive quantity. 


7 
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Then from (3) 

f(a+k,b^k)-f(a,by- 




a positive or a negative 


quantity. 

So for any sign of A, the jR.H.5. may be positive or 
negative. 


t.e., fla+ht b+k) — f(a 9 b)>0 or <0 for the same sign 
of A. 


Hence, f(ay b) cannot be an extreme value. 

Similar is the proof if 0. 

Again if both A = 0 and C = 0 then from (1) 

neglecting Rn, fia+K b+k)-f(ay = J 2Bhk=^Bhk. 

h) assumes values with different 
signs and hence f(cz, h) is not an extreme value. 

Case III. Let AC — B^=0 and suppose A^O 
Then from (1) 

f(a+h, b+k)-f(a, b) =~(Ah’‘+2Bhk+Cb‘) + R„ 

=^{(Ah+Bky + (AC-B‘‘)k’‘}+Rn 
=^(Ah+Bky+R„ 


= R„ when Ah-hBk = 0. 


So the nature of the sign of /(a+b, b + k) — f(a, b) 
depends on -R„. The case is therefore doubtful. 

If A = 0 then from the condition AC — i3“ = 0 we get 
B = 0 

f(ci+b,b + fe)-f(€^,b)=iCfe"+i?« 

= JR„ if = 0 whether h is zero 
or not. 

This case therefore is also doubtful. 
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Illustrative Examples : 

Ex. 1. Find the minimum value of 

x^+y“+(x+y + ir ^C. H. 1966) 

Let f(xy v)=x^-\rp^ + (x + );-{‘iy 
Then fx = 2x-^2(x + y+D=^4x + 2y’\-2 
fv ~2 j;4*2(a:4-3;+1) = 2a: + 4j;4-2. 

For fx = 0 and fv = 0 we have 

4;»; + 2;;+2 = 0 
and 2 a;4*4v+2 = 0 

Solving these two equations x— — y= — 

So f(x, y) may have an extremum at >>= — x* 

Now A^fj,x-4y 

/? = fxv = 2 

C — f 1 / 1 / = 4 

•/ AC-B''-=16-4=^12>0 

and A>0, the function f(x,y) is minimum at “f)- 

The minimum value of f(x, v) 

=h 

Ex. 2. Find the maximum or minimum value of 
f(x, y) = x®4'xyH-y®+ax+by and determine whether the 
value you get is maximum or minimum. (C. H. 1964) 

Here fx = 2x+y-\-ay fy = x-h2y-{-h. 

For fx = 0 and fv = 0 we get 
2x-hy-\-a = 0 
x + 2y + b = 0 

/• Solving x=i[b- 2a)y y = i(a - 2b) 

Now A-=fax — 2y 

And 0^^yi/~2 
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Since, AC-S® = 4-l = 3>0andA>0, 

fix, y) is minimum at x=\(}>-2a), j>=J(a-26). 
The minimum value of fix, v) 

= iib-2ar+iib- 2«X« - 2fe ) + i(a - 2fc)" 

+^ib-2a)+^ia-2b) 

=i(-3b^~3a^+3ab) 

= liab-a^-b^). 

Ex. 3. Find all the maxima and minima of the function 
x*+y®~63(x + y) + t2xy. [ C. H 1968 ] 

Let f(x^ = —63x-63y‘^12xx. 

Then f^==3x^-63 + 12y 
f V = 3j; ® — 63 4- 12 a:. 
fx^O, fy^O give 

x^-^4y-2l = 0 
y^ + 4x-2i = 0. 

Substrating 2nd from the 1st 

(a:® ->;'*) + 4(y - = 0 

or, (x — yXx + y — 4)==0 

jt — j; = 0 or a:+;; — 4 = 0. 

So wc get two set of equations 

a;* 4-43; — 21 = 0 and A;®4-4y~21 = 0 
x-y = 0 x+y — 4 = 0 . 

Solving these two set of equations^awe get the following 
sets of points as root of fx = 0 and fw==0. 

(3, 3\ (-7, -7), (5, -1) and (-1, 5) 

Now A = fxx = 6a; j B = 12 j C = 6y. 

At i3, 3) we have A = 18, B = 12 and C = 18 
So that AC — =18^ — 12*>‘0 and A is positive. 

f(x 9 y) is minimum at (3, 3). 
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At (-7, -7) we have A= -42, B=12, C= -42 
So that AC — B* = 42® — 144'>0 and A is negative 
f(x,y) is maximum at (~7, —7), 

At (5, 1) we have A = 30, B = 12 and C == — 6 
So that AC — B^= —180 — 144 “negative 
f(x, y) has no extremum at (5,-1). 

At (-1, 5), A= -6, B“12 and C = 30 
So that AC — B^= — 180 — 144 “negative 
• *. f(Xi v) has no extremum at ( — 1, 5). 


Ex. 4. Show that u = x®y^(l - x — y)® defined in the 
region x^O, y>0, x+y< 1 attain its greatest at an interior 
point of the region and find this greatest value. 

M* = 2xy^ (1-x-yy- 6x^y^(l -x-y^ 

= 2xy^(l — x — y)^(l — 4x — 4y) 

Uy = 4x^y^(l — X - yy —6x^y^(i — x-‘y)'^ 

= 2x^y^(l -x-yy(2- 2x - 5v). 

/. Ma; = 0 and My==0 give 

x = 0, y = 0, ;r + v = l, 4x-h4y = l, 2A:+5y“2 


Solving these equati3ns we get the following set of points 
as solutions of ^* = 0 and fw = 0, (0, 0), (0, 1), (0, %), (1, 0), 
(i» 0), a, J), of which (J, J) is an intericr point of the given 
region. So we are to examine the point (J, for extremum. 

Now A^Uxx — 2y*(l — X - yy(l — 4x—y) 


— lQxy*‘{l - X — yy(i — 4 x - y) — 8 xy ^ (1 — X — yy 


1 

54x36 


at 



1 

3* 


u^v “ 8xy^(l -X- yy(l -4x-y) 

— 10 ^: 3 ;® (1 — X — 3;)*(1 — 4x — y) — 2xy*(l —•x — y)* 

““ 54^44 I)' 
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C = uvv'=6x‘y’‘(l-x — y)'‘(.2-2x — 5y) 
- \0x'‘y’‘(X -X- y)*(2 -2x- 5y) 

-10x^ym-x-y)‘ 


‘36X27 




« (I- 1 ) 


4 )-( 


2 \ 

54X144^ 


= positive i.c.,>0 and A is negative. 
f(x, y) is lEaximum at 

So that maximum m = i) L 

36 81\ 6 3/ 36x81> 


81x64' 


Ex. 6. Investigate the maximum and minimum of 
U = 2(x-y)*-x‘-y* 

leaving aside any doubtful case that may arise. 

U^ = 4(x-y)-4x‘‘ 

Uv=— 4(x — y) — 4y“. 

17* = 0 and £/|i=0 give 

(*— y)-*® = 0 ••• (1) and x-y+y®»0 (2> 

Substracting 1st equation from 2nd 
y®+a:* = 0 y,= —x. 

putting y= —X in (1) we get 2x — x^ = 0 

x = 0 or, ± y'2 and y=0 ors T J2. 

The points are (0, 0), ( J2, - V'2), (- ✓2, J2). 

Now A“>C/*« = 4 -12x* 

B-=t/,v=-4 

C=4-12y® 

At (0, 0) we have A =4, B= -4, C = 4 
So that AC — B*=16— 16=0, a doubtful case. 



MAXIMA AND MINIMA 


103^ 


At ( J2, — a/2) we have A — 4-24=— 20, 4 

C = 4 — 24=— 20, so that AC — B“ = 400— 16= positive and 
A is negative 

v) is maximum at ( V2, — J2) 

Similarly, fix, y) is maximum at (— J2, a/2). 


6.4. Constrained Maxima and Minima. 

1. To find the maximum or minimum value of f(x, y) 
subject to the additional condition <^(x, y) = 0. (C. H. 1964) 

Let u = f(x, y) and suppose u is a diflferential function in 
a given domain. 

Now, we have the constrained equation 

<f»{x,y) = 0 ••• '••• ••• (1> 

If then we can solve (1) for y. 

Suppose, solving ( 1) we get y = f/f(x). 

Then the original function is reduced to u^f{x^ 0) a 
function of x alone. 

Differentiating this w. r. to x 

du^df d^ 

dx dx dx ’ 

Now for an extremum ^ = 0 
dx 


or. 


a/ . af 

a^^a0 dx 

?i+?£. iJ’-o 


a^; ' a>^ ’ dx 
Again from 4>(xy y)==0 

W a^ 

dx^dydx^ 

Eliminating ^ from (2) and (3) we get 


( 2 ) 

( 3 ) 




or^ fx^v^*l*xfv — 0 
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or. 


d(x, y) 


(4) 


Equations (1) and (4) will now give the systems of values 
of Xf y for which f(x, y) may be a maximum or a minimum. 


2. to find the maximum or minimum value of f(x, y, z) 
subject to the additional condition (^(x, y, z) — 0. 

We have the constrained equation 

<Kxyy,z) = 0 ••• ••• ( 1 ) 

From (1) solving for z, suppose, we get 
z=^*P(x, y) 

The problem is then reduced to find the extreme value 

of f(xy y, i/f). 

We now write F(x, y) = f(xy y, ••• (2) 

The necessary condition for the extreme of (2) is that 
Fx and Fy must vanish separately. 


, df df 90 
•• dx'^dzdx 

(3) 

dy~^dz dy 

(4) 

Also from (1) we get 


0^ 0^ _ Q 

dx"^ dz'dx 

(5) 

dy’^dz'dy 

(6) 


Eliminating from {3) and (5) we get 
ax 
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fid/ 

Similarly, eliminating ^ from (4) and (6) we get 
ay 

d(y, z) 


( 8 ) 


Equations (1), (7) and (8) will now give a system of values 
of Xy y, z for which the given function is extremum. 

6.5. Lagranges method of finding stationary values of a 
function of several variables connected by one or more 
relations. [ C. H* 1948 ] 

Let u = f(xi, Xq,---x„) he a function of n variables Xi^ 
X 23 ’'’^nt connected by the m number of constrained 
equations 

f ^(Xxt X2y"'Xji) =0 ^ 
fniXjy X23'-‘Xn) =0 ( 


fm(Xi, X„ -X„)= 0 . ^ 

For an extremum du = 0y so from 
u — f{xi X 2 "’Xn) we get 


( 1 ) 


0.1 1 dx2 


^.^.Ldxn^O 
OXn 


( 2 ) 


Also from (1) 


^^^dxi ^^dx2~h ' 
ax^ dx2 


dxn 


+ ^^dx^+-+ ^dx,, = 0 

dXi 0^2 OXn 


(3) 


l^^dx^ + ^f^'^dx^ + • • • + ^t”dx„=0 

dxi dX2 dXn 

f 

Multiplying (2) by (1) and (3) by X^, X^y’-Xm respectively 
and adding we get 

P±dXx'hp2dX2 + *'’'hPrdXr’h '••’hPndXn^O ••• (4) 
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where 




it 




dfm 

dXr 


Since Aj, are arbitrary we can choose them in 

such a way that 

i’.=0.p. = 0 -P^^O - - (5) 

The equation (4) then becomes 

^ m-\-±dXtn+± "b P H \rPndxn — 0 ••• (6) 

Now by virtue of (2) and (3) there remains only n - m 
variables as independent. So the quantities dxmhi, dxm-k-z^’” 
dxn in (6) are all independent and their co-efRcient should 
vanish separately. 

Form (6) we 

Pm-k-x^^i 2 ‘-P/* ~ 0 '** (7)‘ 

Thus we get the relations (1), (5) and (7) giving m-hm 
+(« — m) i. e., m+n relations viz. fi=0, fa =0''*fwi==0 

Px^Oy JPa ~ 0* * *jPn ~ 0 

From these relations we get the m multipliers X^, 
and the values of Xx> Xgt ’Xn for which the given function 
is extremum. 


6.6. If ffx, y, z, w) has an extreme value at (f, *7, p) 

. subject to the subsidiary conditions 
«f(x, y, z, w) = 0, 0(x, y, z, w) = 0 

and if at that point^— 

3(z, w) 

then two numbers A and exist such that at the point 
(it it P) the equation 

f«: + X</»* + W* =0 

fv+A^y+^0y =0 
=0 

fw + A^^+ = 0 

and also the subsidiary' conditions are satisfied. 

Let u==f(xj y, z, w) 

For an extremum* du — 0 


( 1 ) 
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• Hdx+^dy + lUz-^^W = 0 

•' dx dy dz 9u/ 

Also from the subsidiary conditions, 

Hx, z^w) = 0 and ^(;r, z, m/) = 0 

Wc have 



l^dA: + g^dy + + g-^a w - 0 

(3) 

And 


(4) 

Multiplying (2) by (1), (3) by X and (4) by /« and adding 

WC get 

t 

(: 

K+'8i+''l;V^+(E+^a“+."KV”'-'’ ■ 

■• (5) 


Since X and are arbitrary, we can choose them in such 
a way that 

S + 1 ( 6 ) 


Solving the pair of equations in (6) wc get 

^ ^ 1 

w “ « ^lof z ^zf w “■ ^z^vi 

• 1 = ^ wf Z ^ 4 *wfz^ 4^zfw 

<t»z^w^^z4>fv* 4*z4*w-^z<kw 

This shows that the above choice of ^ is always^ 
possible provided: 

Now from (5) using (6) wc get 
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Since, the four variables at, j;, z, w arc connected by two 
-equations 

y^z.w =0 and >*, z, «;) = 0 


it is always possible to find any t o of them in terms of 
the remaining two. Then u can be regarded as the function 
of two independent variables x and y which can be made to 
vary independently of each other. Hence for an extremum 
the co-eflicient of dx and dy in (7) must vanish separately. 
Thus we get another two relations. 


And 








( 8 ) 


Hence for an extremum, equations (1), (6) and (8) deter- 
mine X, y, z, Wi k, 

Hence the theorem. 


Ex, 1. Find the maximum or minimum value of 
x’" . y” , z**. subject to the condition 

X y z 

Let u = x”‘y”s'‘ and + 

X y z 

Then by logarithimic differentiation of u 

-du = “ d.r + -dy 4- -dz = 0 
u X y z 

Also differentiating f 

df — — %dx — \dy — -gdz = 0 
X y z 

Thus, we get two equations 

= 0 ( 1 ) 

X y z 

and 

X y* z 


( 2 ) 
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Multiplying (1) and (2) by 1 and A respectively and adding, 
and then equating co-eflicients of dx^ dy and dz 


X a:“ y y 

or, m + -^ = 0. n+— = 0, p + “^ = 0 
X y z 

adding (w + n4-p)-+A|^+^+5j =0. 

or, (m+n+p) + A = 0 
/. (m + n + p). 

Hence from (3) = -^ = ^ = (m4- n+p) 

'•be 


a 

_i2(m + n4-p) 

j 

m 


= hj m-V n 'k’p) 
^ n ’ 


^ _ c(7?2 + n + jt?) 

Maximum or minimum value of u 


(3) 


(4) 


_a 

m 


(m + n+pr^’’^” 


5) 


Discrimlaatioii : Diflcrentiating ^ + -+^=1, taking 2 - 

X y z 

as a function of {x^ y) wc get 

a ^ c ^_Q . 

x^ z^ dx ' ‘ dx c X 

Now from u*=‘x^y'^z^ 

log u = m log AT-l-n log j;+p log z 

. 1 du ^ 

u Bx X z Bx 

__m V 

• 9 

X z cx 
_m paz 

X CAT® ■ 
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Differentiating again w. r. to x 

— ^ m .2paz_ pa dz 

uAdxl dx^ x^ '^ Vx^~ cx‘^ dx 


For maximum or minimum f^ = 0 

ox 


So, we get 

1 m , 2paz _ pa I _ az^ \ 

u dx^ x'^ cx^’ cin cxV 

= -tn.+?PJ^Irnc\ + .pf.lrn£Y 

x^ cx^\paf c X \pa1 
_ _ w , 2m , 




f-“>0 for 
Ox tn 


z 

X pa 


Hence u is minimum and minimum value of 


a^h^c 




Ex. 2. If u = x* + y® and if ax® + 2hxy + by® = l, find 
’the extreme, value of u. [ C. H. 1967 ] 

Here du <= 2xdx + 2ydy = 0 

Also from f = ax^-\‘2hxy~\-hy^—l 

df = 2ax dx + 2h{ydx + xdyy\- 2hydy = 0 
So we get two equations 

xdx-\~ydy = 0 ••• ( 1 ) 

and (ax’}-hy)dx + (by'\'kx)dy^0. • (2) 

Multiplying (2) by k and adding with (1) and then equa- 
-ting co-efficients of dx and dy we get 

x + X(ax^hy) = 0 ”• "v (3) 

y+X(}>.y^hx)^0. ••• ( 4 ) 
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Multiplying these t^o equations by x and respect- 
ively and adding 

X(ax^ ^) = 0 

or, uH-A = 0 

\= —u. 


from (3) and (4) we get for maximum or minimum 
X — u{ax -h hy) = 0 
y — u[by + hx) = 0 
or, (l — au)x — huy = 0 
and ^uhx + (l — hu)y = 0. 

• 

uh “1 — hw 

or, (h‘^ — ab)u'^ +(di-\-b)u — 1 — 0 


-(a-\-b)± V(a+b)^^4.(h^-ab) . ,, 

. . u— — ^ . . — - IS the extreme 

^\h cib) 

value of u. 


Ex. 3. If u^a^x^+b^y^ + c^z** where ^ + - + i=l find 

X y z 

the maximum or minimum value of u. [ C. H. 2964 ] 

and — 1 

X y z 

we get, du = 2a^ X dx’\-2b^y dy + 2c^z dz = 0 

and df=^ -^^dx — \dy — \dz = 0 
X y z 

Thus we get two equations 

a^x dx-\~b^y dv'Vc'^z dz — 0 •• (1) 

and \dx’\- \dy-]r\dz = 0 • •** (2) 

X y" z 

Multiplying (2) by A and adding with (1) and then equa- 
ting co-efficients of dx^ dy and dz we get 

b‘y+A=0, c»z+ i=0. - (3) 

X y z 
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Multiplying these equations by y, z respectively and 
adding 

+ b‘y’‘+ c“r*)+ +1 + ^) = 0 

or, w+;l=0 


So from (3) a^x — -^=0 


Similarly, h^y^ = u and 

c^z^ = u 

/. ax = by = cz=^k (suppose) 

fe fe 

k' 

• • * k* 

a b 

c 

Putting in - =1 

X y z 


J(^+b+c) = l 

k = a“\“h+c 

for maximum or minimum 


x>^-(a+h-\rc), z = ~(a + &+c). 

a 0 c 

And the maximum or minimum value of u 

= a» ’ + b* * + c* “ 

= (a+b+c)». - (4) 

Discrimination : 

DiflFerentiating -+-+-=1 with respect to x, taking z 
X y z 

as a function of a; and y 
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=~3-“(abc(a+6+c)} . 

>0 if ahcCa+h + cy^O. 

Thus if <2, h, c are all positive 

AC — JB®>0 and A>0 and hence u is minimum. The 
minimum value is given by (4). 

8 
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Ex. 4. Find the maximum value of f(x, y, z) = x”y^z^ 
subject to the condition x®-l-y® + z® = c®. (C. H. 1966) 

Let u — 

and = -c® 

then log m» 2 log x + 2 log >'+2 log z 

-du=^dx-\-^dy-h~dz^O 
u X y z 

and dfx = 2xdx + 2 j;d 3 ; + 2zdz = 0 

So we get two equations 

^ dx+-dy-b^ dz = 0 ••• ••• ( 1 ) 

X y z 

and xdx'{-ydy+zdz’=^0 ••• ••• (2) 

Multiplying (2) by X and adding with (1) and then 
equating coefficient of dx^ dy and dz, we have 

^ + l:»: = 0, ^- + }.y=0, ^ + A.t = 0. 

X y z 

Multiplying these equations by x, y, z respectively and 
adding 

l + l + l + l(A;®+y®+z’“) = 0 
or, 3+Ac®=0 

• ;l=^ 3 

' • : ^2 • 

So from i + we get “^—^ = 0 

X X c 

or, 3 a:“=c* or, x^=^c^, 

^Similarly, y^=z^ = 

The maximum or minimum value of u 
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Discrimination : 

u = x^v^(c^ — y^) = x^y^c^ — x*y^ — x^y* 

|^= 2 a : j ;* c * - 4 x‘‘y’ - 2 xy* 

Ox 


:. A = o-- 1 = 2 i.“c=- 12 a:%=- 2 v‘ 
Ox 


= 2.^c“.c“-12.ic» . ^c*-2.^c‘ 


73 = = — 8a;®v — 8.vv^ 

4 - 3 C^ - 8 a::v(a:® +.v^) 

-|c-. 


' = 2x’‘vc^-2x*y-4x^y’‘ 


.\ C = J^“ = 2 a:*c“- 2 a;*- 12 *>= 

= 2 ic*- 2 |c*- 12 |c* 

= -|c‘ 

Now, ■.• AC-B»=(-|c‘)(-|c*)-(-|c*)‘ 

64 8 16 , 

= 81 ^- 81 ^^ 

= f?c*>0 
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And A<0, f(x, V, z) is maximum and its maximum value 
• 

Ex. 5. Find the volume of the greatest rectangular 
parallelepiped inscribed in the ellipsoid whose equation is 

Let Volume P = (2x)(2y)(22:) = 8xj^z 

And f = + + 

a b c 

dP = S(yzdx + xzdy + xydz^ = 0 

df = Hdx+%dy+Hdz=^0 

Cl b c 

For stationary values, we have 

yz-h^ =r. 0 
a 


xZ"\-X^^^O 


+ =0 
c 


or, 3xyz'\-k = 0 


‘ — 3xyz *» “ 


3P 


Now yz= 


or, xyz= — 




or, 


P_^.x^ 

8 ~ 8 


nr 1 

^ = 3- 
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Similarly, = $ = y 

/. maximum or minimum value of 

ji^o ^ f Sabc 

x/3* 


Discrimination : 

V 

2/r 2z dj_ 
a^^c’‘dx~^ 


or. 


dz 

dx 


xc 

za^ 


Now from = Sxyz 

dx “ la'^ ) 


^ dz 


o ■- 

idx' 


:(“;:5-)| 


t_ x V z 1 

= — ve when = - =r - = — -. 

a b c 


Qabc 


Hence, volume is maximum and maximum volume — 


Ex. 6. Prove that of all rectangular parallelopiped of 
same volume, the cube has the least surface: 

If P be the volume and S he the surface of a parallele- 
piped of dimensions Xy y, z, then 

V = xyz and S^Zixy+yz-hzx),' 

. • , dS^2(y‘h z)dx d- 2(z + x)dy + 2(a: d- y)dz = 0 
dV = yzdx d- zxdy d- xydz = 0. 

For stationary points 
(>;d"z) + Aj»z = 0 
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( 2 +a;) + 1 za; = 0 


or. 3^^- 

z+x 

x-hy. 

yz 

zx ~ 

xy 

1 1 

1 . 1 

1 1 

or, +- = 

+- = 


z y 

X z 

y X 


X 


x = y = z. 
Now xyz = P 

x = y = z = P^ 


Again from xyz = Pt differentiating w. r. 
regarding z as a function of x and p 


yz-{'xy~^ = 0 
ox 



dz 

and a;z+a;j;^ =0 

dy 

Now from S=^2(xy-{-yz-{-zx) 


dz 

dy^ 


dx 


^2{y+yll+z+xl?) 


z 




to X and y 


= 2y^2y- •j-2z — 2x^ 

X X 





_4^_^ at x = y = z. 

X 

c- I , 0*5 . . 0*5 o 

SimUarly, ^-^=4 and ^ 3 -= 2 

Since, AC-B*=4x4-(2)* = 12>0 and A>0 
/, S is least when x=y = z. 
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Ex. 7. Find the maximum value of x”*y” if x+y=k, a 
constant, the quantities being all positive. 

Hence, show that 

except when a = b (C. H. 1965) 

V m + n / 

Let u = x^y^ and f — x-^y — k = 0 
Then log u = m log x-^n log y 

or, -du = ^dx+^dy = 0 
u X y 

and df = dx-\'dy = 0 

So we get two equations 

^dx + -dv=^0 
X y 


and dx-tdy — 0 
/. For stationary points 

^+^ = 0 and 


( 1 ) 


a: y 

Multiplying (1) by x and y respectively and adding 
m + n + X(x + j;) = 0 
or, m + n + Xk = 0 


TT /I \ ^ 

From (1) a:=- = 

X m+n 

n nk 
X~m+n 

Maximum or minimum value of u 




j 


'm+nl 

k 
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Discrimination. 


Differentiating x-{-}? = k, treating jp as a function of x 



dx 


-1 


Again from u = x^^y^y 

log u = m log x~\rn log y 

u dx^' X y dx’~ ^ y 


Differentiating again w. r. to-x 

_ 1 / 1 m n dv 

w*Va^; '^udx^’'~x^'^y^ dx 


x‘-y 


1 0*w /m . n \ 
[v for 


extreme points 


du_ 

dx 


, 0 .] 


:-d<o 


• • dx 

Hence u is maximum 


Deduction. 

Maximum value of ;r”*y* = m”V' 

or, Maximum value of (—) (-) = ( — y ) ^ ••• (1) 

If we put — = and ~ = b 
m n 

Then x = am and y = bn. and so < 2 m+few = ;c+ 3 ;*»fe 
from (1) we get 

maximum value of except when a = h 




MAXIMA AND MINIMA 


121 


Exercise 6 

1 . Show that the iiiaximum value of u — x*y‘^(l — x — y) is at x = i, j/= 5 . 

‘i. Prove that the minimum value of 7 A = a;?/ + c"/^- + ^ ) is :?c®. 

\x yj 

3. Show that x"y'* — bx^ — Sxy — Tiy^ is maximum at the origin. 

■1. Find the stationary points of tJio function 

X ^ + Sxy ‘^ - 15a; " - 15?/ - + 72x 

examining whether they arc jnaximiini or minimum. { D. H. 1052 ) 

5. Find the maximum value of co.s x. cos y. cos z, where x, ?/, z are the 
aJifilcs of a plane triangle. f Ans. 1/8 ] ( C. H. 1959 ) 

0. Show that //—sin x sin y sin (x + y) is maximum at x = y = vj^ and 
the maximum value of u is 3 ^3/8. 

7. Show that the jiiinimrirn value of x-; ?/ + s subject to iho condition 

a ^ ^ 

8 , Jjot w - X ■ + ?/■' -he ' subject to the condition ax ■+ 5;/ 4 - — p. Show that 
the minimum value of // is p "/(«" + 5 +c“). 

0 . If t/==x- + y-+z" where ax- -i by ' -i-cz-' — 1 show that the extreme 
values of u are the roots of the equation (1 — a?<)(l — 6 a)(l - eu) — 0 . 
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7'1. Double Integral. 

Let us consider a function f{x^ y>) which is bounded and 
defined in a region A on a plane. Let the region A be sub- 
divided into sub-regions Ai, Aar-'A^ in any manner, and 
let Wr he the area of the sub-region Ar. Let us now cons- 
truct the two sums S and s as follows 




WrMr 


S = 


where Mr and nir are the bounds of f(x, y) in Ar. 

If f(Xi y) is continuous in the region A, then S and s 
tend to the limit I as the area of the sub-regions Wr tends 
to zero, and in that case f(x, y) is said to possess a double 
integral over the field A and is denoted by 

J S 3 ^)^iA or, J* J fix, y) dx.dy. 


Hence I — Lt WrMr = 

^ j j f(^> dv- 

A 

7*2. Geometrical meaning of the double Integral. 

Suppose the double integral ^ J* fix, y)dx dy exists over 

A 

the field A. Let the region A be subdivided into sub- 
regions Ai, A 2 **‘*An in any manner and let Wr be the area 
of the sub-region Ar. Let us now construct a prism on wr as 
base and' with sides parallel to z-axis cut ofif an area Ar*" 


Lt^ 


Wr^Tlr 
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12^ 


or 


from the surface z = f(xty)» If I^r be the volume of thi& 
prism, we can write 


n « 

^^ Wrlflr < ^ I^y < ^^WrMr- 

1 "^1 1 

, Lt^ Wrnir < LtSPr ^ Lt iJu^yMy 

Since J f{x, y)dxdy exists 

A 

J' J' f(x, y)dxdy=^LtSwrmr = LtSwrMr 

A 

Hence J' f{xy y^dxdy = ^Vr ~ V 


where V is the volume of the space generated by a 
line parallel to the z axis and moving along the contour of 
the region A and bounded by the region A below and the 
surface z = f(xy y) above. 

7'3. Theorems on the Evolution of Double Integrals. 

I. If f(x, y) be a continuous function defined in the 
region A and having a double integral over the field A, then 

.V y 

J J f(x, y)dxdy = J"dxJ'f(x, y)dy 

R Vo 

when A is the rectangular region R. 

Proof. Let the rectangular region R where f{xy y) is 
continuous be bounded by the lines x = Xo 9 x = X and 
y^yo, y — Y V7here ' Xo, yo 9 ^9 Y are all constants. If the 
rectangle R be now divided into sub-rectangles Rn 

by drawing lines parallel to x and y axes, then a small 
rectangle Rik is formed bounded by the lines x = Xi^j_j 
x = Xi ; y = yk* 
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Let Wth be the area of the rectangle 2?*^, 

then Wik={xi- — (1) 

Let (ftfc, %k) be a point in Rtk and Mt/., are the 
iupper and lower bounds of f(xi y) in it. Then clearly 

nixkWtk ^ MilcWti: 

w M n ni n m 

or, 22 ^f(Str.; M,icW,k 

»=l A-=l «=i A=i A = l 

71 rn 71 m 

1=1 /<• = ! 4=1 7v=l 

7» w» 

^ ••• ( 2 ) 

* = i A = l 

But, since, the double integral exists 

n m n 7n 

f ff(^f y)dxdy^Lt ^ = Lt ^ ^ Alg-zi^tfe 

^ t=l •=! 7.=1 

Hence from (2) 

7i 7» 

ij »=i 1=1. 

71 tn 

=^‘2 ’J.OU. -X,. iXn-Vk-i) from (1)*"(3) 

tal fe=l 

Let Sr denotes the sum of all the rectangles between 
the lines x = Xi^x and x = Xi. Then 

5r=(Art- A:t^i)[f(gti. VtiXvi -yo)'i'f ^is)(v2'-yi)+'" 

•+ f (Stfr. ^UkXVfe ~ ,VA--i)+ ] 

Let ?ii = wt 3 = •• =§ifc = ^t-i(« constant quantity) then 

Sr=(Xi-'Xt-i)[f(Xi-M, ^tiXVi - yo) + f(Xi~i, + 

+ f{xi - 1 , %kXyk - 3^zc-i) H — • • • (4) 
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Let us now choose such a way that 

%iXVi '-Vo)~^f(Xt-x, ^z‘ 2 )(v-a-Vx)== 


= j' v)dy where Xt 3 is a constant. 


Then from (4) 

Y 

Sr~(xi Xi^^) ^ f{xt . x^)dv- 

Now considering all such sums of rectangles between 
the parallel lines x^Xi}^ {x^x^^ x = x^)^ (x = Xa, 

x = X;j)‘ - and adding v.e get the total area of the rectangles. 

Hence from (3) we get 

r 

J' j)cixdv = Lt^(xi-Xo'* J'f(x, , })dv+ 


(.r3 — Xt)J'f(x,, y)dy + —^ 


= Lt{{xt Xo)<h(xo) + (x2- Xi)<f>(x^)-{ — 

— i-(xt — Xi iW^,. i)+ •••}. 


^ putting <t>(x) = Jf(x, y)dy. J 

»o 

= Lt{d^<l>(Xo)’^^i^iXi)-\ \rK4(Xr)-\ { 

n 

r=o 

X 

= J <l*(x)dx in the limit as the greatest (fr->0 and 

*0 

assuming i>(x) is continuous in the interval. 
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X Y 

“o »o 

Note. The above result gives us a method of evoluting a 
double integral. Thus to e volute the double integral f(x, j;), 
f(x, j;) may be integrated first with respect to y between 
the limits and Y Z?eeping x constant, then the resulting 
•function which is a function of x alone may be integrated 
between the limits Xo and X. 

11. If f(x, y) be a continuous function defined in a region 
A and having a double integral over the field A, then 

r X 

f j f(x, y) dxdy = j iy ^ f(x, y) dx 

li y X 

*'o O 

where A is the rectangular region R. 

Proof. As in the last theorem, from (3) 


//«- y) dx cly ^ Lit Xi~i){yjc yk-~i) 


li 


• (3) 

Let Sr denote the sum of all the rectangles between the 
4ines y~y 7 c--± and y^^ykt then 

Let Vii = Vt 2 = (a constant quantity) then 

Sr = (yk~^yk-’i)[f(Sti, yk^i)(Xx’-Xo) + f(^i29 Vk-iX^J —xt) + 

— hfC^tk, yk-i)(xt--Xi^x) + '-] 

... (4) 

.Now choose Si 2 »" 'life ••'in such a way that 

Vk^iXxi-Xo)-hf(^i29 yk^iXXi-xJ-h - 


= jf(x 1 Vk^x) dxy where yh-x is a constant. 
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Then from (4) 


Sr = (vk-yk->i)J fix, yk-x)dx 


Now considering all such sums of rectangles between the 
parallel lines = (y=^Viy y==yA (v=i^ 2 . .v = 3 ' 3 )*’* 

and adding we get the total sum of rectangles t.e., 

'hic)(xi — Xi-x'(yii-yi,^i) 

• =!• fc=l 

Hence from (3) we get 

f f fix, v) dx dy 


X ^ X 

^L^(y,-Vo)f f(x,yo)dx+iys-yi) Jf(x,yi)dx 

Xo Xo 


•] 


= L«}(vj -yoH(yo)-i‘iy9-yi)fl>(yi )'\ — 

— h (>^fc — yjc^ 1 - 1 ) H — \ 

X 

putting f/>(y) = j fix, y)dx 

X 

o 

=^Lt {d^i»{yo) + ^'>i4^(yx)-\ ^^r^(yr)-\ — 

n 

= Lt^ d,<f>(y,) 
r = 0 
Y 

= j^i*(y)dy. assuming <f»(y) is continuous in the range 

considered and greatest of dr tending to zero, 

Y X 

^JdyffCx, y)dx 
Vo 
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Note. Th^ second method of evolution of a double 
integral is that we may first integrate f[x, y) with respect 
to X between the limits Xo and X and the resulting func- 
tion which is a function of y alone may then be integrated 
with respect to y between the limits yo and Y. 

Cor. From the above two theorems, it follows that 

X Y Y X 

JdxJ^fCxj y)dy=J^dyJ^f(x, y)dx over the field A, 

where f(xy y) is continuous in A and Xo, Voy X, Y are all 
constants. 

' 111. Let a function f(x, y) be continuous in a region A 

which is a plane surface bounded by x==Xo, x = X, y=‘/>i(x), 
y==<^ 2 (x) and that any line parallel to y-axis meets the 
bounding curves in two points only. If then <^ 2 (x) 

are continuous functions of x in (xo, X) and ^i(x)^^ 2 (x)» 
then 


f v)dxdy= 

A * 0 (x) 



Let R be the rectangular region ABCD bounded by 
x=^Xoy x — Xy y^yoy y=Y, Also, let A be the region entirely 
lying in R bounded by x=Xoy x^X, and 

Then clearly li- A+Ai-t-Aa. 
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Now consider a new function y) defined as 

(1) F{xy v) = 0 for any point in and A a 

(2) F(x, y)==‘f(x, y) for any point in A or on its con- 
tour. 

Then 

J J F(xt y)dxdy= ^ J' F(x, y)dxdy\- ^ J F(x, y)dxdy 
R . A 

+ JjF(x,y)dxdy. 

= f f f{x, y) dxdy, ••• (1) 

A 

Now the field of the L.H.S. being rectangular 

X Y 

j j F(x, y)dxdy = J" dxj F{xy y)dy 

R Xa TJo 

From (1) 

X Y 

Jdxf F(x, y)dy= ^ j fix, y)dx.dy — (2) 

Xo Vo A 

Y = 4>^{x) 

Now f F(x, y)dy = f F(xy y)dy+ J F'{xy y)dy 

Vo Vo 5i(®) 

Y 

j^^F{xy y)dy. 

= 0 + j;)dj;+0 

1 (®) 

^«(») 

“ y)dy 

^x(») 


9 
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Hence putting in (2) we get 

X ^.(®) 

f J f(x, y)dxdy^ J dxj fix, y)dy. 


A Xo ^i(®) 

Cor. Similarly, as in III. 

y i>2iv) 

j y)dxdy — Jdy ff(x, y)dx. 

A ?/o 

where A is region bounded by }; = yoi v==Y, 
and x = 4 > 2 (v) and /(^, y) being continuous in the region 
considered. 

IV. If a continuous function f(x, y), a< b, cs^: y d 
be of the form f(x, y) = ^(x)0(yX then 

b d 

f ff(^^ y)dxdy = J'<^x)dx.J^^(y)dy. 


( C. H. 1960, 63 ) 


As in theorem (I), from (3) 


f y)dxdy = Lt^ -.r, _,)(>.* 


= ^’Kitk)>/>(^ikKxi - „ - yi- i) 

7e = i 

- ( 1 ) 

Let Sr denotes the sum of all the rectangles between 
the lines = and x^^Xt, then 

S^ = (a;* - a:*- i)[<^»(f*i)0(7hi)(yi - yj +</>(fi2)^(»/t2)Cv2 " ;^i) 

— ‘ H- ^iSth)^(jith^yk “• y fc - 1) + • • • ] 

Let fii = ft 2 = • • • = (constant), 

Then Sr — (a:* — Xi-i)^(xt -i)[0(^ii)(j7i “~yo) 

+ 0(’?j2)(i 72 -yi)+ (1) 
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We can choose *?t 2 > such away that in the 

limit 

^){y^--yo )+ lO Cv 3 - 1 ) + • • • 

F 

;/o 

So from (1) 

F 

= (x, - .Vi- J 4iy)dy. 

’Jo 

Now considering all such sums of rectangles between 
the parallel lines {x = Xq^ 'x = Xr)i = x = Xs) etc. and 
adding we get the total area of the rectangles. 

So from (1) we get 

// f(.v, y)dxdy=- j'>l>(y)dy . [Z-fjC-Vi - A'o)^(Ar„) 

Jl 

+ (.Vjj -- h(.v, - Jj 

Y X 

= f >l’'>.y)dy. J'<f(x)dx 

Vo “o 

Hence, replacing Xq^ X, yo and Y by a, &, c and d 
respectively we get 

h 

f J J 4^MdxJ 4^(y)dy. 

7.4. Triple Integrals or Volume Integrals. 

Let us consider a function f ( a:, y<i z) which is bounded 
and defined in a three dimensional region V[a^x^b, 
c^y^d, e^2<f] 
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0 

Let the intervals (a, b), (c, d), (e, f) be divided into 
q, r parts respectively by the points 

X^y"‘fXi^1'i Xiy‘”Xp b 

c=ycy V2r'%Vz-i, ytr‘-Vn=d 
C Zq^ Z ly Z^y" ' yZt—1y Ziy'‘’Zl f 

and consider the zjitth volume denoted by Vijk where i 
varies from 1 to py j varies from 1 to ^ and k varies from 
1 to r respectively. 

Then Vijk = (xt - x^^^Xyj - yj .^)(zii - 

Let mtjic and be the lower and upper bound of 

f{xt yy z) in Vijk and construct the upper and lower sums 
S and s as, 

5=2 2 

t=^ A = 1. 

V flf r 

5 = 2 2 

t=x J=1 fc = l 

If {x, y, z) be any point in Vm, then evidently 
mijk<^f(x, y, z)^Miik 
or, mukVtjk^fix, y, z)Vt}k ^ MijkV.jk 

P Q r V Q r 

or, 2 2 2 

fax /c=:a t=:-L A = ^ 

g a r 

,aX fc = l 

g q r 

or, 5^ 2f(x,y.x)Viik^S 

fsx j-1 r“i 
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In the limit if S and s tend to the same limit, then 
f(x, y, z) is said to be integrablc over V and is usually 
written as 


f y, z)dxdydz. 


So we write 

a >• 

, yy z)dxdydz = ^^ f(xy y, z)Vijk- 

j=:L A = 1 

Also as in the case of double integral we can write 

/ fl b 

y yy z)dxdydz=^ J * dzj dyj f(x, y, z)dx 

y e c a 




a f h 



c r. <t 


tl b / 

= J dyJ f(x, y, z)dx J dz. 

c tl e 

i c., the order of integration may be interchanged in 
any mancr we like. 

7.5. Change of Variables by Jaeobians. 

Let the variables Xj^y x^y -Xn be functions of Mi, 

Then the jaeobians of these variables with respect to Wi, 
M 2 ,- - Un is the determinant 


dXj 

Qx 3 ^ 

. .BXn 

0Mi 

9mi 

0Mi 

0JCi 


. dXn 

8Ua 

0Us 

0Ua 

dxi 

Bx^. 

.BXn 

1 9«n 

Bu„ 

dUn 
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Xnr-'Xn) • 


This is shortly denoted by J or by 
Thus if x = f(ui, Ug) y = 4iuii u^) 
Then J=- ^'y\ = 


9(wi, M2, •■•«») 


dx 

33^ 

dui 

3m L 


^iL 

3M2 



Also if x = f(uiy Mg, U 3 ), 3 ; — Wg, W 3 ), z — ^f(uxy M 21 W 3 ) 


Then J 


0(Mj, Us, W 3 ) 


3a: 03; 0 £^ 

3w, 0Ui 9ui 

3a: 

3m2 0 Mg 3 ms 
3 a: 3za 

3m8 3^3 3m3 ] 

Suppose, wc now require to transform the double 

integral J" J f(x, y)dxdy to the variables u and v by the 

A 

substitution A; = f/>(M, v), y = ^{uy v). Then it can be shown 

f f y)dxdy = f f fWu, v), v)\ j | dudv. 

A A' \ ^ I 

where A' is the region of the transformed integral in the 
(w, r) plane corresponding to the region A in the {x, 3 ;) 
plane. 

Similarly, if x = f(^, ’J, 0, .v=^'xS» z = 0 

Then ^ ^ ^ z)dxdydz 

V 

% cms. n, 0V(I, V, 0} I I d^dvdC. 


where V' is the region of the transformed integral corres- 
ponding to the original region V, 
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Illustrative Examples : 

Ex. 1 . Evaluate the integral 
J" J'x^y'^dxdy on + 1. 

Here f(x,y) — x"y^. 

Let x = r cos 6, y = r sin 0, so that x^ + y^ = r" 
Now J' x^y^dxdx* on x^+y^^l 

= y' J" f (r cos 0, r sin 0) 


r^l 


=/j 


cos‘^ 0 . sin" 0 

r<l 


dx dx 
dr do 

dp ^p 
dr do 


drdo-. 


= //r‘(sin0cosO)» I 


/•<! 


sin 0 r cos 0 
= J" J r'^Csin 0 cos 0)®. rdrdO, 


drdO 


r^i 

1 27r 


=j r^drj (sin 0 cos 0)'^ do, 
0 0 
2‘Tr 

=1 • 

0 

2rr 

= ^^2 sin* 20 de 
0 

2w 

= ^ J" cos 40)<i0 
0 

2n 

_ IL sin 401 
■"48r 4~J"^’ 
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0 

Ex. 2. Evaluate J" J" x^y dxdy over the positive qua- 


X* V * 

drant of the ellipse - ^ +^2 = 1 
a D 


(C. H. 1971) 


Let x = aUy 3 ; = bv, then R is transformed into R' where 
R' is the circle = 

J' J x^ydxdy = J J a^u^bv^^-^dudv on it“ + v® = l 




du dv 
dj; dy 
du dv 


= a^bf fu^vf ^ ^ \dudv 

^ ^ I 0 b I 

— a^b^J^J'u^vdudv on u^ + v^ = ] 




[ Put M = r cos 0, v^r sin $ ] 
( dudu I 


r cos 0,r sin 0 


dr de 
dv dv 
fr Be 


\drdO on rs=l 


= a»6*r fr^sinecos^e cosfl-rsin« 
‘ sin 6 r cos 0 

=a^b^J sin B cos^O drdd 

1 ir/2 

= drj sin 0(1 - sin”0)d0 
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Ex. 3. Evaluate over the first 

B 

2 2 

quadrant of the ellipse ^+^ = 1. (C. H. 1963, 72) 

a b 

L,et x = aUi y = hvi so that the region R is transformed 
into R' where R' is the circle + = 

Then f on = l 


= / fa-u^-v^j 


du dv 
dy dp 
du dv 
a 0 
0 b 


dudv, on + = l 


\dudv 


-ab — u^ — v^)du dv 

[ Put M = r cos 0, i; = r sin 0 ] 
du du 


-»k//a-.') 


'drddf on r = l 


dr do 
^ d'v 
dr do 

=abf f (I ~ r») ® sin 0 U.do 

sin 0 r cos 0 I 

= abj^j‘ra-r’‘)drde 

1 Tf/a 

= abj'r(l — r’)dr J'dO 


^^f(r-rVdr 


xab 
8 • 
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Ex. 4. Evaluate f — ^*JL*dxdy, the area 

J '' a'‘b® + b*x* + a“y® 

of integ^ration being the positive quadrant of the ellipse 

P + = l (C. H. 1961, 68) 

Let a: = eiu, >» = bv SO that the new region becomes the 
circle + = 1. 


■ ffy§ 






dxdy 


-ff 

7 J V l + + 


du dv 

dy 9>> 
du dv 


du dv on M®'+r'^ = l 


-iU\ 


- U —v‘ 

i + ie^ + v' 


du dv 


a 0 

0 b 

[ Put M = r cos 0, v = r sin 0 ] 
du du 




dr do 

dv ^ 
dr de \ 


du do, on r = 1 


= ab //v/fe gr dr do, on r = 1 


*r/*2 


-ahf ■i./Vfe □r dr [On the positive quadrant] 

O O ^ 


•nl'l 

— C / l — sin z 
2,2J V i-i-sin z 


cos z dz putting r“ = sin z. 


ir/2 


— ^ j (1 — sin z)dz 


^ab, 


8 
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Ex. 5. Evaluate the integral ^ J \^4a° — x® -y ‘^ dx dy, 

taken over the upper half of the circle x® + y^ — 2ax=0. 

(C. H. 2966) 

Let :r = rcos0, .v = r sin 0, so that the new region 
becomes the circle r = ^a cos 0. 


^ ^ — dx dy 


"=// 


dx dx 
dr do~ 

dv dy 
dr do 


\dr do 


^ f /s/4a‘^— r'** r dr dOy on r = 2acos0 

w/2 2a cos 0 

do f v'4^"~r* r dr 


n/2 4rt* sin’*^ 

— ^ C fin C \/7 fl^ [ Putting 4a® -?•'“* = z 

- doj dz _2r dr=^dz. ] 


4a» 


7r/2 


0 4^* 


4a‘‘* sin®0 


7r/2 


= - ||J de.(8a° sin® e-8a^) 


a-sin®e)rf0=^"(3:r-4) 


»r/2 


Ex. 6. Evaluate the integral J J V'4x® — y® dx dy 

extended over the triangle formed by the straight lines 
x = l,y = x. (C.H. 2967,70) 
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Draw the triangle OAB formed by >=0, a: = 1 and 
so that OB=ry and Z.BOA=^6. Then r cos 6 = 1 


1 

.. r= 

cos 6 

Now putting x = r cos 6, >; = r sin 0 
// —y^ dx dy 

~ J' J' ^4r^ cos“ 6 — r^ sin“6 r dr dO on r 

7r/4 1/cos 6 

= J' J' V'4 cos® 6 — sin® 6 , dr d& 

O 0 


1 

cos 6* 



cos® 6 — sin® 6 


l/.'03 0 





Trji 

— 1 r v'4cos®0 — sin®0j« 
3 { “ cos”© 

= A/4--tan®6 sec®6 d6 

0 


1 

o 


putting tan 6 = z 


^l\z’J2^-z 
3l T~ 



|j.i(2»;3>/3). 


Ex. 7. 


Evaluate 


/// 


xyz dx dy dz, the volume of 


integration being the positive octant of the ellipsoid 
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Let x = au^ y = hv and z=^cw so that the transferred field 
of integration becomes the sphere + 

f f dxdy 


= abcfffuvu> 

dx dy ^ 

dv dv dif 

dx djf dz 

dw dw dw 

= .bcfffuvu. ^ 0 0 

^ ^ 0 h 0 

0 0 c 


du.dv dw 


du dv dw 


lit C 


/// 


uvw du dv dw. 


fj uv du dv ^ wdw 

o 

= ^ ^ J" J uv(X — u^ — v^)du dv 

= ^ ^ - — ^ ^sin 0 cos e(l — f°)r dr dd 


[ transferring to polar ] 


= J"sin 0 cos 6 dO J (r^ — t dr 


TTfA 

= ^a^b^c* Jsin e cos 6 dO 


= ia*6“c‘ f sin 2» de -ia“b»c*. 
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Ex. 8. Evaluate f f C 

J J J V'l-x»_y“_z3 

The field of integration being the pasitivti octant of the 
sphere x®+y®+z® = l. 

Let x = r sin 0 cos p = r sin 0 sin<f> and z = r cos 0. Then 
in the transformed field r varies from 0 to 1, 0 and </> varies 
from 0 to 


fff 

=fjf 

=/// 


dx dy dz 




vl-r^ 0(r, 0, <k) 


_1_ 

V'l-r" 


dx dy 
dr dr 


d_z 
dr 

I dy dz 

! do do do 

i dx dy dz 
' d<f> d<fi d^j 


dr do di> 


-Iff: 


sin e cos </», sin 6 sin </», cos 0 
r cos 0 cos r cos 6 sin —r sin 0 

— r sin 0 sin r sin 0 cos 0 


dr d0 d<f> 


-fff 

w/2 77/2 

= fdfl> Tsin 0 de f -4^^—.— - 
s J Vl-r*~ 8 


dr. 

de. 

d'f>. 


r_ s in 0 
Vl-r* 

r/2 


2 

'8 ' 


Ex. 9. Evaluate ///(s»+y‘=+z*)xyz dx dy dz taken 
tfaroushout the sphere x*H-y*-h2*^ 1. (C. H. 1964) 

Let x=rsin0cos^, y=rsinOsin^ and z=-r cos 9 so 
that in the transformed field r varies from 0 to 1. 0 and ♦ 
varies from 0 to 2jr. 
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J'(x^-hy^'hz^)xyz dx dy dz 

= sin^O cos®<^+r^ sin®0 sin®«^+r®cos 

Xr® sin'^O cos Q sin •#» cos ^\ dr.dQ.d<i> 

6>, «/>) 

= sin^O cos 0 sin </> cos sin 0 dr dO di>. 

1 27r 2ir 

— 0 do r sin cos */> d</>. 

o o 

2ff 

~0 ^sin®0 cos 0 d0 = 0» 


Exercise 7 


1. Evaluate J | rfa (Zt/. 


Tho region of integration being a^O, i/^0 and Ans. rr/OO, 


2. Evaluate { | 


J J (H-»»+2/»)» 

over a loop of tho leinniscate — (a* — 2^®; = 0 (C. H. 19G2) 

3. Porfrom the integration 


If"' 


(s/‘2trta + 6.v) — {a*-f^®» dx dy. 


taken over tho circle 


X* + y^ —2{ax + by) = 0m A ns. + 

4. Evaluate | J (H-a“ + ?y*j"-<ia tZi/, 

taken 'ovor.a triangle whose vertices are (0, 0). (2, 0) and (1, ^/ 3) 


Ana. tan“*- , 

2 2 

(0. H. 1962) 
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5. Evalnato 


(C. n. 19G2, 63) 


f f /96-^'rJy'dxdy 

J J V se+te’+dj* 

taken over the positive quad cant of the ellipse 

Aus. 

G. Evaluate J J (2a* — 2a« -2ay — dy, 

th;* region of integration being the circle 

a;* + 2/* + 2aajH-2a2/-2a*=0 (C. II. 19G2, 63) 

7. Evaluate J J (a!^ + ?/’) d^dy over the region enclosed by the 

triangle having the vertices (0, 0), (1, 0), (1, 1). (C. H. 1965) 

8. Evaluate HI z^dxdydz extended over the hemisphere a? * + ^* 

+ ^*<a*. Ans. j^ira. (0. H. 1964) 

9. Provo that HI = +7»*+n®) taken 

throughout the sphere a;*+^*+3* — 1. 

10. Evaluate f f f — extended over the sphere + 

J J J ®'*+|/* + (e-2)* 

<1. Ans. ir(2-^log3), 


+ ^*<a*. 
9. Provo that 



PART II 

APPLICATION OF ANALYSIS 
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CHAPTER Vra 

TANGENT AND NORMAL 


S.l. Equation to the tangent to a curve in cartesian form. 

Let y) be a point on the curve y = f(x) continuous 
at P and let Q{x-^dx^ V^^y) be a point on the curve very 
near to P. 


Then equation to the secant PQ is 



Now as the point Q on the curve tends to the 

point P and the secant QP in the limit, becomes the tangent 
at P. 

The equation to the tangent at P is 

=^(X — a:), provided the limit exists and finite. 

Hence, tangent to the curve y=f(x) at {x, y)^ not parallel 
to y axis, is 

( 1 ) 

If the equation to the curve be f(Xi y) = 0 

dy__^ 

dx ^ 


Then 
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The equation to the tangent at any point {x, y) on 
the curve f(x, y) = 0 becomes 

U 

Y-y^-^(X-x). 


or. 


dy 


( 2 ) 


Again, if f(x, y) he a rational algebraic function of x, y 
of degree n, then by multiplying each of its term by a 
suitable power of z, we can make f{x^ y) a homogeneous 
function of x, y^ z. Then by Euler’s Theorem 


or, 


dx dy dz 


So the equation (2) takes the form 
dx dy dx dy 
dz 


Hence, for the sake of symmetry, changing z by Z, the 
equation to the tangent becomes 

x|^+y|f+ z|^=o. (3j 

dx dy dz ^ 

where the symbols Z and z are to be put equal to 
unity after differentiation. 

In case, the curve be of the parametric form x = f{t), 
y—4{t\ then 

dy 

dx^fXty 

So. that equation to the tangent at the point t is, from (1), 

{x-mw{t)-{Y-mf\t)-^(k ... ( 4 ) 
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8.2. Equation to the Normal to a curve in cartesian form. 

Equation to the tangent to the curve y = f(x), not parallel 
to y axis, at any point (x, y) on the curve is 

Y ~y=^4^(X — x) where ~ denotes the slope of the 
ax ax 

tangent at (x, y). 

So the equation to the normal at (x, y) whose slope is 



dx 

or, (X->:)+ (F- j>) ^^=0. ••• (1) 


If the curve be of the form f{x, j') = 0, then since 

9f 

^ - 1^, the equation to the normal becomes 

dx df 

dy 

X-x Y-y ^2) 

If “ 

dx dy 

In case, the equation to the curve be of the parametric 
form x = f(t), y = <^(t) the equation to the normal, from (1), 
takes the form 

{X - m]f\tH{y-<^(t)mt)=o. 


Example : 

Ex. 1. Find the equation to the tangent at any point 
<x, y) of the earve -^+^=1 

Let y)=^+|p-l=0 




Let f(x, y, = 

df px^-\ 3if__ 

dx dy dz 

So the equation of the tangent is 

-Zpz'’-^=0 [See (3) Art. 8.1] 

Putting Z = z = l, we now get 

— — = 1 as the required equation of 
the tangent at (x, y). 

Ex. 2. Show that the straight line lx + my = n touches 

wP ► 

the curve ^+^ = 1 

if (al)*^/(P'-^> + (bm)P'^*'“^> = (n)P'<^-^>, p?^l. (C. H. 1969) 

The equation of the tangent to the curve at any point 
(x, y) is 

Xx^~^ y^p-i 

— + ^p - =1 where X, Y are the current 


co-ordinates. 
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By the given condition, co-ordinates is the same as 

Ix+my^^n where Xy y are the current co-ordinates. 
Equating co-efiicients of the current co-ordinates 


= and 


nx’’^ ^ , , ny'’^ ^ 


So that 

(a/)» '(»- + (hmY = n® + ^ =«»/(»- »> 

Ex. 3. Prove that all points of the curve 
y^ = 4a|x + a sin ^t which the tangent is parallel to 

the axis of x lie on a parabola. ( C. H. 1968 ) 

* . ‘ y^= ^J^x + a sin 




( 1 ) 


If the tangent is parallel to x axis, then ^ s 0 

ax 


From (1) l + cos-=0 
a 


or, cos — 1 = cos ^ 

a 

a 

For this value of x, the tangent is parallel to x axis and 
the given equation reduces to 

y^ = ^a\x'^a sin (2nx±x)} 

= 4aXy which is a parabola. 

Hence, the required locus is a parabola. 
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Ex. 4. Show that equation to the normal to the astroid • 
x®'®+y®/® = a®/® may be expressed in the form 
X sin cos <^+a cos 2<^=0. 


From the given equation, ^ — ^ = 

ox 3 Oj; 3 


dx dx! dy \xi 

=^Slope of the normal at a ny point (x, y) = 

from the form of the normal given, its slope = tan 
tan 

or, tan 

So, if we now solve for x and y the equations 

= ••• • • ( 1 ) 

and tan <^=0 ••• •• ( 2 ) 

we shall get the co-ordinates of the point on the curve at 
which the slope is tan </». 

To solve (1) and (2) 

tan®<^-|-j;®/®=c2®'® 
or, 3 ;®/® sec®<^=«®/® 
y = a cos®<^. 

So from (2) x=a sin®</>. 

Hence, the equation to the normal to the given curve at 
(a sin®«#>, a cos®<ife) is ^ 

y — a cos® <#>=tan (x — a sin® </>) 
or, y cos <l> — a cos^<l>^x sin <f»-a sin* <l» 
or, X sin — y cos <li^a(sin* <l> — cos* <l>). 

=a (sin® <^-cos® 4) 

= “ a cos 2 </». 

=^x sin 4^y cos 4~^ci cos 24^0 as the equation o^the 
normal. 
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8.3. Equation of the Tangent at the origin. 

If the equation to any curve passing through the origin 
be given (by a rational integral algebraic equation) in the 
form 

+ b 

••+/„>;•*) = 0 ••• ( 1 ) 

then the equation to the tangent at the origin is obtained 
by equating to zero, the terms of the lowest degree in the 
equation. 

Let P{x, j;) be any point on the curve very near to the 
origin 0. 

Then equation to the line OP is 

y=J!X ••• ••• ••• (2) 

X 

If the point P tends to the origin 0 i.e., when a:-> 0, 
then the equation (2) becomes a tangent at the origin. 

So, the equation to the tangent at 0, 

is Y = provided the limit exists and finite. (3) 

X 

Let the tangent at 0 be not the 3 ;-axis. Then 
Lt 

X“^0 ^ is finite = m (say) 

y-^O ^ 

Now dividing equation (1) by x 

+bi (^) + =0 

Proceeding to the fimit as x->0y we get, 

ai+bxtn^^O (4) 


or, m 


— provided 

Oi 
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Thus if 2>i ^ 0, then equation to the tangent at the origin 
is from (3), 

Y=mX=-?4X 

Oi 

i.e., + = 

i.e., = changing the current co-ordinates. 

Again, if fei =0, then from (4;, a^ = 0 
The equation (1) becomes 

-^bsX^y+CsX;}?^ + 

= 0 ; 

Dividing by x^ 



Proceeding to the limit as x-^O, y-»0 
aa-i"bam4-Cam®=0 •• • (5) 

This gives the value of m, provided ba and Ca are not 
both zero. 

Now eliminating m between equation (5) and y = mxy 
the equation to the pair of tangent at the origin is 
^?aX2+i?aXY4'Cay2=0 

i.e., aaX^-^bsXy+Cay^^O changing the current 
co-ordinates. 

Similarly, if ai = bi = aa=ha=Ca = 0, then it can be shown 
that the equation to the tangent at the origin is the equation 
obtained by equating the 3rd degree terms of (1). 

Hence, we see that, in general, the equation of the tangent 
or tangents at the origin is obtained by equating to zero, the 
terms of the lowest degree in the equation of the curve. 

Note : If the tangent be the y axis, then also it can 
be shown that the theorem holds true. '' 
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For, in this case Lt 

x^O - “tan of the '’angle made by the 
y-H) y 

tangent with the >;-axis=tan 0=0. 

So dividing the equation (1) by y 
and proceeding to the limit as a:->0, y^O the result 
follows. 


8.4. Cartesian subtangent, subnormal, length of tbe tangent 
and length of the normal. 

Let the tangent and normal at P (x, y) on the curve y = 
f(x) meet the A:-axis at T and G so that Z.PTX=4^. From P 
PN is drawn perpendi- 
cular to the .a:-axis. 

Then TN is called 
the subtangent and NG 
is called the subnormal 
of the point P. 



From the right angled triangle PTN 




or. 


dv_ y 

dx TN 


or, = , 

dy yx 

dx. 

Also, from the right angled triangle PNG 
tan GPN=^. 

NG 


or, tan ^ = - 

V 

:= ^y - 

^dx 


or, NG=y~=yyx 
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Hence, the subtangent of the point Pix^ y) is and 
the subnormal of the point P(Xi y) is yy^. 

Again, length of the tangent=PT' = PN cosec 

= y v'l + COt®V = J; ^1+ 



4^ 

dx 


Length of the normal =PG = ,v sec '^P = y ^/1 + tan®^ 



8. 5. Angle of intersection of two curves. 

Let the two curves f(x.y j;) = 0 and 3 ;) = 0 intersect at 
{x, y). 

The equation to the tangents to the two curves at (x, y) 
are 



Now the angle between two curves is the angle between 
these two tangents at (x, y). 

Hence, if *< be this angle, then 
of — 9^ dv^dv 9v. 

WTWTmT^ 

dx dx~^dy dy 

Case I. If the two curves touch each other at (x, y) 
then< = 0 tan'< = 0. 

af . d^ d_i^ 
dx dy^dx dy 

SB^V ~ *^xf V 

=>fxl<l>x^fvl4>v 
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Case II. If the two curves cut orthogon.illy at (xy y), 
then 

cot oc=0 

dx dx dy dy 

=^fx^x + fv^y = 0. 


Theorem : 


Let § = </»fx, y), = y) where and fp are differentiable 

functions of x and y. Show that if <f>x—*Pv = 0 and 
<^ij + ^x = 0, then the angle between the curves 
F(x, y) = 0, G(x, y) = 0 in the xy* plane is equal to the angle 
between the curves <^(S. ^) = 0, v>'i, *?)=Oin the £’7'plane, 
where ^0 = F(x, y), ^’(S, »?)==G(x, y), F, G, <f>, ^ all being 
differentiable functions of the respective variables. 

(C. H. 1967) 

Let 0 be the angle between F{Xy y)=>0 and G(x, j;) = 0. 

JF dF 

~i_ ^ ^ dx dy dx dy /-iv 

Then tan 0 9G^0^ ’ "" 

dx ' dx dy ’ dy 


If o' be the angle between <#»(§, ’?)=®0, »J) = 0 


9^ 9^_9^ di> 


Then tan e'= 


dn dn 
d<h dV^.^ 90 
95 9§'^9'/ dn 


We are to prove 0 = 0'. 

From F( x, y) = n) 

^_90 ?!?. 

9;*: 95 ' dx dn dx 

[•/ (^*(x,y) 

n^V>(xy y) 

and 


( 2 > 
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=?* 

ag dx dv dx 

a^^a* a^; 

dS' dy dv‘ dx 

d£^d± ^ . a* M 
dy 9S dy dy 

d4> ^ 

dy 

[ •.■ -Vx] 


^ . 9^5 ^ 

ag ' dx 9ij * aj) 


From G .»:, p)=lA(l» **) 

dG_dje aj , ^ 9»J 
9a: ag aA:'*’ a** ^ 


_d}p a^ . w a^ 

9 = 9*”*" an aA: 

9ip 9^ ^ 

aA: ag aj; 9*? 

a; I ^y n- 
dG_dv dS ,dn> an 
9j> af ay a*) ay 
_av dA,^ dn> 
~ag ay"*" an ay 

dA dV .dA Sy> 

“aiy ^■*‘3* an 


So putting in (1), we get tan 0 

V^'^y’^g + Vn> - ^*A:’^g 
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Numerator 

- ~ ’^yhh'f'x 

+ ('l>y'f’y+'t>J^ + 

[ ^x = 4^y and <^M= .*. ^x«Ax+<^w^w«*0 ] 

= (-^glA^ - l^g <^„) ('t>^’l>y - >l>jy) 

Denominator 

^^'''y^xh ~ " VA^ 

+ •/■ VA - A ■ 

= (-Ag-Ag +^„^A^) (^^'l>y-'l'j>y) 

So from (3) 

<Ag^frq-'Ag'Afl 

®“+a+<aa 


0<^ 00 _ ^ ^ 
ag ‘ 9~^ 9S 9^ 

00 9^A 1 90 W 

af a§ a»] 

= tan e' by (2) 
Hence, 0 = 0V 




eorem : 


Let g=0(x, y) and *} = ^(x, y) where 0 and V' are differen- 
tiable functions. If the angle between the carves F(x, y)=0. 
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G(z, y)=0 in the xy-plane is equal in mag^nitude toT the 
angle between the curves <^(S, = r(5, »7) = 0 in the §»?- 

plane where 

F(x, y) =«#»(§, V) and G(x, y)=r( 5 , v) 

according to the transformation in question, F, G, <#•, r all 
being differentiable functions of the respective variables, 
then show that 


or, + = <f>y~n>x = 0. 

From F(x, = n) 

d'i .dfji _ 9*^ 9</> , 9<^ 9V’ 
Bx BS B^ ^x Bx Bx 

dF ^B<f> 9§ 1 9^ ss^jt ^_i.9*^ ^ 
9^ 9g dy d^i 9p 95 By B^ By 


(C. E. 1970) 


^ =‘K-^) v) 

»> = V(a:, >>)] 


From G(,x, yi = r{^, V) 

,a§ . or ??=?r 

dx 91 9a: "'*9’? Oat 9a' dx^ dn dx 

=r^4> +c v> 

3G^9r 91 . 9r_0»} ^ 3^ 3^ .or ov 
dy OS ’ 9j> 9*1 9j> 9| Oj* 0»J 9^ 


= Vj.+^’,V^ 


Now if 6 be the angle between the curves F(x, y) = 0, 
and G(x, 3 ;) = 0, then 
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(^A~*x»vXrs^--r„^g) 

^(*x'^x+*y'^y) '•• < 1 > 

Again, if 0' be the angle between the curves ^(S, **) = 0, 
r(5, ’^)=0, then 


tan 0' = ± 


'f'gx ^ 


( 2 ) 


If 0 = 6', then tan 0 = tan 6' 


From (1) and (2) 

(V„-W (^g^--^n*g) _ 

rg 0 g(^^»+>^*)+-r,>“(v-^»+v-/) 

+(r,^g+rg«'J(^;,^:,+^V 

“^gr^+«qr^ 


=Vg(^,«+V)+W**+%^ 

+(r^^g+rgV.^XVx+W- 

This is identically satisfied if 

= <#»»=— 
or, 0v, 

according as we take the upper sign or the lower sign^ 
Hence 

or, <^a:+^^w*0, ^ 1 #— ^* = 0. 


11 
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8.6. Valnes of sin % cos ^ and tan 0. 


Let P(xt y) be a point on the curve y^f(x) at a curved 


distance s from some fixed 



point A on the curve. Let 
Q(x+3x, y+3y) be a point 
on the curve very near 
toP. 

Let the join of QP he 
produced to meet the x axis 
at K and the tangent at P 
to meet at T on the x axis. 
Draw PL, QM perpendicular 


to X axis and PN perpendicular to QAf. 


Then sin QPN ■ = 


QN 

QP 


3y 3s 

'Ts • QP' 


or. 


tr. 


U 

Q-^P 

Lt 

Q^P 


8inQPiVr=Q2pT5 


sin PKL = 


Lt ^ 
85-h*0 ss 

ds • 

C •/ as Q-^P, 3s^0 ] 


Lt ^ 

• Q-^P QP* 

Lt arc PQ 
Q-^P chord PQ 


( 1 ) 


But as Q-^P the chord QP becomes a tangent at P and 
ZPKL-»^. 

Hence, from (1) sin 


Also cos QPN - 


PN 

'PQ' 


3x 3s 
''3s PQ 


or. 


or. 


Lt /^nxr Lt Lt ^ 

Q^p COS QPN-Q^p-^ . Q-»PPQ 


L* 

Q-»P 


cos PKL* 


or, cos 0= 


dJ* 


Lt 3x Lt arc P0_ 
ds * Q“^-P chord PQ 

[ as Q-»P ^ _ 

^.PKL-^4» and 3s^0 J 
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Aiafa, »» OPW-^.g 

<>•. CH?P*“OP"-Qi!pg 

— • Lt Pa— "DICT t 

“» Q->P «a :-»0 and ZPKL-»^] 

.*. ta.n4>=p. 


S'7. Derivative of arc length. 

In the last article, we have ob rained the three important 
result 

sin — (1) 

CO. * •■■ (2> 

and tan (3) 


So we write 


^-=sec ^ 
dx 

= V'l+tan®^ 



(4) 


MO I 

= cosec 0 



= ^/l + COt*0 


- ® 

The formula (4) and (5) can be written in the form 
ds^ =dx*+dy^ 

and <l5= 

Again, squaring (1)^(2) and adding, we get 
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8.8. Angle between the radius vector and the tangent at 

any point on the curve r=t(6). 

If be the angle between the tangent and the radius 

vector at any point in the curve r= f(6), then 

, do •• do A dr 
tan^=r~, sin«^=r-p, cos <^=7-. 
dr ds ds 

Let P(r, 6) be a point on the curve r = f (0) at an arc 
distance s from some fixed point on the curve, and let 

Q(r+6r, e+^6) be a 

Y (r^4i*,e*Se) on the curve very 

to P at an arc dis- 
tance s+^5, so that arc 
PQ=55. Let be the 
angle between the tan- 
/ gent at P and the radius 

^ ^ — V vector at P, so that 

zopr«*. 

Now as Q->P, the value of 6j-»0 and the secant 

QP tends to the tangent PT at P so that Z.PQN^<f>. 

From the right angled triangle PQN 

^ nr^TiT — PN r sin dS 

tan PQN ^ 

_ r sin 90 
r(l — cos do) + dr 


fP(r.e} 
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or. 


tan «#>=* 


Lt / sin S 0 \ 
^ 0 \ 66 / 



M Lt ^ 

• 2 + 39-^0 6d' 


r. 


r. 1 

1 . 0 +^ 

do 



Hence, tan = 


d6 

""dr 


( 1 ) 


Again, sin PQN = 

_r sin 66 
66 


ds • PQ 


or, 


Qr^P 


sin PQN = r 


Lt 

Q->P^ 


sin <50 Lt ^ Lt_ ds 
“5o“Q-»P 6 s * Q-»P PQ 


, Lt sin SO 

or. sin <^=r. 

_ d6 
^ds 


Lt ^ Lt arc PQ 
0j-»O 55 Q->P chord PQ 


Hence, sin <k= 



( 2 ) 


Also, cos PQN 


QN (r -h Sr) — r cos SO 

PQ " PQ 


2r sin* ^ + 

PQ 



5? i!£- 1.^ 

05 • PQ+05 • PQ 
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or» Q^p COS PQAr=l 


( . a»\ • 

?) 

X—® Lt dr is 

is • i>Q+Q-»P ds • PQ 


a. /“"IN' ^ 

2 ^ I -55— I • 34 ->o 


M is 

is • Q-»>P PQ 


Ia ^ Lt is 
■« s ->0 • Q-*ppq 


or, cos ^=ir.0. 1.^.1+^ .1 
2 ds ds 


Hence, cos^ = -r^ 
e 


Cor. 1, Squaring (2), (3) and adding we get 

’■’(af ) ’ = = 1* 


Cor. 2. From {2) i^ = coscc 
rdS 


= ^/l^-cotV 


• • * - '/’■*+© 

Jfs 

Multiplying both sides of (5) by ^ 


(3) 

(4) 

(5) 

( 6 ) 
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Cor. 3. From (4), (5) and (6) 
ds'^dr* +r‘dd* 

and *-yi+(rgj‘ de. 

8.9. Angle of intersection between the two curves in polar 
co-ordinates. 

Let the two curves r = fsB) and r=^4»[6) cut at P and let 
the tangent at P to the two curves make angles <^i and 4^9 
with the radius vector OP. 



Then if < be the angle between the two curves, then 
< is also the angle between the two tangent at P 

1 + tan tan 

But we have 


tan 4»i 



f\ey 

4»(9) 

de 


and tan 4»i 
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From (1) 

f(e) ^(0) 
f'(e) *\e) 
i.m 1(57 
fX») • *\e) 

^f(o)<^Xe)-f(e)*(e) 

m<Ke)+f(emoy 

S.10. Polar Bubtangent and polar subnormal. 

Let P(r, 6) be any point on the curve r^f(0) with 
respect to O as pole and OX as the fixed line. Let the 
tangent and normal at P meet the line through O perpendi- 
•cular to the radius vector OP at T and G. 



Then OT is the polar subtangent, and OG is the polar 
subnormal of the point P. 

Let £OPT=^. 

Then, tan^=ar^. ••• (1) 

ar 

But, from the right angled triangle OPT 


tan 


or or 

OP“ r 


Or=rtan«-r*^ [froma)] 


cot OPG 


OP X- 
OG"OG‘ 


and. 
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or, cot (90- 


or. 


OG= 


_r ^ 

tan^™ ^dO“d&* 
""dr 


do 

Hence, the polar subtangent = r®-^~ 
and the polar subnormal 


8.11. A relation between any point on the curve and the 
perpendicular distance from the pole on the tangent 
at the point. 


Let p be the length of the perpendicular from the pole 
0 on the tangent at P(r, O) on the curve r=f(0) with 
respect to O as pole and the tangent at P. Let the tangent 
at P and the radius vector OP make an angle 4. 

Then p=r sin ••• ••• (1) 


cosec®<^- 

P T I 

r^^r^\dei • 


5(l + COt*<^) 


If we write m = 
then 


4^ 

do" 


1 

8 

r 

l^dr 
r* do' 


From (2) we get 




( 2 ) 


( 3 ) 
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8.12. TraDsformation from polar to cartesian form* 
(a) To transform tan 

dr 

to the corresponding cartesian form. 

Since x^r cos 6^ y = r sin 0 


and a = tan”^-. 

X 




dx"^2Jx^+y 


dv 


I 


^dy 

M 

do dy ^ 




1 *dx-\jtx-^ 

r* 


Nnm. 4^-.dx ’^dx ^ 

dr-Hr Pf-' 


dx 

dy 

jdo ^dx ^ 
dr- . dy 


x+y 


t 


X+y 


'dx 


dy^. 


Hence, tan 


’dx 


x+y 


Ty 


dx 


(1) 


(b) To transform p=r sin ^ to the corresponding carte- 
sian form. 


p=r sin 


cosec ✓l-l-cotV 


r 



(II 
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From (1) of (a) 



Hence, from (1) 



Illustrative Examples : 


Ex. 1. In the curve r® = a*8ln20, prove that 
where ^ is the angle which the radins vector makes with 
the tangent. (C. H. 1969) 

= sin 20. 


or, 2 log r = 2 log €?+Iog sin 20. 


Differentiating w.^ r. to 9, 


2 dr _ 1 

r do sin 2$ 


2 cos 20. 


Or, cot cot 20 

/. ♦- 20 . 
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Ex. 2. Find the angle of intersection of the curves 
sec (nd+<), r~=b“ aec (nS+P). (C. H. 1964) 

From the 1st curve 
n log r = n log a+log sec (n0+<) 

Differentiating w. r. to 6 

” r 

or, ^ ^=tan (nO+x) 
or, cot s= tan (nO +<) 

= cot(|-(n0+<)} 

Similarly, from the 2nd curve 
^9 =|-(nO+/J) 

Angle of intersection 

Ex. 8. Prove that the locus of the extremity of the 
polar subtangent of the curve u+f(0)=0 is the curve 

«=■*' (^+®) where 


V «=-f(0), i.e., -=-f(9) 
r 



1 

m 


Or=r* 


dr 



a) 


Let (r', oO be the polar coordinates of T, then from (1) 
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Abo e'=» - ZXOr- -(ZPOT- ^POX) 

= zPOx- zpor 

— i 

So from (2) r'= . 

i.e., M' = f'[e'+|). 

Hence, the locus of T is the curve 

Ex. 4. Prove that the locus of the extremity of the polar 
aubuormal of the curve T = t(6) is 



Hence, deduce that the locus of the extremity of the 

polar subnormal of the equiangular spiral r = ae^ ^ is. 
another equiangular spiral. ' 

From the cuave r = f(0) 

OG — f'{6) [v the subnormal OG=^ . J 

Let (r't o') be the co-ordinate of G (See Fig. at page 168). 
Then r'=OG=t\e). — — (1) 

Again O'=ZXOG=|-H0. 
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So from (1) 



Hence, the locus of G(r^ 6') is the curve 



Deduction : 


For the curve r = ae^ 

/'(«) = «cot < “ •/ r = f(0) 

/. Locus of the e xtremity G of the subnormal is 



= a cot < e' 


( •-!) 


cot < 


. . cot < 

=acot<e 2 


e 


^ cot < 


[ Putting A for the constant portion a cot •c « ~a 
Hence, the locus of *G* is another equiangular . spiral 
'whose equation is 


^.13. Pedal Equation to a curve. 

A relation between p and r where p is the length of the 
perpendicular from the origin (or pole) on the tangent at 
any point of the curve and r is the distance of the point 
on the curve from the origin (or pole) is called the pedal 
equation to the curve. 

How to find the pedal equation 

{a) Let the equation of the curve be given in cartesian 
form 


y^f{x) 


( 1 ) 
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Then, equation to the tangent at any point on (1) is 


or. x|j-r+(,-4)-o 


So, the length of the perpendicular p from the origin on 
this tangent is 




dx 




( 2 ) 


Also = ••• ••• (3) 

Now eliminating x^ y from (1), (2) and (3), a relation 
between p and r is obtained which gives the pedal equation 
to the curve. 

(b) Let the equation to the curve be given in the polar 
formr = f(0) ••• ••• (1) 

Also, we have the relation 


1— i 

p^-r^ + r*^del 


( 2 ) 


Eliminating 0 between (1) and (2), we obtain the pedal 
equation, a relation between p and r. 

But, instead of using (2), the pedal equation may conve- 
niently be obtained by eliminating 0 and ^ between (1) and 
the following two relations 

, de 

tan 

dr 

and p=>r sin 


Illustrative Examples: 

Ex. 1. Find the pedal equation of the curve whose polar 
equation r‘ = a* sin 20 is given. (C. H. 1969) 

Here 2 log r »2 log a+log sin 20 
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2dr 2 cos 26 
' rdo"^ sin 26 

or, cot cot 26 

*=2e. 

Now p=r sin <P = r sin 26 
r» 

= r .—s, 

or, r® = <i*p is the required pedal equation of the 

curve. 

Ex. 2. Find the pedal equation of the ellipse ^ == 1 

a b 

with regard to the centre. (C. H. 1086) 

Let (a cos b sin <l>) be any point on the ellipse. Then, 
equation to the tangent at is 

- cos^+r sin ‘^-1 = 0. 
a b 

i.e., — ^cos i sin <^+1 = 0 

a b 

So the length of the perpendicular from the origin on 
this tangent 

1 a b 

/cos®*#* . sin®*^ V'b* cos®^+a® sin®i* 

V h® 

_ ab 

V'(«”+b*>-(a“ cos*«+V sinV)' 

ab 

[ r*'*‘x*+y‘=a* cos®^+b* sin*^. ] 

or, «4.=a»+b«-r» 

P 

is the required pedal equation of the ellipse with regard to 
its centre. 
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Ex. 3. Find the pedal equation of the ellipse 
with regard to one of its focus. 



* 

(G. fi. 1067) 


Let P{a cos b sin be any point on the ellipse and 
S(eaj 0) be its focus on the positive side. Join SP and draw 
PN perpendicular to the major axis. 

Then SN = a cos — and PN = b sin 4* 


= cos 4>^eay + b^ sinV- 

“"ti®(cos </» — c)*4-a®(l — e®) sin®<^ 

«»i 2 ®{cos®<^ 4 -e® — 2e cos ^+sin®<^ - e“sin*^}. 

= ii®{l+e® --2e cos — e®(l — cos®<^)} 

=a^{l — 2e cos cos®<^} 

— e cos <#^®. ••• ... (1) 

Now equation to the tangent at <f> is 

- cos 4+^ sin ^ — 1 = 0. 
a b 


Perpendicular from 5(ea, 0) is 

cos — D® a^b^je cos — 1)* 
cos®«^ . sin®*^”"!?* cos*0+a® sin*<^ * 
«® 




_fe® cos®<^+a® sin®<^ 
a®(l— e cos 

aa 1 e®)cos*<^+g® s in*i > 

<3®(1 — e cos ^)® 

_ cos”<^— e® cos*<^-bsin®«^ 

(1 — c cos 

_ 1— c* cos®<^ 

(1— e cos <f»)* 

_1— e* cos®^+l — 2e cos ^ + e® cos®<^ 
(l-ecos«/»)® 

_2 (1 — g cos 4») 2 

(i— g cos 4*)^^ 1 — g cos 4> 


r/a 


by (1) 


12 
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or, 

ellipse with 


1 is the required pedal equation of the 
regard to one of its focus. 


Exercise 8 


1. Show that the portion of the normal to the cnrre io=e(4 oo8*S— 3 cos0) 
Bin*3— 9 sin S) intercepted between the axes is of constant length. 


3. If the line x cos <+p sin <=p touches the curve 



prove that (a cos <)“+(6 sin (O. H. 1973) 

3. Show that the two curves 

ax*+hy* — l and cfl;*+dp*=l 
cut orthogonally if ^ * 

4. Show that the two cardioidea r=a(l+coB 0), r =6(1 — cos 0) cut each 
other at right angles. 

5. Bho^ that the two curves »*+p*= n/Sa* and x* — p*=a* cut each 
other at an angle of v/4. 

e. In the catenary y=c cosh show that the length of the perpendi- 

cular from the foot of the ordinate on the tangent is of constant 
length and that the length of the normal at any point is p*/e. 

‘7. Show that In the curve 

(а) the subtangent at any point varies as the abscissa of the point. 

(б) the portion of the tangent intercepted between the axes is divi- 
ded at its point of contact in a cons|^nt ratio. 

'3. Prove that the two curves r**=a** cos nS and r**=5** sin n0 cut ortho- 
gonally. 

9. Show that pedal equation of the parabola with regard to its 

vertex is 

(p*r* +4a*^")(4a* - ap*)*. 



9.1. Definition. 


CHAPTER IX 

ASYMPTOTES 


A straight line is said to be an Asymptote of a curve 
if 9 as a point P recedes to infinity along the curve away 




from the origin, the perpendicular distance of P from the 
straight line tends to zero. 


Theorem : 

If y= mx+c be an oblique asymptote then 
(y-inx)=c 

Let y=mx-^rc be an oblique asymptote to the curve 
Let p be the length of the perpendicular from 
any point P{x^ y) on the curve on the asymptote. 


Then 




y—mx^c 

v'H-m* ' 


y=mx+c is an asymptote to the curve 
p=0 as 
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as 

(v-rnx-c) = 0 


Again, 


Ar-»« (y-^x)^c. 
^-rn=iy—mx)^. 

^ X 


•c . 0=0 


Lt ( 2 ) 

X—^°^ \xf 


Ex. Find tlie asymptotes to the curve 
y=xe^/*’ 

Let j>~mx+c be an asymptote. 


(C. H. 2969) 


Then m = 


=c'’ = l. 


and (p -mx) 


(y-x) 


—x^ 


_ Lt -1 , 0 

1 *or“5 


X* 


Lt 2eV- 2 _Q 

" ^ X 00 


So the required asymptote is = 
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Theorem : 

\ 

y^mx+e is an asymptote of the curve y = mx+c+f(v) 
where 

Proof : y=mx“^C'\-f(x) 


V 

X 


m+~+y(x) 

X X 


0 ) 

Again j;=mA:+c+f(^) , 

=> y — mx — c^hfix) 

Jijy-mx)=c+^!^j(x) 
= c (2) 


From (1) and (2) it follows that 
y^mx+c 
is an asymptote. 


Ex. Find the asymptotes of 

_x» + 4x-3 
^ x*-4x+i* 

Since, x‘+4x — 3=(x+4yx‘ — 4A;+3)+(17Af - 15) 
By actual division 

4 4 cr 

•d) 


Now, since 


From (1) 


/ I AN I 17iX'~15 

y=(x+^)+^,_4^- 

Lt " l7ie-15 _Lt 
x->» x’‘-4x+3 x-^ 


y’^x+4 is ah asymptote. 


17 -^ 



162 


APPLICATION OF ANALYSIS 


Again 


y 


_ x‘+4x-3 
(a;-1)(jc-3) 


x^l and 3 


x^lt x = 3 are also two other asymptotes, 
the three asymptotes are 


^ — 1 = 0, jr — 3®=0 and jr — j;+4 = 0. 


Hence, 


9.2. Position of a eurve with reapeet to an asymptote. 

Let the equation to the curve he 
jf=mx+c-hf(x) (1) 

where f(x) = 0. 

Then j;=mx+c is an asymptote to (1)***(2) 

Let yt and yg be the ordinates of the curve (1) and the 
asymptote (2) corresponding to any value of x. 
i«c., yi=^fnx+c+f(x) 
and yg=mx+c 

So it follows that 

yx^ya for those values of x for which f(x) is positive. 

The curve lies above the asymptote for those values 
of X for which f(x) is positive. 

Again yi<y 2 for those values of x for which f(x) is 
negative. 

The curve lies below the asymptote for those values 
of X for which f(x) is negative. 

Ex. Find the asymptotes of 
x*-2x-l 

X 

and investigate the position of the curve and asymptotes. 

We have, y— (;r — 2)— - 
x 
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where ^ i-0. 

— 2 is an asymptote. 

Also y->oo when ;tf= 0 . 

•*. is the other asymptote. 

To investigate the position of the curve 


y=^X’-2 — and the asymptote 

X 

Let yj_ and y^ be the ordinates oi the cucve and the 
asymptote corresponding to the same abscissa. 

i. c., — 

X 

and 3 ;* = AT — 2 

1 

e • 3^1 "“ya — “ 

X 

for negative values of x 
and yi< 3;9 for positive values of x 

/. The curve lies above the asymptote when x is 
negative and below the asymptote when x is positive. 

To investigate the position of the curve and the other 
asymptote ;t; = 0 , we suppose 

X=^ — aH — a + 

Putting this value of x in the equation to the curve 
yx^x^-2x-l 


we get 
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Equating 1 

a= — 1, 6 = 2, c=l--4= — 3 
y V y 

= — -, neglecting the smaller terms. 

y 

The difference between the abscissa of the curve 
and that of the asymptote x=0 for the same value of y is 

-i 


Xi^>Xa for negative values of y 
and Xx<X 2 for positive values of y 

The curve lies on the right side of the asymptote 
jr = 0 when y is negative and on the left side of it when y is 
positive. 


Theorem : 

If y=inx+c be the type of oblique asymptotes of the 
general rational algebraic equation. 

Wn+Mn-i+Mfi-aH btta+Ui+Uo 

where Mr = A;’‘<#»r ® polynomial of 

'degree r, at most, then 

(t) Slope m of the asymptotes are givep by the equation 
iS,(m)=0. 

(a) If nix be one of the root of <^^m}=0, then Cx corres- 
ponding to, ntx is obtained from 

I <^^x*n6ni)+*n-i(>wi)=0 if 4»\(mx)3^0. 
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Proof : The given equation can be written as 



Dividing by 



Now proceeding to the limit as x-*-0 we get 

( 2 ) 

^bich gives the slopes of the asymptotes. 

Solving (2) we shall get the different values of the slopes. 
If mi be one of its roots then the asymptote corresponding 
to mi is of the form 


i.e.. 


X X 


Putting this in (1) we get 

— +^o(»Wi+^)=0. 


Applying Taylor’s Theorem in each term 

+**■“( 

V X 

+^*V.(mi)+— }+• -“O 
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Arranging in the descending powers of x, we get 

•(»»»i)+Pi^n- i(»ni)+^„_,(mx) }+ — —0 

As ^n(mi)=0, this gives 

- x(p»x)l 

+•*"■ <^/(»nx) +Px^'n - x(»«i) + +«- ,(»ni)| 

+ •••=0 

or, Px<^«(»»x)+'^»-x(»»i) +|{^*'’nC»nx) 

+Px^'n-x(»»x)+*„-«(»nx')]+"‘=0 ••• (3) 

Now proceeding to the limit as and writing 

Lt Pi*=Ci we get 

»(mi) +<^rt-.x(wi) = 0 

=> Ci= provided 

9.3. Working rule to find the asymptotes of an algebraic 
equation if 

v,J?fom the given equation, find <^i,(rn) = 0 

Let mi, m*, nis—he its roots, ^ct Ci, Ca, Cs-’-be the 
values of c corresponding to mi, mg, ma*** 


Then cx- , 
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Hence, the asymptotes are 


Theorem : 

If in an algebraic equation — then 

Cl of asymptotes is obtained from the equation 

^^<^«"(mi;+Ci^'«-i(mi)+<^«-a(mi) = 0. 

If +'n(wii) = 0, then 

r 

^n(mi) 

cannot give any value of Cj corresponding to the slope 
nil. So, in this case, there is no asymptote corresponding 
to the slope mi. 

If, however, both <^«Xmi) = 0, ^„-i(mi)=0, 
then equation (3) of Art 9*2 gives 

^{"|-*fVvmi)+Pi<^«-i(mi)+<^«-a(mi)}+~{'-d+ — 

=0 

or, ^|-^"n(mi)+Pi<#''n-i(mi)+<^/..a(mi) + i{**-}+ — =0. 

So proceeding to the limit as and writing L^ px 

=Ci, we get 

n(mi)+Cx<^n.i(mi)+^«-.(mi) = 0. 

This gives the two values c'l and Ci"" of Ci corresponding 
to the slope mi provided 5^" n(m,)^0. 
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isa 

Thwy the two asymptotes corresponding to the slop^ 
nil are 

j^^wiiAT+Ci' and y^miX+Ci", 

These are clearly parallel and such asymptotes are known 
as the case of parallel asymptotes. 

Note. The equation 2x^ — 4x^’h8xy 

— 4x+l = 0 can be put in to form 

*•{2- (J)+2(J)’ + 0>«'-{-4+8(91 

+a:{-4| + 1 = 0. 

So that 

*«(m) = 2 - m+ 2m“ +m* 

= — 4 + 8m 
“4 

4»n-aM = l 

These show that the polynomial 4>n(^) might be written 
down at once by putting x = l and y = m in the highest 
degree terms of the original equation. «#»n-a(m), i>n~a(yn) and 
4>n-.8(»n) might be obtained from the next successive lower 
degree terms in the similar way. 

Ex. Obtain the asymptotes of the curve where equation 
is civen by 

x*+2x*y~4xy®-8y®-4x+8y--l = 0 (C. H. 1965 old) 

Here 4*n(in) = 1+ 2m — 4m® — 8m®. ^ 

4»n-x(m) = 0 

4»n-.a{w)= -4+8m 

For oblique asymptotes <^rt(m) = 0 

which gives H-2m— 4m® — 8m" = 0 
or, (l+2m) — 4m®(l+2m)=0 

or, (l+2m)®(l-2m)=0 

=» -J, -J. 
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Again whenw 

Also c = — z ~ undefined when m = — i 

6+4—0 2 

So for c=0, one asymptote is j; = ^jc 


1 

2' 


For other asymptotes c to be obtained from 

^4>’n(rn) + C<^'n - i(m) +-^rt-a(m) = 0. 

which gives 

^2*{-8-48m}+cx0+(-4+8m) = 0 

or, 8+24} -4-4 = 0 

or, 8c® = 8 or, c®=l 
c=±l. 

So that the remaining two parallel asymptotes are 
>;= — J:c+1 and — 3. 

Hence, the three asymptotes are 
a: — 2y=0 
:c+2y-2«0 
4:+2j;+2==0, 


9.4. Asymptotes parallel to the axes for an algebraic equa- 
tion to a curve. 

Arranging in descending powers of y, the equation 
takes the form 

y^Hx) + (x) + a (at) H h =0 • • • (1) ■ 

where ^^aW’ ^are polynomials in x. 

Dividing each term by 

f(x)+hi(x)+^.(x)+-+^M = 0. ( 2 ). 
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Let and we write 

then from (2) 

This shows that fe is a root of 4>(x)=^0. 

Thus if kx, fea, fea-’-etc. are the real roots of ■* 0 then 
the real asymptotes parallel to the axis will actually exist 
and the equation of the asymptotes will be x>=biy x^k^t 
r=fes all parallel to y axis. 

Since x^k^y fe 3 “*ctc. arc the roots of ^{x) = 0i wc 
can write 

<l»(x) = (x- kx)(x -ka)(x-ks) 

So from (1), we get 

This shows that the asymptotes parallel to y axis can be 
obtained by equating to zero the real linear factors in the 
coefficients of the highest power of y present in the given 
•equation. ^ 

If the coefficient of the highest power of y is, however, 
a constant or is not resolvable into real linear factors, then 
-the asymptotes parallel to y axis cannot exist. 

Again arranging the given equation in descending 
powers of x, it can be shown as before that : 

The asymptotes parallel to x axis can be obtained by 
equating to zero the real linear factor in the co-efficients 
of the highest power of x present in the given equation 
and no such asymptote can exist if the co-efficient of the 
highest power of x is a constant or is not resolvable into 
Teal linear factors. 

Cases of failure of any parallel asymptotes. 

In certain curves, it may happen that the above rules give 
no parallel or oblique asymptote. But little consideration 
■will show that thelsaid curve possesses no infinte branch. 
-i&Jn such a curve there cannot be any asymptote. ^ 
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Ex. Examine the existence of asymptotes if any of the 
curve. 

x*y*-2y+a**0. (C. H. 1960, 68,72} 

Here the coefficient of the highest power of y is x* 

So the asymptote parallel to y axis is a;= 0. (i.e., y axis) 

But from the given equation 

X 

=> y becomes imaginary when x->0 

There is no infinite branch of the curye along y axis 
and so y axis cannot be an asymptote. 

Similary, it can be shown that there cannot be any infinte 
branch of the curve along x axis and so (i. e., x axis) 
cannot be the asymptote of the curve. 

For oblique asymptote, we have ^„(m)=m*=0 which 
shows that the curve cannot have also any oblique 
asymptote. 

Hence, the given curve has neither parallel nor oblique 
asymptote. 

Illustrative Examples : 

Ex. 1. Find the asymptotes of the curve 

x"y*--x*y*xy“+3c+y+l=0 [ C. H. 1948 ] 

Since, degree of the equation is 4, there may be at most 
4 asymptotes. 

The co-efficient of the highest power of ^ is — ^ 

But x^-x^^x^x-^l) 

/. ;i;«0and a;- 1 = 0 are the two asymptotes parallel 
to y axis. 

Again, the co-efficient of the highest power *of x is 
jf*-y 
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But 

• • p=0 and 1=0 are the two asymptotes parallel 

to X axis. 

Hence, the asymptotes are ^ = 0, >^==0, a;= 1, j; — l. 

Ex. 2. Find the asymptotes of the curve 

y=*!Lz|*Ill (C.H. 2967) 

Equation to the curve is 

jc® — Ary — 2;c — 1 = 0. 

Since, the degree of the equation is 2, there may be at 
most 2 asymptotes. 

The co-efficient of the highest power of a; is 1 which is 
a constant. So there is no asymptote parallel to x axis. 

The co-efficient of the highest power of y is ^x 
which is not a constant. So the asymptote parallel to y 
axis is — a;=0 
i.e., a: = 0. 

Again, for the oblique asymptote, we write 

^„(m) = 1 - m, 4»n^i(m) = - 2. 

If y = ?nx-f c be the asymptote, m is obtained from 
^n(w) = 0 ie., from l-m = 0 .’. m=l. 

c is obtained from c= ^ “ 2 

^ n(w) - i 

the oblique asymptote is y = a; — 2 
Hence, the equation has two as^^mptotes 
^=0 and y = ;r — 2. 

9.5. An alternative method of finding the asymptotes of an* 
algebraic curve. 

The general algebraic curve of nth degree is of* the 
form 

iaoV^ + aiy^''^x-^a2V‘'*~^x^ + +«nA:") 



ASYMPTOTES 


193 


' Let be a non-repeated factor of the nth degree 

terms of the above equation. Then we can write 

h a,^x‘^ = — mi x)Fn^^ 

where Fn-x contains terms only of degree n — 1. 

So equation (1) can be put in the form 
(j; - m, x)Fn-x + Fn-i = 0 

where P„-i contains terms of degree not greater than 
n — 1. 




Fu-V 


( 2 ) 


Since Wi is a root of = the equation of the type 

y = mxX’\rC^ exists provided we can determine a finite value 
of Cl from the foimula, 




from (2) 


Cl — 


Lt 

x^^ 


(y-mtx) = 


Lt 


^P^:l 

Fn-x • 


H^nce, the asymptote corresponding to the slope nii 
can be put in the form 


y-mj,x 


Lt f Pn A 

F«-i/’ 


For any other non-repeated factor y — m^x of the nth* 
degree terms the equation to the asymptote can be put in 
a similar way. 


Illustrative Examples : 

Ex. 1. Determine'the asymptotes of the curve 

x*-x»y»+x*+y»-a»=0. ( C. H. 1961 > 

Since, the equation is of degree 4 it has atmost 4 
asymptotes. 

13 
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The co-efficient of the highest power of 3; is' — 
which is not constant. 

So the equation has asymptotes —a:® + 1 = 0 
i.c., x= ±1 parallel to y axis. 

For other two asymptotes, we write the equation as 
x^(x+yXx-y)’hx^-hy^ = 0 


the asymptote parallel to = 0 is 


x — yh 


L 

x-->^ 

y=^x 


x^-hy^-a^ 

x^-bx^y 


0 


or. 


x-“ yhLt 



•or, x — y — 0 


Vf 


The asymptote parallel to x+y = 
" ^ 

y= -X 




x^y 


or, 


x+y+ 


Lt 


a:->oo 

y^ —X 



or, x+y — 0. 

Hence, the four asymptotes are^ 

jf±l = 0, a:±>; = 0 


£x. 2. Find the asymptotes, if any, of the curves 
<x*-y*)U+2y-l) = 8x+4y+6 ( C. H. 1966 old ) 


The asymptote parallel to ;r — j;=0i8 
Lt 3A:+4y+5 


X'^y — 


(A;+yX-*+2y — 1> 

y^x 
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or. 


2>:(3;e-l) 


Lt 

7+- 

X 

or, 


2*(3-l) 

or. 

o 

II 

1 



The asymptote parallel to a;+> = 0 is 

4. — 3a:4’43;+5 _q 

* ^ «->« (x-y){x+2y-l) 

y= -X 

, Lt + 5 ^ 

or. 

or, A:4*y = 0 

The asymptote parallel to :c+ 23 ; — 1 = 0 is 
x+2y-l- 


y= -ix 


— j;* 


, « T Lt Sait — 2a:+ 5_^ 
or. 


or. 

^U) 

or, ;c+2j;— 1 = 0 
Hence, three asymptotes are 

x±j;=0f a :+ 23 ; — 1 = 0 . 

9.6. Intersection of a curve and its asymptotes. 

Theorem : 

Any asymptote 6f a curve of the nth degree cuts the 
the curve in (n - 2) points. 

Let the equation to the curve of nth degree be 
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Let j>=m*+c be an oblique asymptote of (l),-"(2) • 
Solving (1) and (2) we get 

+ — =0 (3) 

So the co-ordinates of the point of intersection of (1) 
and (2) are given by (3). 

Now expanding each term of (3) by Taylor’s Theorem 
we get 

or, + +</»,* . 

+ {Jc®^''M(m)+c^'n -i(w)+ <#»,»- 2 — =0 ••• (4) 
Now y=mx+c is an asymptote 
=>The co-efficient of x” and are both zero. 

So y=mx-^c is not an asymptote of the curve 

{ Jc®</>"n(m) 4- -i(m) aCmjlA:"*® 

+ •U"’* + - = 0 - (5) 

But (5) represents an equation of degree (m~ 2) and 
which will give (n-2) values of x. 

Hence, any asymptote will cut the curve again in (n — 2) 
points. 

Cor. 1. The n asymptotes of a curve of n degree will 
cut the curve 'in w(n — 2) points. 

.Cor. 2. Suppose an algebraic e.,uation t.^ a curve of the 
nth degree can be put in the iorrq 

F „+ F „-.=0 ( 1 ) 

where F consists of n non-repeated linear factors giving 
#t asyoapto tes to the curve (1). 
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Hence, the n{n ~ 2^ point of intersection of the asymptotes 
and the curve lie on the curve 

P n— a ” 

In particular, for a cubic curve n = 3 
/. The 3 asymptotes will cut the curve in 3(3 — 2) i.c., 
3 points which lie on the curve of degree 3 — 2 i.e. 1 i.c., on 
a straight line. 

For a quartic, w = 4. 

The 4 asymptotes will cut the curve in 4 (4 — 2) i.c., 
8 points which lie on a curve of degree 4 — 2 i.c. on a conic. 

Illustrative Examples ; 

Ex. 1. Show that the point of intersection of the curve 
-5x®y® + 4y^ + x® - y ® H-xH-y + l = 0 
and its asymptotes lie on a conic. Identify this conic. 

(C. H. 1906) 

Let y^mx'\‘C be an asymptote. 

From the given curve 

^rt(w) = 1 - 5m® 4- 4m* 

For the asymptotes ^n(yn)=0 
=>l-5m® + 4OT* = 0 

c= for all m 

0 

— 10m + 16m* 

= 0 for m=l, — 1, J and — i 
the asymptotes arc 

—AT, 
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i.c , = x+2y — 0, ;c — 2>; = 0. 

Their joint equation is 

(x--y(x-\-y(x-h2yXx-'2y)=0 
or, a:*-5;cV + 4j;*-0. - (1) 

Now equation to the curve may be put in the form 
(a:* - 5a: V +4j;*) + a:+:m+ 1) = 0. 
i.e., F4+F2«»0. 

So the points of intersection of the curve and the asymp- 
totes lie on the curve = 0 

f.e., on a:* — 1 = 0 which is a conic. ••• (2) 

Equation (2) can be put in the form 

(^+2) ""(*^^2) which is a hyperbola 

Hence, the points of intersection lie on the hyperbola 

Ex. 2. Show that the intersection of the curve 

2y® — 2x®y — 4xy® + 4x^ — 14xy + 6y® + 4x® 4-6y + l = 0 
and its asymptotes lie on the straight line 8x+2y -1-1 = 0. 

(C. H. 1964, 73) 

Let y = mx+c be an asymptote. 

From the given curve 

4»njn) = 2m® — 2m — 4m® + 4 
^rt-i(wi)= — 14m+6m®-b4 
Now i>n(m) = 0 gives m® — 2m* — m H- 2 = 0 
or, m®(m — 2) — (m — 2) = 0 
/. m=l, — 1, 2. 

Also c= for allm 

« — *~14mH-6m®+4 
6m* — 2-^8m 
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— 2 

3m® — 4m — 1 

a* —1, —2 or 0 according as m = l, —1 or 2 
.*• the asymptotes are 

x — y—l = 0y a;+j;+ 2 = 0 and 2x—y = 0. 

So, their joint equation is 

(x~~y — l)(x-{-y+2)(2x — );) = 0, 
or, j;®- x^)? — 2xy^+2x^ — 7xy+3v^ + 2x^+2y~'4x^0 
multiplying this equation by 2 and subtracting from the 
given equation we, get 8x+2y+l = 0. 

Hence, the asymptotes lie on the straight line 
8a: + 2y + 1 = 0. 

Ex. 3. Determine the asymptotes of the curve 

4(x^ + y *) - 17x®y ® - 4x(ty® - x®) + 2(x® - 2> = 0 

and show that they pass through the points of intersection 
of the curve and the ellipse x® + 4y® = 4 (C. H. 1962> 


Let y=mx-hc be an asymptote. 

^«(m) = 4m^-17m»+4 
- i(m) = — 16m® + 4 

Now = 0 gives 4m* — 17m® + 4=0 

4m® -16m® -m® +4 = 0 


Also 


(4m® — 1)^ m® — 4) = 0 
m®=4, * 
m=±2, ±i 

4a-i(w) 16m^-4 

n{m) 16m® — 34m 


= 1, —1, 0, 0 for m=2, —2, i, — J 
The asymptotes are 

^■»2a:+1, y^ — 2Af — 1, 2y^Xt 2y=^ — ap 


• • 
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So» their joint equation is 

(2y-\‘x)(2y-- x)(y-h2x'\-l)(y‘-2x — T) = 0, 
or, 4(x^ +y^) - 17x^y^ - 4x{4y^ -x^)+x^ -4y^ = 0. 
Subtracting this equation from the given equation, we 
get x* + 4y^==4. 

Hence, the point of intersection lie on the ellipse 
x^ + 4y^=^4. 

9.7. Asymptote for Polar equation. 

Theorem : 

In polar equation r«fifl), if 0-x as r-^cc and if 
f(0) sin (0~<<)->p, then the lino rsin(0~«c)=p is an 
asymptote of the curve. 

Let u = (say). 

Let P(r, 0) be any point on the curve. If P-»oc as 
then F(a)->0. 

Let the solutions of F(fl) = C be 
a = < "Cgj 

then as the radius vector make angles "Ci, "Cg** the 
branches of the curve tends to infinity. 

Let us consider the infinite branch when 9 = <1 and let 
r cos (0 — «ti) = p — (1) be the asymptote of this branch. 



Let QN be a line so that the perpendicular ON from O 
on the line make an angle NOX=^<x. Let OP produced 
to meet this line at Q. PM is drawn perpendicular to QN^ 
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Then PM.=PQ cos QPM 

= (OQ- OP) cos QON 
= (OQ — OP) cos (0 — <i) 

= {p sec (0 - <1) — f{0)\ cos (9 -<i) 

= P ” f(9) cos (0-<i) ••• ••• (2) 

Equation (1) is an asymptote 

=»p-»«>, e-^<i and PM-»0 

From (2) {f(d) cos (0— <1)1 

or, ^ f(e) cos (0 - "Cj = p 

But when as p remains finite, we 

must have 

flifoc cos(9-<J=0 


Now P=gf^«: f(0) cos (O-t,) 

__ Lt cos (0 — ^ 0 

-0-^oc P(^) ' form g 

_ Lt —sin — flCi) 

1 

F(-Cx) 

So the asymptotes to the curve becomes 

rcos(a-<x+|)=-^.J^--j 

or, r sin (0 — (1) = 

Similarly, asymptotes corresponding to ^‘=‘<2, <8 etc. can 
be obtained. 
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Ex. Find the asymptote of 

rfl = a 


1 ® T,/ N 

2?(a)=- 


a 

W^hcn 9 — >0 

a*. Equation to the asymptote is 
r sin 0 = 


( C. P. 1937 ) 


Exercise 9 

1. Show that the asymptotes of tho curve 
* 2 / — a — j/=0 are a — l=s0 and j/— 1 = 0. 

3. Show that 2 / = are the asymptotes of the hyperbola — — = 1. 

8. Find the asymptotes of 

»* + a*i^+2a2/*-2/ + l*=0. (C. P, 19 ^ 1 , 44) 

(Ans. a+|/»dtli j^-0) 

4» Find the asymptotes of 

«•(*-!/)• -a*(a»+i/»)=0. (O. P. IP45) 

(Ana. a»±a, a-y=±a^/^ 

6. Find the asymptotes of the cubic 

a* - 2y • + ay(2a - 2 /) + 2 /(* - y) + 1 = 0 (C. P. 7949) 

(Ana. a-y=0, a+y+la»0, a + 2y— 1=0) 

6. Find the asymptotes of 

»*-a2/*-a*2/+a*+a*-2^»-l=0 (0. P. 7949) 

(Ans. ff=±a, y-a+l) 

7. Show that the curve 

has no asymptote. 

8. Show that the curve 

' haa only one asymptote y»a+a. 
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9. A straight lioe parallel to tbe aflymptote of a$*(a! — 2 /) + a^*»0 cnt the 
curve in P and Q, Show that the mid point of PQ lies on the hyper- 
bola x{x — y)+ay^0, 

10. Show that the asymptofos of the curve 

a*(**+^*) — a*(«+y)+rt*=0 

form a square two of whose angular points lie on the curve. 

(C. P. IP47) 

11. Find the asymptotes of 

^ 

^ a* 

and investigate the position of the curve and tho asymptotes. 

(Ans. ® = 0, — 3. 

12. Show that the curve .'?• + . V* = 3air2/ lies above its asymptote a + j/ — a 

= 0 both for positive as., well as negative values of x. 

13. Show that tho curve I/* =aj*(y — a:) lies above or below its asymptote 
j/ = a! + l according as x is positive or negative. 

14. Find tho asymptotes of tho curve 

x^y+xy* — xy — ^y* — y+aj=0 

and show that they cut the curve again in throo points which lie on 
the line « + j/ = 0. 

15. Show that the asymptotes of 

(so* — 4y*)(a;* — 9^*) + 5»*y-5a;y* — 30y* + a! 2 / + 7y* -1— 0 
out the curve in eight points which lie on tho circle a* =*1. 

16. Find the equation of the cubic which has tho same asymptote as the 
curve 

— 2 a 5 *p — »p’ + 2p* + a5+y-f-l=0 and which passes throngh 
(0, 0), (1. 0) and (0. 1), 

(Ans, »• — 2a8*y — a5y* + 2p* — * — 2p=0). 

17. Show that the curve a? •+p* =*3uaj* lies above or below its asymptote 
x+y^a—0 according as x is posUive or negative. 

Also show that the equation of the tangent to the curve parallel 
to its asymptote is 4a. 



CHAPTER X 

CURVATURE 


lO.t. Definition : 

The curvature at a point of a curve is the rate at which 
the curve bend.s at that point. 



Let P be a point on the curve y=f(x) at an arc distance 
s from some fixed point A on the curve. Let Q be a point 
on the curve very near to P at an arc distance s+Bs 
from A so that arc PQ = ds. Let the tangent at P and Q 
make angles 0 and ^+5^ with the x axis. Then 0^ is the 
angle between the two tangent at P and Q and this 
measures the change of the directionK>f the tangents as the 
curve bends from P to Q. 


So the average curvature of the arc PQ is and cur- 

ds 


vature at P= 


Lt 

05— >0 Ss“ 


d0 
' ds* 


Thus if k denotes the curvature at P, then 

k^f. 

ds 
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The reciprocal of k is called the radius of curvature at P‘ 
and is denoted by P, so that 



10.2. Centre of Curvature 

Let P be any point on the curve y = f(x) at which the 
radius of curvature is p. Measure a length PC = P along 
the positive direction of the normal at P of the curve. 
Then the point C is called the centre of curvature and the 
circle drawn with C as centre and radius equal to PC { = py 
is called the circle of curvature at P. 



Since PC is the normal to both the curve and the circle 
at P, the curvature of both the curve and the circle at P 
is the same. Hence, the radius of curvature at any point 
P of a curve is equal to the radius of the circle drawn 
through P whose curvature at P is the same as that of the 
curve at P. 

Note. The formula useful if the intrinsic 

equation of the curve be given. Thus if 
5 =c log tan { 4 +D 
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dip 

_c 

2 ■ 


Hence c sec 0. 


-c 1 

. sec* 

1 

. In 0\ 


sin (4+2) 

(4+2) 

sec 0. 





10.3. Cartesian formula for radius of curvature. 

Let Pixy y) be a point on the curve y = f(x) and let the 
tangent at P make an angle 0 with the a:- axis so that 

~ = tan 0. 
dx 


Differentiating w. r. to x 
d^V 2 / d0 

a?-'" *r^ 


a f d0 ds 

*ds 'dx 
= sec-^.‘^^ 


d5 




/» = — 


sec* 0 {sec* 0}*'*. {1+tan* i^}*'* 
d** d;e* dx* 




i!? 

dx* 

_ a+yi*)*^* 

y. 


provided >>*^0. 
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This formula fails at a point if at the point is infinite 

i.e., if i.e. if the tangent at the point is parallel to 

y-azis. In such a case, we write 

^^=cot ^ 


Difierentiating w. r. to y 

d^x 2 id^ 

= -coscc»:^^.t- 
as dp 

= — coscc** i/f^ 


;=sin 4' ] 


_cc»^c^iA [ Considering the magnitude 
d^x of P only so neglecting nega- 
tive sign. ] 

_a+cot*i^}*/* 

4^ 

HWT 

d‘x 

dy‘ 

provided Xa^O. 


Ez. Find the radius of curvature of the eUlpse 

5! . y!=i 

a*+b* 

at an extremity of the major axis. 
Differentiating the given equation w. r. to x 
2x ,2y dy_n __ dy ^ 
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*/ At extremity of the major axis j;=*0. , 

at that point is infinite and so formula 

fails here. 

y» 

Again, differentiating the given equation w. r. to p 
2x 


dx 

dy h^x 


0 at (a, Oi 


d^x d y • 

^ a _ 

. 1 

• • ^ x^ alb^ a* 

10.4. Formula for radium of curvature from the parametric 
equation x = f(t), y=<^ t). (C. H. 1960 old} 

dv __dy Jdx t) 
dx^'dl! dt ^f(tY 

d”v <t^'Xt)f(t -r t)4>'(t) 41^ 

dx^'^ {f\t)i^ * dx 

{f\tr 






y X —x y 


provided y"x'-\x^y'^0. 
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Illustrative Examples : 

'^Ex, 1. If Pi and Pa be the radii nf curvature at the 
ends of a focal chord of the parabola y‘ = 4ax then 

Let PSp be any focal chord of the parabola. Let (afi”, 
2at].) and (otg*, 2ata^ be the co-ordinates of P and p so that 

Let x = ati‘‘, j; — 2ati 
then X = 2<if 1 y' = la 
x" = 2a, y' = 0 

. „ -1-1;'*)®'=“ (4a®fi®4-4a®)*'® 

•• ^ v'-x'-x’-y' "" -2a\2a 

= (neglecting negative sign) 

Similarly, — 

• n -a/8 in - a / a _ . (2a)”®'® 

• • l + tT^ + l + fg» 

Ex. 2. Fild the radius of curvature of the cycloid 
x=sa(0+ain 6 ), y = a(l — cos 6) at any point on the curve. 

(C. H. 1960 old) 

Here, ;t'»a(l + cos 0), sin 0 

x*'=—asinO, cos 0. 

•. ^^ (^^'' + y”)° '*_ l^”(l4-?cos04-cos»0> + a® ^in®0t®'® 

y'A:' — y'y a cos e.aU -h cos 0) -l- a sin 0 a ain 0 

{2(l + cos 0J }®^® _ a.2®'® (l + cos 0 )®/® 

cos 0 + cos®0+sin®0 H-cos0 

=2*'®«(1+ cos e)i 


\ r- 

n-fx®j i ■ 


— rM 


14 
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^ Ex. 3. Find the radius of curvature of 

X«/»+ya/a^^2,3 

Let x^acos^Bt j;=i 2 sin® 0 . 

Then ^' = 3a cos® 0.( — sin ©)= — 3a cos® $ sin 0. 
y' = 3a sin® 0 cos 0. 

/. x"= — 3a( — 2 cos 0 sin® 0+cos® 0) 
y" = 3a(2 sin 0 cos® 0 — sin® 0) 

y'A:' x"y 

^ (9a®cos^0 sin® 0 4-9a® sin® 0 cos® 0)®^® 

3a(2 sin 0 cos® 0 — sin®0)(~3a cos® 0 sin 0) 

4-3a( — 2 cos 0 sin® 0+cos®0) 3a sin® 0 cos 0 

| 9a® sin® 0 cos® 0 } ®^® 

9a®( — 2 sin® 0 cos® 0H-cos® 0 sin® 0) 

4-9a®(-“2cos® 0 sin® 0 + sin®0 cos® 0) 

f3a sin 0 cos 9)® 

a®{ — 18 sin®0 cos®0+ycos®0 sin®0 — 18cos®0 sin®0 

+9 sin®0 cos* 0} 

(3 a sin 0 cos O)® 

a*{ — 18 sin® 0 cos® 0-h9 sin® 0 cos® 0} 

_ (3a sin 0 cos O)® 

9a® sin®0 cos ®0 [ A;:i; = a® sin®0 cos®0 

■»3a sin 0 cos 0 a;i::j; = a® sin®0 cos®0 ^ 

= 3(axy)^I^, /. a sin 0 cos d = (axy)^ ] 

Ex. 4. If and Pg he the radii curvature at the ends 
P and D of conjugate diameter of the ellipse x®/a®+y®/b® 

« 1 then 

(ab)®'®(Pi®/®+Pa®/®)=a®+b». (C. H. 196^) 

Let ^ be the eccentric angle of P. Then the co-ordinates 
of P and D are respectively 

(a cos & sin <^) and ( — a sin h cos 
Now considering at P(a cos b sin <^) •* 

X— a cos j;=b sin ^ 
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Then — a sin <f>y = b cos <f> 
x"= —a cos <f>, y' = — b sin <f» 

n sin^ + cos** */»)»'» 

• • ^ 1 “ »'/ 1 — — 

J> * — at j; «b 

_ (CD’y/^ CD‘ 
ab ab 


Similarly, P, at D( — a sin b cos 4‘) 

_ CP» 

< 2 b 

• /.»/«,, CD* + CP» q=»+b» 

•• Pa +Pa - -(ab)»TS- 

or, (ab)*'Vi^/» + P, 

10.6. Radius of curvature for Implicit function f(x, yW#. 

dy__fr f (C. H. 1969, B. H. 1»««) 

dx~ K'^'' 


Differentiating w. r. to x 
fxx’^fxv^+^fvx'^fvv 

*•’ fxv = fvxy this gives 


0 . 


or, +f»y 


• fxxfv^ xvf xf v~^fvvf X* 

• • c/;c» 

81 9 /a 


Now P = 




dtc* 






fxxfv^ “ xvfxf v’^fvvfx^ 

when^ fxxfy^ xvf xfv"^f wf 
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Find the radius of curvature of the curve 
x*(x* + y®)H-4ax®y--2a’”x» + 3a*y*“4aV+a* = 0 
at the point (0» a). (C. H. 1957) 

Let f(x, j;) — 

-4a®y+a* = 0. 

fx = 4x^ •i‘2xy^ +8axy — 4a^x 

• • Cf x)oia ~ 0. 

fy=-2x^); + 4ax^ + 6a^y-~4a^ 

= + + 4a^ 

(fa;a-)o*a — 2<3® + 8<2® — 4fl“=6a“ 
fa:i/ = 4A:;;4-rflA: 

• • (fxv)o9a “ 0 

fvv = 2;»:“ + 6tz* 

•*• (fl/v)oja 


Now P= 7 — > 


\fx^±fvT^^ 


fxxfv^ xvf xf y 4r f vvf X 

■ 6a*(2a’J»' 24a* 


10.6. Newtoitian Method. 

If a curve passe? through the origin and the axis of 
X is the tangent to the curve at the origin, then the radius 
of curvature at the origin is 

p_ Lt 

x-*0 2y' 

At the origin a: = 0, ;>=0. 

By Maclaurin's Theorem at (0, 0) 

f(x) = fi0)+xf'(0)+^f’\C)+ (1) 

Also at the origin f(0) = 0 and since tangent is the 
X axis, its slope at the origin = 0 

/. m-0 
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from (1), we get 

j,=^Vv 0 )+^V'"( 0 ) + - 

or, ^J = f"( 0 )+ 5 f'"( 0 )+ higher powers of x 

X o 


. Lt ^ ’f'UO) 

• • x->0 ^ ^ 

iNOW P 

^ Lt ^ 

f \0) x-^0 2v ‘ 

Similarly, it can be shown that at the origin where 
y axis is the tangent 

Lt 

10.7. Curvature at the origin of the curve 

UiX+Uay + biX^ + baxy+b^y ‘* + CiX®H — =0 

/ 11 4 ns* ^ \ 


The tangent at the origin is 

aiX-^azy — Oy (a^/^O, 


( C. H. 19G4 old ) 


Consider a circle touching the given curve along the curve 
OP where O is the origin and P is a neighbouring point. 

PN is drawn perpendicular to the tangent OT at O. 



Then PiV = length of the perpendicular from P(;r, y) on 
<liAP+Oay = 0 

~^ax*+a^^ 
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Now from plane geomecry, we have 
OM.MB=PM‘ 
or, OMOB-OM)=PM* 
or, OM OB==PM’+OM‘ = OP’‘ 


OB= 


O^^OPl 

OM PN 


^ x‘ + v^ 

But OB-*-2p when x-*3 


2p= 


Lt 

x-*0 




x’‘ + y ^ 
aix+a^y 




( 


X^ + V^ I 
ai^x-^a^yl 


The curvature is the inverse of this. 


Illustrative Examples : 

^Ex. 1. Find the radii of curvature of the curve 
y*- Sxy — 4x®+x® +x^y + y® =0 at the origin. (C. H, 1958) 
The tangents at the origin are 
--3xy — 4x^ ^0 
or, {y—4x){y+x)=^0 


i.e., y — 4 a; = 0 and j;+a: = 0. 

Now considering the tangent y — 4x^0 

4 Va +b ax-¥by 

£l±.y! 

V17 8 _ # t from the gjven equation 

^ X y ““ y 




Lt 

X->0 


-i-w-s; 
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■3 v'ly 




si i/f? ( 1 + 16) 1+4) 


«} V'H’SS, neglecting, negative sign 

_85 Jn 

2 • 

Considering the tangent j;+ji:=0 

/) 1 ii 2 I 1 a Lt X ~h y 

P-^Jl +1 ^^0 “j;+y" 

_ ^/2 l-t {^■’■0 


[•.• y=4x 

.-. ?-4l 


[V y/x==-Xi 


Ex. 2. Find the curvature at the origin of each of the 
two branches of the curve 

y(ax+by) = cx®+ex“y + fxy*+gy® ( C. H. 1961 ) 

Tangents at the origin of the two branches of the curve arc 
j; = 0 and ax + by=^0. 

Considering the tangent ax’^-by^O 

n-i 4 / 2 . La + 

^ ^ ^ ,x^0 ax+by 

* +«> cjc»+eA:^+fA:3;"+g>;» 


■JV5>+P^2o 
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( 

:i+p*)( 

bi 

1 

c+e| 

' <5 

1 h 



1 

CO 




(a‘ + b*)^.a 


eah^ fa^h — ga^ 


2(ga^ — fa^b+eab^ —cb^) ’ 

So, curvature at the origin = 1/^ 
__2(ga^ - fa^h-^-eah^-cb^) 
a(a^ + b^y^\ 

Again, considering the tangent >? = 0 
Lt _ Lt x^(ax~\~bv) 


P== 


2y ^*->0 2(cx^ •i-ex^y+fxy^ + gy^) 

u ‘■+’>19 


2 {^+'(|)+^ 0 ’+ 4 |) 1 


2c 


^ = 0 
X 


So, curvature at the origin 

= ?£ 

a 


10.8. Radius of curvature for polar curves. (C. H. 1962) 
Let P(r, 6) be any point on the curve r=^f(0)^ with 
respect to O as pole and OX as the fixed line, so that OP=r 
and ZPOX^d. Let the tangent at P make an angle 0 with 
OX. Let ^ be the angle between the^adius vector OP and 
the tangent at P. 


Then 


difi dd d<^ 
ds'~ds'^ ds 
^dB di>d0 
ds'^dB'ds 



( 1 ) 
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taking positive sign before the radical. 


And tan 

dr 


^ ri 

de 

sccV iliT 


r 1 ® — ror 

r 1 ®(1 + tan V) 


Putting (2) and (3) in (1) we get 

U A^riiljZlLfX 


[.* r = ritan«^.] 


r*+2r,*-rr, 




Cop. At a point of inflexion curvature is zero. So from 
(4) at a point of inflexion on a polar curve r*+2ri**- rr2=*0. 

Illustrative Examples : 

Ex. 1. Show that the radius of curvature of the cardioide 
p = a(l + co8 0) is § ^/2ap (C. H. 1964, 66 old) 

•/ ri = — a sin 0, r* = — d cos 0. 
r*+2ri* — rr. 
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^i^Cl+cos sin“ 0+a®^H-cos ©) cos 6 

^ a^(2+2 ros 

<*“{1 + cos®6-f 2 cos 8+2 sin^'O + cos 6» + cos®0} 
_ g.?^^^a + cose)°^» 
i^(l + cos 6) 

2 ^2/1 _i_ 

■= — J— ^ + cos 6)2 
a 2 

~2 ,;;r— 

“3 

'^Ex. 2. Prove that the radius of curvature of a logari- 
thmic spiral is proportional to the radius vector. 

CC. H. 1963) 

The polar equation of a logarithmic spiral is 

Y SB ^g6 cot «C 

rx=ae^ cot "C 
r* s=r cot* <. 

'• ^ r*+2ri*-rr,’ 

_ ^r* -t- r* cot* <<) _ 

r“ + :ir* cot* «c— r* cot“< 

_ r»a + cot* 

r*(l + cot* «c) 

=»r(l+cot* «c)2=r cosec *t 
.% P«r. 

10.9. Radius of curvature for Pedal curves. (C H. 1968, *72) 
Let p be the length of the perpendicular from the pole 0 
on the tangent at any point P(r, 6) on the curve r=f(6). 
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Let the tangent at P make an angle ^ with OX and be the 
angle between the raiius vector and the tangent at P. 

Then, we have sin ^ 

and cos . 

ds 

Also p = r sin <l> 

j^ = sin cos ^ 

dr dr 

ds ds * dr 
= r 

= [V e+«^-0] 

d4* dp ' 

Hence, P — r^, 
dp 


Illustrative Examples : 

Ex. 1. Find p for the curve 
1 ^ 1 . 1 _ 
p^ 

Differentiating the given curve w, r. to p. 


Ex. 2. 


2 ^ 


dr 


Find P for the curve r”* = a’” cos m9. 
p”*z=a”* COB mO 

m log r»m log a+log cos mO. 


(C. H. 1968> 
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Difierentiating w. r. to 6 

r ad cos^O 
or, cot <k= — tan md 

= cot (l+me) 

Now p = r sin 4> = r sin 

= r cos md 

='‘V^ 

or, pa*" = r”‘+*“ is the pedal equation to the curve. 
Differentiating w. r. to r 

. dr^ _«!! 

^ '‘dp '’■(m+l)r“ iM+1’ 


10.10. Radius of Curvature for Tangential Polar Equations. 

(C. H. 1973) 

Let p = f (0) be the equation of the cjirve. 

If <t> be the angle between the radius vector and the 
tangent at the point of contact and p be the length of the 
perpendicular from the pole on the tangent then 

p=r sin <#» ••• ••• (1) 

cos (2) 


P 



and' 


- (3) 
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Now ^ — 

d<p- dr'Zs’~d4, 

= ^ . cos <f> . p, from (2) 

. cos <^ . from (3) 
=r cos 

Now r® = r*(sin®<^+cos®<^) 

Differentiating w. r. to p. 

or, 0-0+£°. 


Ex. Find the radium of curvature for the ellipse 
p* = a® cos®0 + b® 

Differentiating w. r. to 0 

2p^, = (f?® — a® ) sin 2^ 
d*ff 

dp ('j® — < 2 ®) sin 2^/ 
d^- 2p 

Differentiating again 

— a® ) cos 2^— 

ci^’* ~ 4p“ 

4p('b»-a®) cos 

P 

“ 4 ^"“ 

. _ I 4p* + 4r»®(f?® - a®) cos 20 — (^® — «®)*sin*20 

■• V* 

_ 4p* + 4p»(b®-o®) cos 2^+(fe®-o®)»co8®2<A-(b*-a‘)* 

4p* 
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_ f2p° + 0*-a«) cos20}»-(6‘‘-a*)» 

4p* 

„{?a^os^^+2b*sm*^+({>* - «»)(cos V" sin V)l* - (b* - a‘)’ 

4p“ 

4p® 

4a»b» a*l>* 

“ 4p“ - p» 


• t 


P = p4- 




P* • 


10.11. The centre of curvature 

If P be the radius of curvature of point P of a curve and 
if a point C is taken along the positive direction, of the 
normal at P at a distance p from P, then the point C is 
called the centre of curvature of the curve. 

The circle of curvature 

If C be the centre of curvature with respect to a point 
P on a curve and if a circle be drawn with centre at C 
and radius equal to the radius of curvature at P, then this 
circle is called the circle of curvature. Clearly, the circle 
of curvature will touch the circle at P and its curvature 
will be the same as that of the curve at P. 

Chord of curvature 

If a circle of curvature at a point P on a curve be 
drawn and if a chord to the circle of curvature be drawn 
through P in any given direction, then that chord is called 
the chord of curvature of P ip that direction. 

Chord of curvature through the pole. 

Let P be the radius of curvature of a point P of a curve. 
Let PQ be a chord of the circle of curvature through P in 
the direction of the pole. Let C be the centre of the circle 
of curvature and let the join of PC meet this circle at B so 
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that PB=‘2P, Let the tangent at P make an angle ^ 
with OX. 



Then chord PQ = PB sin PBQ 
= 2^ sin QPT 
= 2p sin 


= . 5 . 

dp r 




r sin and 


P 



Thus, the chord of curvature of a point on a curve in the 
direction of the pole is 

K' 

and which can be easily obtained if the pedal equation to 
the curve be given. 

Note. If the chord PQ instead of parsing through the 
pole be parallel to A;-axis, then 
10PT = ^ 

i.e., [Denoting ZOPT^-c] 

Then PQ =» PB sin PBQ 
=2p sin < 

sin 

dp 
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Similarly, if the chord PQ be parallel to praxis tben 
chord PQ = 2p sin 

^2p cos < 

=2rg cos ^ 

Cor. The chord of curvature through the pole for the 
curve p=^f(j) is given by 2f{r)lf(r\ (C. H. 2972) 

From the given equation 

Chord of curvature through the pole 
=2p ^=2f(rVfXr) 

For the curve y = a log seep) , find the chord of 

\2Lf 

curvature parallel to x and y axes. 

„ p ^.sec^.tan^. i 

see 

a 


= tan - , 
a 


tan 0 = tan 


a 






isce*? 
a a 


X 

sec 

£ a 
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/. Chord of curvature parallel to x axis 
=»2p sin 0 

e=2£i sec - . sin 

a a 

= 2a tan ~ . 
a 

Also chord of curvature parallel to y axis 
= 2p cos tp 

= 2a sec - cos ^ . 
a a 

=2a (constant). 


10.12. Cartesian co-ordinates of the centre of curvature 
for any point P(?f, y) of the curve y = f(x) 

Let P be the radius of curvature at any point P(Af, y) of 
the curve y^f(x) 

Then, = + — — (1) 

Let the tangent at P make an angle ^ with the positive 
direction of the x axis. 

„ 1 


Then, sin 


cos I 


( 2 ) 


The normal at P makes an angle with the positive 

direction of the x axis 

The equation to the normal at P is 
X^x _ Y-y 


cos(|+0j sin ^2+^) 


or. 


X-x 

— sin0 cos 4* 

where X, Y are the current co-ordinates at any point on. 
the normal at a variable distance r from Pix^ y). 

15 
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X®=;c — rsin^ 
y®*j;+r cos 

If now (X, Y) coincides with the centre of curvature, 
then r becomes equal to P. 

Hence, if (X, Y) be the co-ordinates of the centre of 
•curvature, then 


X^x^P sin 0 




y» 

And Y=y+P cos ^ 

• Vt 

=,.xi±zi! 


1 

^l+^'x* 


Cor» Equation of the circle of curvature is 
(a:-X)»+(:p-Y;*«P* 

where X and Y are determined by (3) and (4) and P is 
determined by (1). 


Illustrative Examples : 

Ex. 1. Show that the centre of curvature (<, p) for the 
curve a*y— x” is given by 




(C. H. 1971) 


The given curve is 


3x* 6x 
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Now *c=a; — 




Va 


3x 




itS) 

6x^a^ 


. 6x^-3x^-27xy a^ 

6x 

-|(3*-27»-/«*) 

And /»=j,+A|l+j,^aj 

«* 6 a :^2 a * 

*5 x‘a' 

2 a»*^6i- 

^ Ex. 2. Find the circle of curvature of the parabola 
^ ®t the ends of its latus rectum. . 

sHere 2yyi = 4 




2 4 

Let 1,(1, 2) be the upper extremity of the latus rectum 

Wat £(1,2), 

If (X, Y) be the co-ordinate of the centre of curvature 
btn X=;e— 

ya 

1 - U 1 + 1)_5 
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y-y+l±2^’ 


Thus, the circle of curvature passes through L(l, 2) and 
has the centre at (5, — 2) 

Hence, equation to this circle of curvature is 
(;c~5y» + 0;+2)* = (l-5)»-h(2+2)» 

= 16+16 = 32 
or, -~10x+4y—3 = 0. 

Similarly, equation to the circle of curvature passing 
through L'(lf — 2) is 

JC*+ j;* — 10;if — 4j; — 3 = 0. 

10.13. Evolute : The locus of the centres of curvature 
of a curve is called the evolute of the curve, and the curve 
is called the involute of the evolute. 


Properties of an Evolute : 

(a) The normals to a curve are the tangents to its 
evolute. 


Let P be the radius of curvature of a point P(x, y) on a 
curve and let (X, Y) be the co ordinates of the centre of 
•curvature with respect to P on the curve. Then 

X = :r — Psin0 ••• •••. (1) 

Y'^y+p cos ^ ... ... ^2) 


Differentiating w. r. to x 


dx 


1-P cos^^-sin^ 


dx' 


1 ds dx d^f , , dP 

^ di^’ ds’dx~^^^^d'x 


-smvg. 


( 3 ) 
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dY dy 
dx ~~dx 


— P sin ^ 


dn> 


dP 




dy ds dy , . dP 

=x:-:r/. • -j: jt+cos ^ 


c^a; d4> ‘ djc 
= cos 0 

dx 
dY 

dX= - 


(4) 


=tan (*+0) 

— slope of the normal at P on the original curve. 


dY 

But is the slope of the tangent to the cvolute at 

corresponding to the point P on the original curve. 

Hence, the normals to a curve are the tangents to its 
€ volute. 


{h) The difference between the radii of curvatures at 
two points of a cut ve is equal to the length of the arc of the 
evdlute between the two corresponding points. 

Squaring (3), 4) and adding 



• ds^dP 

• • dx^^dx 

5 = P4-c where c is a constant. 

Let and 5g be the arc distances of two points Qi and 
Qa on the evolute corresponding to the two point Px and 
Pa on the original curye of radii of curvature Px and P^ 
respectively. Then 

Sx^Px-^c 
-Ja “^1 ~ Pa ““ 

Hence, the theorem. 
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Illustrative Examples : 

Ex 1. Find the evolute of the parabola y”»4ax 
From 



If (X, Y) be the centre of curvature 

X = * - ^ 


then 


J'* 


2;e“'» 


=3A;+2a. 


Jx 

Y^y+^±2i^ 


V* 

'ax- 




1+^ 

a: 

Val2x^^ 


^2 _2 ✓y(A:+a) 


Va 




( 1 ) 

( 2 ) 


Now eliminating (xy y) from (1) and (2) the required 
evolute is obtained. 

From (1), 

and from (2), Y = 

Squaring, 27aY* -4(X - 2aJ* 

Hence, .writing Xy y for X, Y, the required evolute is 
27aj;*=4(x-2a)*. 


Ex. 2. Find the length of the arc of the evolute of the 
parabola y*»4ax intercepted by the parabola. 

The evolute is 

27ny*-4(x-2n)*. 
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The X co-ordinates of the point of intersection of this 
evolute and the parabola is obtained from 

27a{^ax) = 4(a:® — 6x*a’\‘X2xa^ - 8a^) 
i.c., from x^ — 6ax^ — 15a^x — 8 a* = 0. 

Solving, we get a; = 8 a is the only positive root. 
y^±4J2a. 

The points of intersection are 
C 8 a, 4 v^2a) and ( 8 a, —4 V'2a), 

Now consider /^'( 8 a, 4 J2a), 

Let ( 8 a, 4 J2a) be the^centre of curvature corresponding 
to the point P(x, y) on the parabola. 

But if (X, Y) be the centre of curvature for any point 
(x» y) on the curve, then 

X = 3a:+2a. Y=--yV4a^ 

/. 8 a = 3a:-l-2a and 4^2a=— 

4a* 

so a; = 2 a, 3 ;= — 2 v^ 2 a 

Hence, P‘( 8 a, 4 / 2a) is the centre of curvature corres* 
ponding to P( 2 a, ~2 J2a) on the parabola. 



If be the radius of curvature at P then 
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2a 

2a ^ 

1 


y 

2v'2a 

V2- 



2a 

1 1 ^ 

1 

4 v'2a 


8a’ 

\"V§) 

4^2*1 

2*/* 

CM 

II 

1 



= 2a ^/27«6 i/Sa 

Also Pi at 0(0, 0) is 2a. 

Let A be the centre of curvature corresponding to the 
point 0(0, 0) on the parabola. 

Length of the arc AP* on the e volute 
*= Pji “ Pj. = 6 J3a — 2a 
= 2a(3^3-l) 

/. Whole length of the evolute 
=4a(3^3~l). 
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y—ia (^a +«"“a) point (x, y) is yVa» 

* % % \ 

(c) as*+p» **a» at tho point («, p) is 3 {axy^*, 

*^6. If p be tho radius of curvature at any point P of tho parabola y* “ 
4ax, show that 

P®oe(SP)*. 

Show that the radius of curvature of tho curve »®j/s»a(x*+p*) at 
the point { — 2a, 2a) is —2a. 

^'1. Show that tho radius of curvature at (0, 0) of the curve — 
»®*(a+») is 4 ^/2a. 

Q 0 

8. For the curve x = ae (sin d — cos 0), y — ae (sin d + cos 0) 

show that the radius of curvature at a point is equal to the distance from 
the origin to the tangent at the point. 

9. Show that for the curve 

cos nO, 

Qt* 

the radius of curvature p®*, r ■ ■ , « 

(n+ 

10. For the cardioide r ®=a(l + cos 0), show that the radius of curvature at 
a point where the tangent is parallel to the initial line is ^ 

O 


Also prove that at any point of this curve p*/r is constant* 

11. Prove that tho radius of curvature at a point (p, r) of the curve 

p*(a» + 6*-r*)«a*6* 
is a^b^lp*. 

12. Show that the radius of curvature at any point ^ of curve 
sin ^ cos ^ is 3p. 

13. If Pxf Pa be the radii of curvature at the extremities of any chord 
passing through the pole of the cardioide rB®a(l+ cos 0), show that 

Pi* + Pa* = 16 a»/9. 

14. Show that tho evolute of tho ellipse is {ax)^+{by)^ 


* 1 a a 

16. Provo that tho evolute of the hyperbola ap* ^ c* is (®+p)^— (a— p)* 

-2cV 


16. Show that for the curve y^a log sec 
parallel to y axis is of constant length. 



the 


chord of curvature 
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Show that the circle of carvature for the parabola 
h/a ® point ^ is 

^^18. Show that the chord of cnrvature of the cardioide r=sa(l+co8 8)^ 

through the pole is ^ r. 

8 


^ 19. Show that the chord of curvature through the pole of the curve 
is of constant length. 

20. Let Px and p, be the radii of curvature at the corresponding pointa 
of a cycloid and its ovolute. Provo that pi*+p 9 *=a constant. 

21. Let Cot and Cy denote the chords of curvature at any point of the 

a 

curve y=aB*^ , parallel to the axis of x and y respectively. Prove that 
111 
(0«)*+(0v)* “2aO* 

^<43. list O. and Cy denote the chords of cniratnre at any point of the 
catenary p— o cosh prove that 

28. If be the distance between the pole and the centre of curvature 
corresponding to any point on the curve rs/(8), prove that 

ri*«r*+p*-2pp 

where p and p have their usual meanings. 

v/' 24. If (<f /3) be tho co-ordinates of the cer^re of curvature of the parabola 
ijx+ iJy=B tja at any point («. y) then prove that 

<+P “3(®+|/). 



CHAPTER Xr 

POINTS OF INFLECTION 
AND SIlNGULARITIES 

11.1. Concavity : 

If a point P be taken on a certain portion of a curve 
however small and a tangent at P be drawn so that portion 
of the curve lies wholly above the tangent (i.e., the 
positive direction of ihe y 
axis) then the curve is said 
to be concave upwards or 
convex downwards ai P, 

Let PT be a tangent at P 
to the portion of the curve 
y^f\x)^tx^c so that the portion of the curve around 
P however small it may lie enterely above the tangent. 
Then according to definition, the curve is concave upwards 
at P. 

Let the co-ordinates at c and C“\rh where h is positive or 
negative be drawn, h being very small. 

Then f{cj = PL and f (c-b«= QM. 

Equation to the tangent at P(c, f (c)) is 
y-m=^f\c){x-c). 

When x = c+h 

y=‘f(c)+hf(c) 

=» Q^M-=f{c)^hf(c) 

QQ'=QM-Q'M=f(c+A)-f(c)-/if'(c). 

Since, the cutve is concave upwards at P , 

QA1>Q'A1 
=» QM-Q'A1>0 
=» Q'Q>0 

f(c+«-f(c)--Af(c)>0. 
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Hence the curve y=f(x) is concave upwards at x^c 
if f(c+h)>f(c)-^hf(c) when h is sufficiently small, positive 
or negative. 

11.2. Convexity : 

If a point P be taken on a certain portion of a curve 
however small it may be and a tangent at P be drawn so 
that the portion of the curve lies entirely below the 
curve towards the ntgative of the y axis, then curve is said 
to be convex upwatds or concave downwards at P. 

Let Pr be a tangent to the portion of the curve 
y = f{x) at a;=c so that the portion of the curve however 
small it may lie entirely below the tangent at Af=c. 

Then according to defini- 
tion, the curve is convex 
upwards at x^c. 

Then f(c) = PL and f (c+ W 
— QM where h is very small 
positive or negative. 

Equation to the tangent at Pl(c, f(c)} is 
y-f(c) = f(c){x-c) 

When x=c+h 

y=f(c^-^hf(c) 

=» Q^M = f(c>+hf(c). 

Since, the curve is convex upwards^at x = c 
QM<Q’M 
QM-Q'M<0 
=> f(c + y - f(c) — hf(c) <0 

Hence, the curve y=f(x) is convex upwards at if 
f (c + W < f(c) + hf\c)» 

11.8. Infleztion ; 

If a point P be taken to a certain portion of curve 
ihowever small it may be and a tangent be drawn at P, 
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then P is the point of inflexion if the tangent crosses the 
curve at P. 

Let a tangent at P to the portion of the curve y=f(x) 
be drawn at so chat the tangent crosses the curve at 
P. In the diagram, the por- 
tion PI of the curve lies 
below the tangent and the 
portion PV lies above the 
tangent. So according to 
definition P is the point of 
inflexion at ;c = c. 

Equation to the tangent at P{c, f(c)} is 
y-f(c) = f(c){x-c) 

when x — 

=> Q'M = f(c)+/if'(c> where h is positive or negative. 

But QM = f(c+/i) when h is positive or negative. 

So if h be positive 

QM-Q'M<0 

f(c+/i)<f(c)+Af'Cc) 

And if h he negative 

QM-Q'M>0 
=>f(c+/i)>f(c) + Af'(c) 

Hence j»:=c is the point of inflexion of the curve y^fCx)' 
if f(c)+hf'(c) changes sign with the change of sign of h. 

11.4. Alternative definition of Inflection. 

From the adjoined diagram, we And the curve is concave 
upwards and downward at P and S respectively. Q and R‘ 
are the points of inflexion. The curve is concave upwards 
at every point between P and Q and concave downwards at 
every point between Q and P. So the curve changes from. 
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concavity to convexity or vice versa as it passes through a 
point of inflexion. Hence> a point P on the curve may be 



•said to be a point of inflexion if the curve be such that as it 
crosses P, it changes its bending from concavity to convexity 
J'or vice versa 

11.6. Theorem : 

A curve y^f(x) at ;r = c is concave upwards if f^(c)>0 
-and concave downwards ii f[c)<0. The point P at =» c 
is a point of inflexion if f{c) =0 and f'"(c)^0. 

Proof : By Taylor’s Theorem with remainder after 
two terms 

f{c+h)=f{c)+hf'{c)+'^{c+eh\ 0<e<l. 

or, f(c+fc)-f(c)-Af'(c)=^f"(c+oA) (1) 

Case I. Let f(c)>Q, 

As fix) is positive at x=c, there exists an interval 
around c such that for every x of this interval fix) has the 
same sign as f"(c) which is positive by hypothesis. Hence, 
fix) is positive for every jc of this interval. If c+ A is a 
point of this interval, then c-tdh is also a point of this 
interval, and so f(c+0^) is positive. Also h*l\2 is always 
positive. 

Then from (1) we find that if fic)>0 

Then fic+h) - f(c) - hf{c)> 0 
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=> f(c+/t)>f(c)+/if'(c), which is the property of con- 
cavity upwards at ;c=c. 

Hence the curve is concave upwards at if f"'(c)>0. 

Case n. Let f'(c)<0. 

As f'(c) is negative at x — c^ there exists an interval 
around c such that for every x of this interval f{x) has the 
same sig i as f{c) which is negative here. So f{x) is negative 
for every x of this interval. If we now take a point c+ft 
within this interval then c+Oh will also lie within this inter* 
val and consequently f(c+d/i) must be negative. But 
is always positive. 

Thus, from (1), we find that if f"(c)<0 then f(c+A) — f(c) 
-Af'(c)<0 

f(c+h)<f(c)+hf\c) 

which is the property of convexity upwards at x==c. 

Hence, the curve is convex upwards at x — cii f"(c)<0. 

Case 111. Let /"(c) =0, but 

By Taylors Theorem with remainder after three terms 


f(c+h)^m+hf’(c)+ ^f"(c)+^^"'(c+0h), o<e<i 
=.f(c)+hf(c)+ ^f"(c+eh). f"(c)=0. 

or, Hc+h)-f(c)-hf(c) = ^r'(c+eh), • • (2) 

Now there exists an interval around c such that for 
-every x of this interval has the same sign as 

If now a point c+A be taken within this interval then c+6^ 
will also lie within this interval and accordingly /"\c+dA) 
will have the same sign as f'"(c). But A”/l3 is positive or 
negative accordidg as h is positive or negative. 


A* 

Thus changes sign with the change of sign 

L5 
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in A. So from (2) we find that f(c) — changes 

sign with the change in the sign of h. But this is the pro* 
petty of inflexion of the curve at 

Hence, the curve has an inflexion at x^cii f^'(c)=0, but 

ric)^o. 

11.6. Generalised Theorem. 

Let r(c) = f \c)= but r(c) 7 ^ 0 . Then (i) if n 

is odd the curve has an inflexion at x = c and (ii) if n is even 
the curve is concave upwards or downwards according as 
f"(c)>0 or <0. 

Proof. By Taylor’s Theorem with Lagranges form of 
remai-^der alter n terms at jr = c, we have 

f(c+/i)=f(c)+fc/'(c)+ gr(c)+-+ 

f”(c+eh) for 0<e<l 

m 

or, f(c+h)-f(c) ~hf'{,c) —^f^ic+eh) ••• (1) 

[n 

Now there exists an interval around c such that for 
every x of this interval f^(x) has the same sign as f”(c). If 
a point c-h/i be taken within this inierval then c+0/i will 
also lie within the same interval and accordingly f^(c^6h} 
will have the same sign as 

But changes its sign or keeps the same sign when h 

changes its sign, according as n is odd or even. 

Thus from (1) we find that 
f(c^h)^f(c)^hf(c) 

changes its sign when n is odd and keeps the same sign of 
f*\c) if n is even. 

Hence, the curve has an inflexion at a; «=c if n be odd. 
Also it is concave upwards or downwards at if n be 
even according as f\c)>0 or <0. 
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Note : Unlike concavity and convexity at a point of a 
curve, the position of the point of inflexion of a curve is 
an inherent property of the curve and so it is independent 
cf the choice of axis. Hence, the position of the point of 
inflexion will not change if we interchange the axis and 
accordingly the point of inflexion may also be examined by 

. d^x 
considering — 
ay 

Ex. 1. Show that y = x° is concave upwards at the 
origin. 

We have 4^=6x‘‘, 
dx 

and £.*.720 

but positive. 

Since, even differential co-efficient is positive and 

the given curve is concave upwards at the origin. 


dx 


r=30x^ 


g-360*-. g-720. 




Ex. 2. Prove that the points of intersection of the curve 
(x-by -a)®4-27axy = 0 with the line x-hy = a are points of 
inflexion on the curve. (C. H. 1959) 

Solving, the points of intersection are (a, 0) and (0, a). 
Differentiating (x+y^a^ +27axy=0y w. r, to x 

3 (*+, - *}+ 27 «{,+**}- 0 . 

or, {3(x+j7-o)*+27«A:}^jJ=-3U+:i»-a)*-27«j> - (1> 



16 


(jg-by— q)*-l-9ay 
(Af+y — a)*+9a;c 


0 at (a, 0% 
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Differentiating (1) again 

[6(x+)>-ay(l+^)+27a]^+{3(x+y-ar+Z7ax} ^ 
+6(.r+j> — + 27a^ = 0. ••• (2) 

1^=0 at (a, 0) 

j J2 

Differentiating (2) again and using ^ = 0, j— ?=0 

ax ax 

{3(x+y-ay+27ax] ^^’+6 = 0 

or 6 ^__6_^0 

’ dx’^ 3(x+y-ay+27ax 27a’ 

Since odd differential co-efficient is negative andp^O, the 
point (a, 0) is the point of inflexion. Similarly, (0, a) is the 
point cf inflexion. 

11.7. Singularities. 

The curve of the implicit equation f(xy y) = 0 some times 
exhibit pecularities at certain points with regard to its 
tangents at those points. This is due to the fact that for any 
real value of x in f(x, y) = 0, y may have as many real values 
as the number of degree of the equation. So, the curve may 
have as many branches as the number of degree of the 
equation. A point through which there pass r branches of a 
curve is called a singular point or a multiple point of the 
r~th order. 

11.8. Conjugate or Isolated point. 

If the coordinates of a point satisfy the equation of the 
curve but no point in the immediate neighbourhood of that 
point lies on the curve, then that point is called a conjugate 
point or an isolated point. 

The curve has two branches from the 

origin lying on the 1st and 4tb. quadrant respectively. But 
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( — 0)also satisfy the equation but points lying between 
( — < 7 , 0) and (0, 0) are not lying on the curve. Hence (—a, 
0) is a conjugate point of the curve. 

Node. A point through which emerges two branches of 
the curve with two tangents at that point is called a Node. 

The Folium of Descartes = 3axyhsLS two branches 

emerging out from the origin lying on the 2nd and 4th 
quadrant respectively and has two tangents ;> = 0 and x=0 
at the origin. Hence, origin is a Node of the curve. 

Cusp. A point through which there pass two branches 
of a curve with a common tangent at that point is called 
a cusp. 

The Cissoid ^ 

y^(a- x) = x^ 

has two branches emerging 
out from the origin lying ^ 
on the 1st and 4th quad- 
rant respectively and have 
a common tangent ,v = 0 
at the origin. Hence, origin 
is a cusp of the curve. 

Double point. A point which is either a Node or a Cusp 
or a conjugate point is called a double point. 

11.9. Conditions for which the curve f(x, y)=0 attains 
a multiple point at any point (x, y). 

From the given equation the slope of the tangent ^ is 
given by 

f «+ f »^=0 ( 1 ) 

At a multiple point the curve must have at least two 
tangents and accordingly ~ must have at least two values 
real equal or real unequal. 
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But the equation (1) is an equation of the first degree in 
~ and so it can be satisfied by more than two values of 

only if fx = 0, and fv = 0. 


So a point (x, y) can be a multiple point of the curve 
3;)=0 if and only if 

fx(x, y)==‘0 and fy(x, :>;) = 0 

Hence, a point {x, y) will be a multiple point of the curve 
if it satisfy simultaneously the three equations 

fix, y) = 0 
fx(x, y) = 0 
and fvix,y)—0. 


Again, differentiating (1) w. r. to x, we get 


fxx’^fxv d" 


(fvr+fvv 


dy 


= 0 . 


( 2 ) 


/. At a multiple point, where fa; = fi/ = 0 
we get from (2) 

or. 


dy -2f*„± 
or, 2^3 

~~’fxy'^ ^fxv^~fx^fv^ 

fv^ 

So, the slope of the tangent at a multiple point is real 
unequal, real equal or imaginary according as 

=0 or, <0 

provided fxv% fv^ are not all zero. 

Hence, if a point (x, y) simultaneously satisfy the three 
equations, 

f(x, y)=0, fx{x, j;)=0, fy(x, y)^0 
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then the point y) will be a multiple point of the curve 
and in case fxv* fv^ are not all zero, the points will be 
a node, cusp or a conjugate point according as 

= or, <0. 

In case fxv 9 fv^ arc all zero, the point {xy y) will be a 
multiple point of order higher than two. 

Ex. 1. Find the nature of the singular points of the 
curve ax* + hy® — cxy = 0. (C. H. 1961} 

Let f{xy y)=^ax^-^ hy^ — cxy = 0 
Then fx = 2ax — cyy fy = 2by — cx 
Hence, (0> 0) satisfy all the equations 
ax^ + hy^ — cxy = 0 
2ax^cy=^0 
and 2by — cx — 0 

Origin is a double point of the given curve. 

Now origin is a node, cusp or a conjugate point 
according as 

0)— fxxiOy 0) fvy(0y 0)>0, ==0 or, <10. 

i.e., according as 

( - c) “ (2a)(2b)>0, = 0 or, <0 

i.e., according as 

c®--4«fe>0, = 0 or, <0. 

Thus, origin is a node, if c^>4ab 
a cusp, if = 

and a conjugate point if c*<4ab. 

Ex. 2. Find the nature of the singular points of the 
curve (y-2x)®-x* = 0, (C. H. 1961) 

Let f{xy :v) = (y - 2.r) ® ~ = 0 

= j; * — 4 j; + 4;t * — “ = 0 

/. fx^-4y+Sx-5x*‘ 

fy^2y^4x 
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Hence, (0, 0) satisfy all the three equations 

f{Xy >;) = 0, fa; = 0, fw = 0 

Origin is a double point. 

Again ]fa;ac“8 fxv~ ““4 

At the origin 

f*x(0, 0) = 8, fyy(0, 0) = 2, f^y(0, 0 = - 4. 

' Since, here {f.y{0, 0)P = /^**(0, 0).f„^(0 0). 

The origin is a cusp. 

11.10. To determine the tangents at the points where the 

curve attains it-) singularities. 

If the equation of the curve does not contain the 
constant and the first degree term, then it is evidently 
satisfied by (0, 0) and so in that case origin is a multiple 
point of the curve. The equation of the tangent or tangents 
at the origin is usually obtained by equating to zero 
the terms of tne lowest degre c in the equation of the 
curve. 

If be a multiple point other than the origin, then 

we can conveniently, find the gradient of the curve at this 
point from the equation 



and consequently the equation of the tangents at (*c, /?) can 
be obtained by using the formula 



There is, however, a third method to find the tangent 
at (<, fi). In this method, we shift the origin at (<, P) through 
parallel displacement by a;==X + <, y=^Y-\~P and the 

equation of the tangent at the new origin is obtained by 
equating the lowest degree terms of the trSnsformed 
equation. 
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Ex. 1. Examiae the singularities of the curve 
X* — 4ax® — 2ay®-|-4a.®x®4-3a®y® — a*=0 
and find the equation of the tangents at singular points. 

(C. H. 1962) 

Let f{xy y) = x* — 4ax^ —2ay^ + 4a^x^ + 3a^j;^ — a* = 0. 
Since, f(x, v) = 0 has a constant term, origin cannot be a 
singular point. To find the singularities, other than the 
origin, we write 

fx = 4x^-’12ax^-h8a^x j f^ = — 6ay^+6a^)/. 

For multiple point we must have f» = 0, fw = 0. 

From 1st equation 

4x(x^ — 3ax + 2a^)=^0 or, 4x(x — a)(x — 2a) = 0 
=> x = 0^ a, 2a 
From the 2nd equation 

6a^(a — >;) = 0 
=» 3; = 0, a 

Now, we observe that the points (0, a) and (a, 0) simulta- 
neously satisfy the equations 

fx — 0, fy — O, 

Hence, (0, a) and (a, 0) are two multiple points of the 
curve. 

To find the nature of the singularities at (0, ez), we write, 
fxx = 12x^ -24ax’{'8a^ 
fxx(0, a) = 8a^ 
fvv^ —12ay+6a^ 

•*. fvi#(0, a)= 

A.lsO fxv^O a a ^)~Q* 

Now, since at (0, a) 

flsw* ” ffls*B'fi/v“48a*>0, 

the point (0, d) is a node of the curve. 
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To find the tangents at (0, < 3 ) we write 
fvvi 




or. 




Equation to the tangents at (0, a) are 

.2V3 

y — a— ±—^x. 

Alternative method to find the tangent at (0, a) 

Here, we shift the origin at (0, a) by 

a: = X+0, j; = y+<i. 

So, the transformed equation becomes 

X*-4flX»+4a*X* + 3a*(y + a)“-2a(y+a)®-a* = 0. 
or, X‘-4aX® + 4«»X*-3a“y*-2i3y’*=0 
Equating lower degree terms 
4a*X*-3cj*y* = 0 
or, 3y*=4X* 

2 

or, y=±-^X which gives the tangents at the 

new origin. 

Tangent at (0, a) are 






2 -/ 3 , 


Again, to find the nature of the singularities at (a, 0), we 
observe that 

fxx{a, 0)= -4a* } fvv{a, 0)=6a* 
and fxv*ciy 0) = 0 

At (a, 0), ^<Bv* 24a*!>0. 

The point (a, 0) is also a node. 
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To find the tangent at (o, 0) 



Tangents at (a, 0) are 
± J J6{x — a\ 


11.11. Species of Cusps. 

A point through which there pass two branches of the 
curve with a common tangent at that point is called a cusp. 
It will be seen that there may be five different ways in which 
the two branches of the curve lie in relation to the common 
tangent. 

A cusp is called a single or double cusp according as the 
two branches lie on the same side or on different sides of 
the common normal at the cusp. Again, the cusp is called 
the first species or of the second species according as the 
two branches lie on the different or the same side of the 
common tangent at the cusp. 

(1) Consider which has a cusp at (0, 0) with a 

common tangent j;==0. 

Here, for any negative value of x^ y is imaginary. So, no 
part of the curve Jies on the left side of the normal at (0, 0). 
Hence, the cusp is single. 

Again, since, y=±x^‘^y for any positives values of 
there are two values of y equal and opposite. So, the two 
branches of the curve lie on opposite side of the common 
normal y^O. Hence, the cusp is of first species. 

Hence, for the curve = origin (0, 0)'is a single cusp 
of the first species. 

(2) Consider (j; — i.e., y=2x^±x^^^ where 
the two signs correspond to the two branches of the curve. 

Here, (0, 0) is a cusp with ~ 0 as the cuspidal tangent. 
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For any negative value of y is imaginary. So, no parfc 
of the curve lies on the negative sides of the x axis and 
evidently the two branches of the curve lie on the same side 
of the common normal x = 0. Therefore, the cusp is single. 

Again, if 2>a;^ i.e., if 4>:r i.e., if a: <4. 

Thus, for any value of x in 
0 <a:< 4, the values of y for 
both the curves = 2 a;® 
and y = 2 x" - x^ aie positive. 

for values of x lying 
between 0 and 4, both the 
branches lie above the x axis 
X and so the cusp is of the second 
species. 

Hence, for the curve y^2x^ ±x ^ the origin (0, 0 ) is a 
single cusp of the second species. 

(3) Consider --x*‘ = 0 which has a cusp at ( 0 , 0) with 
a common tangent j;= C. 

Here, two branches x^=yy a;® 

= —y arc two parabolas each one 
extending to both sides of the 
common normal x = 0. Therefore, 
origin is a double cusp. 

Again, the two parabolas lie on 
difierent sides of the cuspidal tan- 
gent y=:0 and so the cusp is of the first species. 

Hence, for the curve 3 ;® — a:* = 0 , the origin (0, 0) is a 
double cusp of the first species. 




(4) Consider x^ ^hyx^ '“h^x^y~{’h^y^ = 0 which has a 
cusp at ( 0 , 0 ) with the cuspidal tangent 3 ; = 0 . 

The given equation is h^y^ ’-(bx*-hh^x^)y+x^ *^0 

_(bx^+b^x^)± V(bx^ + b^x^y-4b^x^ .... 


y 


( 1 ) 
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The leading term of the expansion under the radical sign 
is i}^x^ which is positive whether x is positive or negative. 
So, for X near the origin 

(bx^+b^x ^)^ has the same sign as b^x^ 
which is always positive. 

(bx^ + b^x^)^-4h^x^ is 
positive for x near the origin 

=» j; is real for values of x near 
the origin. 

Again, for positive or negative 
values of x, near the origin 

(hx^ + h^x^)^-4b^x^<(bx^4‘b^x^r 
=» V(bx* + b’'^x^j^~-W^^(bx^ + ^^ 

So, from (1), it follows that for values of x near the origin 
both the values of y are positive. 

Hence, the origin (0, 0) is a double cusp of the second 
species. 

Ex. 1. Examine the position and nature of the cusp ot 
the semi cubical parabola 

27ay^ = 4(x-2ar. ( C. H. 1965 old) 

Let f(x, y) = 27ay^ - 4(x - 2a) ^ 

Then fa;= -12:x-2ar i fy = 5^ay, 
fxx= -"24(:r -2^) } fyy = 54a and fxv = 0. 

For multiple points, we must have 

f(x,y) = 0, fr = 0, fv = 0 

Now fw = 0, fx = 0 give 
X = 2a, y = 0 

Also (2a, 0) satisfy f(x, y) = 0 
Hence, (2a, 0) is the multiple point. 

Again fxxC^a, 0) = 0, fwi/(2a, 0) = 54a and /xv(2a, 0) = 0 
This gives 

fxv^“fxx fvv^O 

=> The multiple point is a cusp. 
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Now transfering the origin at (2a, 0) by the equation 

j;=X+2a, the transferred equation becomes 27ay* 

= 4X* with respect to the new origin this equation has a 
cusp at (0, 0) with a cuspidal tangent X=0. 

Since, for any negative value of X, Y is imaginary, no 
part of the curve lies on the left side of the normal X = 0, 
Hence, the cusp is single. 


Again, 


Y=±. 


=-X" 


‘3 V3a 

for each positive value of X, there arc two values of Y 
which arc equal and opposite. So, the two branches of the 
curve lie on different sides of the common tangent Y = 0. 
Hence, the cusp is of the first species. 

Hence, for the given curve (2a, 0) is a single cusp of the 
first species. 


Ex. 2. Determine the position of the double points on 
the curve 

x®(x — 2)® — y(y — 6) — 9 = 0. ( C. H. 1966 ) 

fix, = 

= x(x-2)^(5x-4) 

fw= “■(l'-6)-y= -2:i;+6 

Also f^;c==(x-2yi5x-4)-\-2x{x-2X5x-4) 

’{'5x(x-2)* 

= ( a : - 2) %10x - 4) + 2xix - 2 )( 5 a : - 4) 

fvv=-2 

and ffl 5 v= 0 . 

Now, for double points f«=0, fv=0 
This gives x=0, 2, ^ and y==3 

The points arc (0, 3), (2, 3), (f, 3) of which (f, 3) 
does not satisfy f(x, y) — 0. 
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The multiple points arc 
(0, 3) and (2, 3) 

Now f **(0,3) = 16, fvi/(0,3)=-2 
and f*i/( 0 , 3) = 0 
• • f^xv fxx fvv^ 32 <c.O 
=>(0, 3) IS a conjugate point. 

A.gain, /'**( 2 , 3) = 0 , 3)= 2 and f*v(2>3) = 0 

• • f XV ~~ f XX • f yv ^0 

=»i2, 3) is a cusp. 

Transferring the origin to the point (2, 3) by parallel 
displacement by the equation a: = X+2, :i; = Y + 3 the 
transformed equation becomes 

(X4-2)’“X^-/:Y + 3)cY-3)-9=0 

or, X^(X + 2 )*-Y ^=0 ( 1 ) 

=>( 0 , 0 ) is a cusp of ( 1 ) with its cupsidal tangent Y = 0 . 
Equation to the normal at (0,0) is X = 0. If X be 
negative, Y becomes imaginary, so, no part of the curve 
lies on the left side of the normal X = 0 
=^( 0 , 0 ) is a single cusp. 

Again, Y=±X^XX + 2) 

for any positive value of X, Y has two values 
which are equal and opposite. So, the two branches lie on 
the opposite sides of the common tangent Y = 0 
=> ( 0 , I ) is a cusp of the first species. 

Hence, ( 2 , 3) is single cusp of the first species. 

Ex. 8 . Show that each of the curves 

(x cos *< — 3 ; sin < — hy = {x sin < 4 -j; cos <)* 
where < is variable, has a cusp, and all the cusps lie on a 
circle. (C. H. 1962) 

Rotating the axes though an angle < by the equation 
x*=x cos sin «(, y =x sin cos < the transformed 
equation becomes 




( 1 ) 
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Again, transferring the origin to (b, 0) by parallel dis- 
placement, by the equation at' — X + b, y' = Y, the equation 
O) again becomes 

X» = Y* (2) 

=^(0, 0) is a cusp with respect to the new origin with 
the cupsidal tangent Y = 0. 

The normal to the curve at (0, 0) is X = 0. For any 
negative value of X, Y is imaginary. 

No part of the curve lies on the left side of the 
•common normal X = 0. 

=^v0» 0) is a single cusp of (2). 

Again Y=±X^ 

for any positive value of X, Y has two values which 
are equal and opposite. 

/. the two branches of the curve lie on opposite side 
of the tangent Y = 0 

=>(0, 0) is a cusp of the first species of (2) 

Thus, the point given by 

a: cos < — 3 ; sin < = b, a; sin®c+ 3 ; cos «< = 0 (3) 

is a single cusp of the first species. 

Eliminating < from the two equations in (3), we get, 

= h* which is a circle. 

Hence, all the cusps lie on the circle A;® + 3 ;® = b®. 

Exercise 11 

1 . Show that (0, 1) and (8, «*} are the points of inflexion of the curve 
»=(log y)*. 

Show that origin is the point of inflexion of the curve 
(i) a*^*=a*a’*-x* and (ii) log (1 — ®). 

8. Prove that the curve 

cs/*—®(a-c)(a-d) 

Jaais two and only two points of inflexion. 

4. Show that the points of inflexion on the curve () lie 

on the line 3® ■> 46 -a* 
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6. Show that origin is a node, a cusp or a coujugate point on the curve 
p* =«a®*(l+aj) 

According as a is positive, zero or negative. 

6. Show that origin on the curve 

Is a single cusp of the first species. 

7. Provo that the curve 


®* + 2/*-3®2/ = 0 

has a double point at the origin and find the tangent there. 
8. Show that the point (c, 0) on the curve 


{x-c)*-y* =0 


is a cusp of the first species. 

(C. H. 1960) 

9. Show that the curve 


f®"- (2/-c)*}(®-2) + ® = 0 


has a node at (1, e) and an isolated point at (L c). 

(0. H. 1960) 


10. Show that the curve ' 

has a single cusp at (a, 0), 

11. Show that (0. 2) on the curve 

j/ = 2 + »(l4-» + aj^) 
is a single cusp of second species. 

12. Find the double point on the curve 

a*‘-2;/x^ — f 16j/*=0 
and show that it is a double cusp of second species. 

13. Prove that the curve 

®’‘+2/*=ca5* 

has a point of inflexion at and a cusp of the first spoofea at the origin. 

14. Show that origin on the evolute of the parabola y* * la® is a single 
cusp of the first species, 

15. Examine the nature of the origin on the curve 

(2® + ■ - 6®s^(2« + p) - 7® • = 0 

and show that it is a cusp. (0. H. 1964 old) 

16. Find the nature of the double point of the curve 

l/» = (®-2)Ma-6; 

and show that the curve has two real points of inflexion and that they 
subtend a right angle at the double point, 

17. Define a point of inflexion on a curve and show that origin is a point 
of inflexion of the conio 

y * axy + by* + c®*. (B, H. 1967) 
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12.1. Family of curves and its parameter. 

If the equation to a straight line or a curve be a function 
of three variabls x, y and < then, the equation fix^ y, ‘<) = 0 
determines a straight line or a curve corresponding to each 
particular value assigned to <. 

For different values of the equation will give different 
straight lines or curves. The totality of these straight lines 
or curves is called family of straight lines or curves, and 
the variable < is called the parameter of the family. 

12.2. Definition of Envelope. 

If each member of the family of straight lines or curves 
C^F(xy y, «c)~0 touches a fixed straight line or a curve £, 
then E is called the envelope of the family of straight lines 
or curves C. Conversely, E is the envelope of C if each 
point of E is touched by some member of the family C. 

Illustrations 

(1) The equation to a straight line in the normal form 

is X cos <+y sin where a is the length of the normal 

from the origin on the line and < is she angle between the 
normal and the positive direction of x axis. If a is kept 
constant and < is allowed to vary, then we shall get a family 
of straight lines each one of which touching a fixed circle 

at (a cos <, a sin <). Hence, in this case the 
family F(x:, y, <) = 0 is a family of straight lines and its 
envelope is a curve i.e., a circle 

(2) The family of circles — where a is 

fixed and < is a variable parameter represent a series of 
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equal circles each of radius a and having their centres at 
different points on the x axis. These circles are touched 


y 



X J 


by the lines = ± <3. Hence, here envelope of the family 
of curves which are circles, are straight lines ±,a. 


12.3. Envelope of Straight Lines. 

The < eliminant curve from F(x, y, «<) = 0 and ^ (x, y, «c) 

d< 

=»0 is the envelope of a family of straight lines F(x, y, «c)=>D- 
with < as its parameter. 

Let F(x, y, <) = y — f(<)x — <f>(K) =0 where < is a parameter,, 
be a family of straight line. 

F(xy y, <) = 0 

=^y = ( 1 ) 

^(x. j;. <) = 0 

=^ = f'(<)x+<f''(<) (2) 

From (2) at = = ?(<<) (say) (3) 

Putting this value of x in (1) 

y=- f(<) W = £(<) say (4) 

Thus, < eliminant curve of (I) and (2) is the same as 
the curve where parametric equations are given by 

x = S(<) I / 5 ) 

yri(<) i 

Now, equation to a tangent at k to the curve (5) is 
= f(l){A:-g(<)} from (5) 


17 
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or. = 

or, y ~ f{<)x -«/»(<) = f(<)x - f(<)x, 

or, y = f(<)x +({>(<) i which is the same as the arm equa- 
tion of the given family of straight lines. Thus, the curve 
where paramatric equation is given by {5) is touched by the 
iamily of straight lines = <#»(<). 

So, it follows that the curve (5) which is the < eliminant 

of F“0 and^ = 0, is the envelope of the family -of- straight 
tZ< 

lines y = fi«0x-\-<h(<)t i-c., F Xy y, <) = 0 
12.4. Envelope of curve lines. 

The envelope of the family of curves f(xy y, <) = 0 with 
•c as the variable parameter is the «>c eliminant curve from 
f(xy y,<) = 0 and f^(xy •c) = 0 

where is the partial derivative of f with respect to •<. 

Suppose, < eliminant curve is the envelope of 

f(xyy,<) = 0 ( 1 ) 

But < eliminant is obtaind by solving for Xy y from 

f(x, y,<) = 0 and f^(xy y, <)=0 ••• (2) 

/. Equation of envelope must be of the parametric form 

X = <!>(<) \ 

y=^(<) J 

The equation to the tangent at any point (xy y) in (1) is 

(x-«)|i+(r-,)g.o (4) 

Also, equation to the tangent at the point (x, y) 
on (3) is 

dy 

d< 
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or, (X-x)^l-(Y-/^l = 0 (5) 


Since, (4) and (5) are coincident straight lines the co-efficient 
of X and Y must be proportional. 


dx_ dp 
dv dx 
d‘< d^ 


dx d<'^d~yd«~^ 


(b) 


Again, diSerentiating f(.r, p, <)=0. w. 
considering x, p as functions of «<, we get, 


r. to «c and 


d<'dx d^'^dp d< 


d< ^ 


by (6). 


Thus, if (3) be the envelope of (1), then the two equations 
f{x, p, <) = 0 and f^(xy p, <)=0 must hold simultaneously. 

Hence, the result. 


Cor. 1. The envelope of the family of curves 
-h C = 0 where < is the variable parameter and A, B, C are 
linear functions of x, p is the curve = 

For differentiating A< * + B«c + C = 0 • • • (1) 

with respect to «c 

2At+B=0 i.e., -c* -B/2A 


Putting this value of -t in (1), the required envelope is 
. B“ 


-|^+c=o 


or, 

or. 


" 4A 

B»-2B^-b4AC 
B* = 4AC. 


Cor. 2. Everp curve is the envelope of its tangent. 

We know that p=mx+^- are tangents to the parabob 

m 



260 


APPLICATION OF ANALYSIS 


for all values of wi. So is the envelope of 

the family of straight lines >;=mA:+ — 

nv 

To prove this let us write the family of straight lines* 

y^mx-i- - in the quadratic form 
m 

m^X‘-my-{‘a^0. 

Then, the envelope is 

(-yr^4(x)(a) 
i.e., y^ = 4ax. 

Cor. 3. Since normals to a curve are the tangents to 
its e volute, it follows that the evolute of a curve is the 
envelope of its normals. 

We know that at a point W on the parabola y^^AaXr 
the equation to the normal is y — mx---2am — am^ • • (1) 

To find the envelope of (1), we differentiate (1) w.r. to m 
so that 

Q = x — 2a — 3am^ or, = 

3a 

Now from (1) y = m{(x — 2a)^am^i 

= m[(x - 2a) - =|m(A:-2a) 

«4(*-2a)* 

9' 3a 

or, 27ay^ = 4(x-2ay which is the envelope of the 
normals. 

Hence, the evolute of the parabola y^ » ^ax is 
27ay^^4(x-2ay. 

Cor. 4. If ^(x, «t)*a0 be the equation to the normal 

to a family of curves f(xt y^ <)=0 where < is a variable 
paraipeter, then < eliminant curve from 0 and 
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— = 0 will give the evolutc of the family. But evolute is 
0"C 

the locus of the centres of curvature. Hence, the centre of 
curvature maj; be obtained bp solving for a:, y the equations 

4*{Xi 3;, “t) = 0 and ^ in terms of 

The normal to the curve = at d is 

X cos 0 — y sin 0 = a cos 20. ••• (1) 

Differentiating (1) w. r. to 6 

a; sin 0+3; cos 0 = 2(2 sin 20 ••• (2) 

Solving (1) and (2) 

a: = < 2 (cos 0+sin 0 sin 20), 3; = <2(sin 20 cos 0-hsin 0) 
But a ; =<2 cos®0 and y=^a sin®0 

If (35, T/) be the co-ordinates of the centre of curva- 
ture, then 

x=a cos 0(14*2 sin*0) 



= a^f^ a :^/^ 42 a :^/® 3 ;*/® 

= a:43a:^/® 3 ^*'®. 

Similarly, |7 = 3;43 a:®'®3;^'®. 

12.5. Singular points on a Curve. 

A point (a, b) on the curve f(Xf y, <) = 0 where < is iSxed, 
is said to be a singular point of the curve if it satisfies 
simultaneously the three equations 

f(Xt Pf ^) = 0 , fx“0f fy^0» 

Again, the point (a^ h) is called an ordinary point if it 
does not satisfy at least one of the two equations f*=0 
/s-O. 
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Theorem I 

Any singular point of any curve of a given family is a 
point on its envelope. 

Let j;, ‘<) = 0 (where “C is fixed) ••• (1) 
be any member of a family of curves. 

Let (<3, h) be a singular point of (1), then (< 2 , h) will 
simultaneously satisfy the three equations. 

= fy^O, - ( 2 ) 

Now from (1) 

^dx+^fdp+^d< = 0 

dx dy 

=» ^td< = 0 using (2) 
d< 

So, it follows that (a, b) satisfies the two equations 
fix, p,<) = 0 

and -®-^ = 0 
d< 

Thus, the locus of the singular points of the curves of a 
family is a point of its envelope. 

£x. Show that the locus of the singular point on the 
curve x®(x — a) H-(x+a)(y — m)^ =0 where a is a constant and 
m is a variable parameter, is a part of its envelope. 

f(x, y, m) = x^(x-a)-h(x+a)(y-m)^ = 0 
fx = 3x^ — 2ax-{’ {y — mY 
fy = 2{y-m) 

*/ (0, m) satisfy the three equations 

fix, y, w) = 0, = 0, fy = 0 

(0, m), where m is variable, is the singular point of the 
curve. 

=> Locus of the singular point on the curve is the y axis. 

To find the envelope of the given curve, we differentiate 
it w. r. to m, so that 

— 2 ( a : + “ m ) = 0 

i.c., y — m=0 
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Eliminating m, the envelope is 
xXx-a) = 0 

which gives two lines x = 0 and x = a 

But .r = 0 is the y axis i e., locus of the ‘Jsingular point 
and x = a is outside the locus. 

Thus, we find that the locus of the singular point is a 
part of the envelope. 

12.6. Characteristic points of a curve 

A point (a, h) of a family of curve f(x, j;, <) = 0 if docs 
not satisfy at least one of the two equations fx = Oy fw = 0 
(i.e., if the point be an ordinary point), then it is called a 
characteristic point of the family provided it satisfies 
simultaneously the two equations 

f(x. }>, <) = 0 and ^^(x, y, <)= 0 (1) 

Now (a, h) will satisfy both the equation (1), provided 
the two equations 

y, <) — 0 and j;, <) = 0 intersect. 

ox 

Again, since (a, b) is an ordinary point, it can not be a 
singular point of the family. 

Hence, the characteristic points are those points of 
intersection of f = 0 and f< = 0 which are not singular points- 

of the family f(x, y, ‘<) = 0. 

The locus of the characteristic points of the family of 
curves is sometimes called the envelope of the family. 

In practice, it is not possible to solve the two equations 
f“=0andf^ = 0 unless one of the three variables is kept 
constant. In finding characteristics points, we are to find 
AT, y and so < must be kept fixed. 

Theorem I 

The envelope of the family of curves r(x, y, <)=0 touch^a 
every member of the family at its characteristic point. 

( C. H. 1971 > 
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Let P{x, y) he a characteristic point of the family 
f(xt y, •t)=*0 where *1 is fixed=“ti, (say). 

Then, the slope of the tangent at (x, y) to the curve 
when <=‘<1 is obtained from 


^ dy 
dx~^By dx 


0 


Thus, if in the differentiation < is kept constant at <<i, then 
the slope of the tangent at (x, y) is 

4y ... ... ( 1 ) 

dx ^ hx! dy 

The envelope of the family is obtained by eliminating < 
from 

fix, y, ■<) = 0 
and f'J.x,y,<) = 0 


Let ... ... (2) 

y=V>(<)^ 

be- the parametric equation of the envelope obtained by 
solving the above two equations for x, y in terms of «t. 

So, the equation of the envelope can be put in the form 

This gives, on total differentiation, 

*.«,+§{ 


IS 


dx ay 

0'(<)^_9£/0f 

Bxf By 


f<ix, y, “t)®© 

(3) 


But, the slope of the tangent to the envelope (2) at <• 
dy_±^ ... — ( 4 ) 




Hence, from (1), (3) and (4), we find that at a characteris- 
tic point Pix, y) the slope of the tangent to the family and 
the envelope are the same. 
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=> two tangents coincide. 

Hence, the theorem. 

Theorem 2 

If It is possible to find a curve E such that it is touched 
by the members of the family ^Cs=f(x, y, <) = 0, then E must 
be the envelope of C. (Converse of Theorem 1). 

Let jP(a:, y) be any point on the curve E. Then this 
point is also a point on some member of the family C. 

X, y must be functions of < and so we write 

Since, these coordinates also satisfy f(x^ y^ <)=*0, we can 
write 

= 

This gives on differentiation w. r. to < 

- (I) 

Now, the slope of the tangent at P to the curve C is 
dx dx/ dy 

Also, the slope of the tangent at P to the curve is 
dx'^<f»\<) 

Since, the two curves touch at P, these slopes must be 
be equal. 

■ ^ ?f 

dx! dy <K(<) 

So, from (1) we get 



£ is the locus of the characteristic points. Hence, 
E is the envelope of C. 
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Ex. 1. Given that x® +y® is the envelope 
of x/a+y/b = l. Find the necessary relation between a and b. 

(C. H. 1963, 72) 

Let P (c cos®</>, c be any point on the envelope 

Since, every point of the envelope is touched by some 

members of the family '^4-^ = 1, jP(c cos’*/*, c sin’'f/>) is also 
a b 

a point on the family. 


Now, tangent at P on the envelope is 

^ 3c sin®«/> cos «/> / . x 

y — esm ..(a; — ccos */»}. 

3c cos </>( — sin */>) 

sin 3 iN 

= - — — c cos 

cos ^ 


or, y cos ^ — c sin®^ cos —ac sin </»+c sin </> cos®</>. 
or, a: sin ^+y cos '/‘ = c sin cos «/>. 


or, — ^ =1. 

c cos <p c sin ^ 


- ( 1 ) 


Since, = l touches the curve at P, it must be 

h 

identical with (1) 

<2 = c cos */>, b = c sin </*. 

Hence, a^-{'h^ = c" is the required relation. 


12.7. Envelope of a family of curves containing two 
parameters. 

Suppose, equation to a family of curves be 

f(x,y,<,P) = 0 (1) 

where <, ^ are two parameters connected by an equation 

</>K /3) = 0 (2) 

Case 1. Suppose equation (2) is easily solvable for P in 
terms of *<. 

i.e., let = 

Then, putting in value of P in (1), we get 

f{xy (3) 
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which reduces to a family of curves with one parameter 
< only. 

So, eliminating < between (3) and f 0 we can 

easily find the envelope of the given curve. 

Case 11. Differentiating (1) and (2) w. r. to P and 
regarding a:, y as constants, we get 

Eliminating and dP from these two equations 


we get 


Bf ld<b 


(3) 


Now, eliminating P from (1), (2) and (3), the equation 
to the envelope can be easily obtained. 

Ex. 1. Find the envelope of a straight line of length k 
whose extremities lie on the coordinate axes. (C. H. 1967) 
Let a and h be the intercepts made by the line of length 
k with the axes so that equation to the family of lines is 

a h 

where a and h are parameters connected by the relation 

First method. The equation a® + = is solvable for 

h in terms of a i.c., b= 

Putting this value of &, the equation to the family becomes “ 


a yk’-a^ 


Differentiating this w. r. to a 

- -2«)=o 


or. 


ay 


a* 


( 1 ) 


( 2 ) 
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Now eliminating a between (1) and (2), the required 
envelope is obtained thus : 




or. 


a a 


Dividing (2) by (3) 

a _ ax 
P* ~Ca-xy 
or, te — = 

or, 

Now, from (1) p^ = (l-3* 
or, a— (<*-■«)* 




•or, y 1^3 3~/3%* 

k^-\x+x y I 


y j t 


or. 


x^\x^-hy 




or, 

or, — k^. 


-/Second method. The family is 
<2 b 

•where a*+b* — fe* 


( 1 ) 

( 2 ) 


(3) 
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Differentiating (1) and (2) w.r. to a 


a h 

and 2ada + 2hdh = 0 

Eliminating da and db from these two equations 


or, 


X 

a 


JL’ 

h 


a o 


and 


J _^3/;5 , ,2y3_' a^-hh^ fe® 

and so x +v . ^*/3 + j^ 4 / 3 -- j^ 4 /a 

= is the required envelope. 

Oet. 2. Find the envelope of the straight lines 

54 .^ = ! where a”+b” = c’‘ (C. H. 1964) 

a b 

Differentiating the two equations w. r. to a 
,x y db ^ 


b® da 


= 0 


and 


I 

a’ 


da 


Eliminating 


db 

3a 


we get 


a^ _ b® 

or x/a+y/b 1 

’ «« ““ b? “ ^i" + b*‘ ““c~' 

a^^ ^ = a:c” and b”"^^ = j;c” 

1 _l_ 

or, and (>^c”)”+^*»b 
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(;«:c")«+i+(j«:")«+i=«“+b"=-c" 

n* r n n i 

or, c”+iW^"+i+3^"+^J=c- 


or, is the required envelope. 

Ex. 3. Find the envelope of a variable circle which 
< passes through the origin and whose centre lies on the 
ellipse x*/a»+y»/b* = l (C. H. 1961) 

Let the equation to the variable circle be 

— 2<a: — 2j5_j; = 0 ••• (1) 

whose centre (^, P) lies on =1 

:4+p=i (2) 

. Difierentiating (1) and (2) w. r. to ■< 

- 2 x - 2/£-0 
, 2< 2tt dP_f. 

Eliminating J- from these two equations, wc get 
a< 

• < = ?-•* B = y>’ 

• • fe ’ fe * 

. Putting in (2) ^ 

bV_i 

■fe* fe® ^ 

or, fe® **<i*A;* + b®:p* 
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So that putting these values of < and in (1) the required 
envelope is 

2 j_ 2 ^ c)f _ _ \ 

^ ^ Va^^^+bVJ 


Squaring =4(c2®^® + b®.v®). 

Ex. 4. Prom any point P on a parabola, PM and PN 
are 'drawn perpendiculars to the axis and the tangent at the 
vertex , show that the envelope of MN is another parabola. 

(C. H. 1971) 

Let P(<, be any point y 
on the parabola y'^^4ax v 

Then, = •••(!) ^ 

Coordinates of M and N \ 

N are clearly (<, 0) and 

fo, P) —3 

Equation to AfJV is \ - 

-+;=i. ... (2) 

Differentiating (2) and (1) w. r. to 

_ X y_d/J_/, 

<' ~P‘ d* 

and 2fi^=4a 
<i< 


Eliminating ^ from these two equations 


. JL 

4a< -2^* 


JL 

P* 2/»* 


or, ~ (suppose)^ 
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• <= 3—5 B = -^ 

•• k' 2k 

Putting in (1) - ' 


~= —16ax 
k 




From (3) < = 




Putting in (1), the required envelope is 

or, y’‘+16ax=‘0 which is also a parabola. 
Otherwise. Equation (2) can be written as 


4?* . J' = 1 




=» ^ yP— 4ax=^0 which is a quadratic in P, 

/. Envelope is ( — * = 4( — 4ax) 

i.e., y^+lSax^’^O which is also a parabola. 

Ex. 5. Find the envelope of the polar of the points on 

the elUpse =1 w. r. t. ^+^ = 1. (C. H. 1966) 

n K ■ a D 

Let P) be a point on the given ellipse. Then polar of 


f«(, P) w. r. to 


.^ = lis 


... a) 

Also, *.• lies on 

p+p=l — (2) 

Differentiating (1) and (2) w. r. to < 

iLj. ^==0 

and 2< 2^^-0. 

h‘^k‘d< “ 
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Eliminating 


41 

d< 


from these two equations we get 




12*8. Pedal curve. 

The locus of the foot of the perpendicular drawn from a 
given point on the tangent to any point of a curve is called 
the pedal of the curve with respect to the given point. 

If there arc series of curves denoted by T, Ti, T*, 
such that each is a pedal to the curve immediately preceding 
it, then Pi is called the first positive pedal of P, Pa is 
is called the second positive pedal of P and so on. Thus 
Pn is called the nth positive pedal of P. Again if be 
regarded as the original curve, then Pn.i is called the first 
negative pedal of Pn, Pn -3 is called the second negative 
pedal of Pn and so on. 

12.9. How to find the pedal with regard to the origin of 
any curve whose cartesian equation is given. 

Let the equation of the curve be 

y{x, :»;)== 0 

and let the equation to the tangent at any point P(a;, y) on 
the curve be 


18 


X cos sin <=p. 
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=> Condition of tangency is of the form 

= 0 ( 1 ) 

where (p, <) arc the polar coordinates of the foot iVT of the 
perpendicular on the tangent. 

If (r, $) be the polar coordinates of N then replacing 
(p, <) in (1) by (r, d), we find the pedal curve which is the 
locus of N in polar form. 

Alternative method 

Let the equation of the curve be f(x, ••• (1) 

The equation to the tangent at any point jP(;r, y) on the 
curve is 

Y-y = fjX-x). (2) 

Also, equation of the perpendicular from the origin on 
the tangent (2) is 



dx 


=» x+y^-o (3) 

Since, the foot of the perpendicular N is the intersection 
of (2) and (3), its locus which is the pedal curve, is obtained 
,by eliminating (x^ y) from (1), (2) and (3). 

fix. 1. Show that the first positive pedal of the 
parabola y* = 4ax with regard to its vertex is the curve 
x(x»+y”)+ay* = 0 { C. H. 1965 old ) 

Let cos sin «c = p ••• (1) 

touches the parabola at (^i, y^)- 

Now, equation of the tangent to the parabola at {x^, y^) is 

yyi,^2a{x^x^ 

or, 2o;c — yj;i+2oA;i=0 (2) 

Then (1) and (2) must be identical. 
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/. Comparing co-efficient 

2a _ — _ —2ax^ 

cos < sin < ~ p 

= —2a tan < and = — p sec «c. 

Since, yi) lies on )?^ = 4ax 
yi^ = 4axt 

/. 4a® tan®«(= — 4ap sec < 

Hence, the condition of tangency is 
a tan®<+p sec *<. = 0 

Now, replacing (p, «c) by the polar co-ordinates (r, 0) the 
required pedal is 

a tan®64-y sec = 0 
or, r+a tan 0 sin 0=0. 

Transferring into cartesian form the equation becomes 
r + a ^.^=0 

X r 

or, r®A:+a>;®=0 

or, xix^+y^)4ray^ — 0. 

Alternative method 

Equation to the parabola is y^ — 4ax ••• (1) 

and equation to the tangent to the parabola for all values 

of m is y = 171x4-^ •** ••• (2) 

m 

Then the equation of the perpendicular from the origin 
on (2) is 



Now, the intersection of (2) and (3) is the foot of the 
perpendicular on the tangent. Hence, the locus of the foot 
of the perpendicular which is the^pedal curve, is obtained 
by eliminating m from (2) and (3). 

From (3) we get m=* — 

y 
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Putting this value of m in (2), we get 



V X 


or, xy^ = — jc® — ay^ 

or, x(x^ y*) ^ 0 which is the required pedal. 


Ex. 2. Find the first positive pedal of the rectangular 
hyperbola x* — y® = a* with respect to the centre. 

Show that the pedal is the lemniscate r* = a® cos 20. 

(C. H. 1970) 

Let (a sec a tan <f>) be any point on the rectangular 
hyperbola. 


Then equation of the tangent at is 

jc sec — 3; tan ••• (1) 

Equation of the perpendicular from the origin on (1) is 
jr tan sec </» = 0 ••• ••• (2) 

Since, intersection cf (1) and (2) is the foot of the 
perpendicular, the requiTel pedal is obtained by eliminating 
from (1) and (2). 

From (2) 

-y 


••• 

Putting these values of sec and tan in (1) the required 
pedal is 

x^ j;® _ 

or, (x^^y^r^a^(x^-y*) 

Transferring in po^ar coordinates this equation becomes 
r®=< 3®(r® cos®6 — r® sin®6) 
or, C03 2d. which is a lemniscate. 
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12.10. From the definition of the pedal of a curve it follows 
that every circle described with any radius vector 
as diameter touches the pedal. So the envelope 
of such circles will be the pedal of the curve. 

Ex. t. Find the pedal of the ellipse 1 with res- 

a D 

pect to the centre. (C. H. 195S) 

Let C be the centre and P{a cos </>, h sin 4>) be any point 
>on the ellipsi:.. 

Then equation to the circle with CP as diameter is 
— ax cos *fi — bv sin <f> — 0 ••• (1) 


Differentiating (1) with respect to 
ax sin cos <^ = 0 


tan = 


ax 


sin <k=- 


by 




cos = 


Ja^x^'\-b^y 




Putting these values of sin <#» and cos in (1) the envelope 
of the circles i.e., the required pedal is 

2 2 7 2 2 

X^-hv^= 


=> 4- = 0 is the required pedal to 

the ellipse with respect to its centre. 


Ex. 2. Find the pedal with respect to the pole of the 
curve r®®*a® cos 20. 

Let (P, <) be any point on the curve. 

Then cos 2< (1) 

Now equation of the circle with radius vector P as 
diameter is 

r=Pcos(0 — *<) (2) 
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Differentiating (1) and (2) with respect to P 
d< 


2P= sin 2< 


dP 


and O = cos + P sin (0 — 

aP 


Eliminating 


from these two equations, we get 


p sin 2< 

cos (0 — sin(0 — <) 

or, P® sin (0 — = cos (0 - <) sin 2< 
or, a® cos 2<.sin (0 cos (0 — “t) sin 2< from (1) 

or, tan (0 ~ <) = tan 2“C 

0-< = 2< i.e., 0 = 3=c 

So, from (2) 

cos 2<=^P.P®/^® 

P = ••• (3) 

Again, from (1) P® = ci® cos f0 •• (4) 

From (3) and (4) 

= cos §0 
2 2 

or, = cos ^6 is the required pedal. 


O^Exercise 12 

Show that the envelope of the family of semicubioal parabolaa 
p* — (»+<)■ ^0 is the X axis. 

Show that the envelope of the family of circles passing through tho 
vertex of the parabola » 4az and the centres lying on it is the curve 
p*(2a+rt) + aj*--=0. 

3. Prove that the envelope of the parabola 




1 where the parameters are connected by the rdatioD 


db^fc* is the hyperbola XSxy^lc’*, 
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Show that the envelope of the family of circles whose centre lie on 
the hyperbola and which passes through its centre is the curve 

^ (a®+»*)* = 16c*a5S/. 

Show that the envelope of the straight line , 
xfa-\-yfb—l 

where the parameters a and b are connected by the relation a* + 6* = c* is 
the astroid x*f* + y^f* 

6. Show that the envelope of the straight line 
xfl + ytm — l 

whore the parameters I and m are connected by the relation lm = c*{c being, 
constant) is the hyperbola 4xj/=c* 

^7. Prove that the envelope of the straight line 
X y 

u 

whore the parameters k are connected by the relation 7£/a + ^/2>=sl> (a 
and b being constants) is the parabola 




Show that the envelope of the family of ellipses 

+ — 1 where the parameters a and 6 are connected by 

the relation a + 6=s7<;, (7/ being a constant^ is the astroid 

9. Prove that the envelope of the circles 
(*-<)- + (j/-/5)’ = <* + i3* 

whose centres lie on the parabola y* = 4ax> (<i ^ boingparamoters,)i8' 
-2ax) = 0. 

10. Show that the envelope of the curves 

a* ^ 6** 

whose parameters <, /9 lie on the ellipse x^Ja^ i-j/’/ft***! is the ellipse itself. 

11. Show that the envelope of the straight line joining the extremities 

of a pair of conjugate diameters of the ellipse “*1 i® another 

ellipse ®*/a*4-p*/6* 'sl/S. 

y42. Prove that the envelope of the circles described on the double 
dHinates of the parabola y* — 4ax as diameter is the parabola p*»4a(®+a). 

13. Prove that the envelope of the chord of the parabola •a^ax which 
subtends a right angle at the focus is the ellipse (x — 3a)*+2|/* aSa*. 


14. Show that the envelope of the family of lines through a point P 
perpendicular to the polar of P with respect to the parabola ^*»4a» and. 
passing through a fixed point {h, k) is the parabola (a — 2a+fe)*+4ftp"i0, 
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16. Given that the envelope of the family of straight lines wtose 
intercepts on the two axis are the variable parameters a and h is iSLe 
astroid a*^* + p*'* Prove that a* + 6*=c* 

16. Prove that the envelope of the circles described on the double 
ordinates of the ellipse x^/a^+y^lb'^ as diameters is another ellipse 




= 1 . 


17. Show that the radius of curvature of the envelope of the line 
X cos d+p sin 6=f{0) iafid}+f\0). 

18. Prove that the evolute of the astroid 

is the curve (a!+p)*/* + (a!-p)®/* = 2a*^*. 

19. Provo that the evolute of the ellipse fl!*/rt* + p*/i)® = l istthe curve 

20. Show that the envelope of straight lines drawn at right angles to the 
radius vectors of the cardioide r = a(l+cos 0) is the curve r=Qa cos d. 

21. Show that the equation of the pedal of the parabola 

o'*’ — 1 with respect to origin is the curve 

(a* + p*)(aa + by) — abxy, 

22. Show that the pedal of the cardioide 

r=<i(l + cos d) 

with respect to its pole is r — 9a cos* 

23. Show that the pedal of the circle r — 2rt cos d with respect to its 
•origin is the cardioide 

r = a(l +COS d). 




CHAPTER XIII 

AREAS OF PLANE REGIONS 


13.1. Areas in cartesian coordinates. 

Let the curve ); = f(x) he single valued, finite and 
continuous in the interval (a, h). Then the area bounded 
by the curve v=f(x), the x-axis and two ordinates at x = a 
and x=b is 



Let the ordinates of curve y — fix) at x^ a and h be AC 
and BD so that OA = a and OB = b. Let P{xy y) bp any point 
on the curve and the corresponding ordinate at this point 
be PMy so that OM=^x, Let the area bounded by the 
curve, the A;-axis and the ordinates at A and M be denoted 
by A. 

As the point A is fixed and M is variable depending 
on X, the area A is a function of x. As x is increased 
by an amount dx, let the area be increased by an amount SAy 
the area enclosed by the ordinates PM and QN. Let f(xi) 
and fixs) be the greatest and the least ordinates in dx. 
Then clearly 

f(x^)dx<dA<f(xi)dx 


( 1 ) 
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Now, since f(x) is continuous at Jt, as Q~>P i.e., 

both f(x^) and f{x^) approach fix), and 4^ tends to 

ox ax 

Hence, as the relation (1) should hold true always, 
proceeding to the limit, we get 


dA 

dx 


=^fix). 


=> § f(x)dx + c 

= F(a:)4-c where c is an arbitrary constant. 

When x==at PM coincides with CA and so area becomes 
zero. When = PM coincides with BD and the area 
becomes the required area Ai (say) " 

0 = i^(t2)4"C 
A, = F(6)+c 
=» A^=F(h)-Fia) 


h 


‘‘f f(x)dx 


a 


h 

= J ydx. 

a 

Cor. 1. In the similar way, it can be shown that the 
area included between the curve x=^f(y), the y axis and the 
two abscissae y = c, y = d is 

fl <z 

/ K]i)dy i.e., f X dy 

0 c 

Cor. 2. If the equation be given in the parametric form 
x^f(e\ y=^4*i6)t then the area with proper limits 0^ and d, 

is f de. 
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Cor. 3. If the axes be not rectangular but a> be the- 
inclination between them, the area under consideration 
would be 


sm o) 


/fW 


dx and sin 


h 

f f(j>) dy 


respectively. 


Ex. 1. Find the total area of the circle x* + y“ = a®. 

The area bounded by the curve, the x axis and the 
ordinates x = 0 and x = a is the area of the quadrant of the 
circle. Hence, the required area 


a n 

= 4j y dx = 4j^ Vd^'-x^dx ^ * 

o o 


in the portion 
considered y is 
positive. ] 


a 



2 -2 


square units. 


Otherwise. Let x~a cos v = a sin B be the parametric 

equation of the circle. Then the required area 


U V 

y dx = 4^ a sin B{ — a sin B)dB 


rTl2 


= 4a^J" sin*0 dd = 4a^ . ^ = square units 

9 9 

Ex. 2. Find the total area of the ellipse — 1. 

a b 

The area bounded by the curve, the x axis and the^ 
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ordinates at = 0 and x^a is the area of the quadrant of the 
•ollipse. Hence, the required area of the ellipse 



o 

= — r Va^ — x^dx. 

at' " 2 ■ 2 

4b ^ , . 

= — • ^ • ^ = ^ab square units. 

a Ci ^ 

Otherwise. Let x^a cos 0, y = b sin 0 be the parametric 
equation of the ellipse. Then the required area 

o 

a 

= 4^ jr dx = 4 ^ b sin e( - a sin O)d0 

» nl'i 

•nf^ 

=^4ab ^ sin*6 d6 = 4ah .^ = nab square units. 


[ . In the portion 
considered y is positive ] 


in* 


nj 


Ex. 3. Find the area included between the parabola 
\y”»4ax and the double ordinate at x=Xi. 

The area included between the curve, the ;r-axis and the 
sordinates at x=^0 and x=Xx is i of the required area. 
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/. Required area 



Sa 

= 2j" dx 

o 


[ ’/ In the portion considered 
y is positive. ] 


= 4 

O 

J'l = ^ j 

13.2. Area included between two curves. 

Let y^f(x) and y^4>(x) be two curves and the ordinates 
at A and B on the x axis cut the curves at P, Q and P', Q* 
respectively. Let OA = a and OB = h. 



Then, area PABQ = Jf(x) dx 

. a 

h 

and area P*ABQ' = ^ 4^{x) dx. 
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Area PP'Q'Q = Area PABQ - Area P'ABQ' 

b b 

= f f(x)dx-J <Kx)dx 

a a 

b 

-/(fW - <K-^)}dx 

a 


h 



a 


Ex. 1. Find the area included between the circle 
x®+y*-=2ax and the parabola y® = ax. 



= 2[j V2ax- 


The two curves intersect 
at (0, 0), a) and (a, 

The required area 

= 2 X area of OAPBO 
(from symmetry) 


a a 



a 

dx — ^ Vax dx^ (1) 


o 


o 


1st Intcgral*=J^ — (a — a;)* ^ 

t 

o 

s Ca cos 0( — <3 cos e)d0 [ Putting ci - a: = a sin 0. ] 
»/2 

= CCS®* 0 d0a®ia®~. 
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2nd integral = Jajx^dx— 

o o 

from (1), the required area = 2j^^^^ — ?~j 

Ex. 2. Find the area of the ellipse 

ax® + 2hxy -h by ® =* 1. 

Writing the equation as a quadratic in p 
-\‘2hxy-\~(ax^ — 1) = 0 
. -2hx± J^x^-4b(ax‘-i) 

2b 

^ -hx± V }y-(ah-li^)x^ [ It is an ellipse 
h ah — is positive ] 

Let :Vi and be the two values of y. 

Then = 

- ^F-(ab-h‘)x‘^ 

= 1 ^b-(ab-h*)x\ 

Let the ordinates at the extreme points A and B meet 
y I 




the X axis at L and M. Then OL — OM. 
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the extreme values of x ate given by yi — 

Required area 
< < 

f(y±-yu)dx = ^J Jb~{ab-h‘)x' dx - (1) 


[ Put V(ab — h'^)x‘= sin ®- 

When « = sinO=»l 

^ ab—h 

When ^ = - < = sin e = - 1 

V ah — h^ 

Also Jah—li^ dx"" Vh cos 0 dd. 

So, from (1), the required area 


w/S 

— 7r/2 


7rl*2 


= — ,2 r cos® 


e = n/2 


e=-x/2 


— 4 ^ 

“ Jab-h’^i Vab-h^' 

13.3. On the Sign of an Area. 

On the formula 

b 

A — Jy dx, 

a 

If the variable ordinate y is positive and then 

clearly A is positive. 
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So, area APC is positive while area CQB is negative. 

b e b 

Total aTeaL=J^ydx=^ J'ydx — J'ydx ••• (1) 

a a 0 


In the second diagram, the ordinates between A and C 
also between D and B arc positive and c>a, b>d j but the 
ordinate between C and D is negative and d>c. 

So, here, areas APC and DQB are positive while the 
area CRD is negative. 


Total area 


h e b d 



a a d c 


( 2 ) 


From (1) and (2), we may now state the following two 
rules : — 

(1) While going round the boundary, if the region 
whose area is asked for lies to the right, then the area is 
positive i on the other hand, if the region lies always to the 
left of the boundary, then the area is negative, 

(2) If the curve cuts the ;r-axis at one or more points, 
then 


Jf(x)dx 


represents the difference of the area on the right over that 
on the left which may be positive or negative or even zero 
if the magnitudes of the two areas are equal. 

If our object is to find the numerical value of the total 
area then we are to consider the magnitude of the sub-areas. 
So in Fig. (i) 


b 

A^ J ydx=^ 

a 

0 

fydx 

a 

+ 

t 

-fydx 

0 

- 

fydx 

a 

+ 

fydx 

e 
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Similarly, in Fig. (ii) 


o 

Af=: J ydx = 


c 

jydx 


o 

fydx 


+ 


fydx 


Again, if the curve is of the form as in Fig. (iii), the area 
between AC and DB being right side of the curve PR and 



SQ are clearly positive. The area between DC being left 
side of the curve RS is negative. 

Area PACR is positive, area SDCR is negative and 
area SDBQ is positive. 

b 

Jydx — Area PACR + Aiea SDBQ- Area SDCR 


c b e 


Thus, the area between the curve, the A^-axis and the 
ordinates at x^ a and x=b is the algebraic sum of the three 
areas with their proper signs. 

13.4, Area bounded by a closed curve 
y=g(i) is 



d 


= J" ydx-^ J ydx 



292 


APPLICATION OF ANALYSIS 


where the parameter £ is such that as it increases from 
to in the anti'clockwise sense^ the whole curve is 
described. 

Let P(x^ y) be any position on the closed curve whose 
parametric equations are = y = where ^ is a vari- 



able parameter. Let the ordinates at ^ = a and touches 
the curve at A and B respectively. 

Suppose, the curve docs not intersect at any point within 
A and B. 

Then, as the curve is a closed curve, every ordinate bet- 
ween x^a and x^h will cut the curve in two points at Pi 
and P,, one on the lower part and the other on the'fupper 
part of the curve. 

Also, suppose, as the parameter t increases in the anti- 
clockwise sense from «i at P to the value fg, the whole 
curve is described. 

Now the area of the closed curved 

= Area ALMPPgA — Area ALMBPiA 

o o 

--fHP,dx-fHPidx. 

a a 


a h 

--(HP ,dx-jHP^dx ti) 
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Let % and ta denote the values of the parameter ^ at B 
and A respectively, so that as P(x^ y) describes the curve 
BPa A, t increases from to ta- 

■■■ 

6 H 

Again, as P(:r, y) describes the curve from A to P, 
t increases from ta to t^ and as it describes the curve from 
P to B, f increases from fi to %- 

b ON b 

fHP^dx^fHP^dx+fHP^dx 

a a Oif 

ta h 

So, from (1), the area of the closed region 
ta t2 tb 

tb ta tb 


tb *6 

tb *1 



t. 



294 


APPLICATION OF ANALYSIS 


Similarly, by drawing ordinates on the j^-azis, it can be 
shown that this area 




Hence, if A denotes the required area, then 

=/( 4 ->> 


■■■ ^-2/(4--aK 


( 1 ) 


Cor, 1. The formula (1) may conveniently be put in the 
form 

A = i {xdy — ydx). 

Cor. 2. If the curve intersect at a point within A and 

v . 



then the difference of the areas of the two loops on 
either side of the point of intersection is 


‘\^(.xdy-ydx). 
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In the adjoining diagram let O be the point of inter- 
section dividing the region into two loops. Let t vary from 
to t'x as the curve is described along OPB from O back 
to O. Also let t vary from t\ to ta as the curve is described 
along OAQ from O back to O. 

Then area oi the loop 0PP,0 = ij'(xdv-^ ydx) 

tv 


and the area of the loop OAQO = — {xdy — ydx) 


t a 

Difference of t^e t^o loops ^ (xdy — ydx) 

tv 

So, in such a case, the total area is obtained by taking 
the sum of the two areas obtained separately. 

Ex. Find the area of the region enclosed by the circle 
x = a cos t, y = a sin t. 

As the circle is a closed curve, t:ie whole area is 
described as t varies from 0 to 2^. 

Hene, x^ = a cos t . a cos f = cos* t. 

dx 

and y—=a sin t ( — a sin t)“ —a* sin* t. 


A 




2w 

o 

Similarly, area enclosed by the ellipse 
x^a cos t, y^b sin t is xab, • 
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18.6. Area in polar coordinates 

If r»f(8) be the equation to a curve in polar coordinates, 
then the area of the region enclosed by the curve and the 
two radii vectors and 0 = is ( C.H. 1970 ) 

ifr'de. 



Let OA and OB be two fixed radii vectors of the curve 
^ = f (®)f so that Z AOX = < and /I BOX = /sC 

Let P(r, a) be any point on the curve, so that the 
variable area AOP is denoted by A. 

Let Q(r+ar, 8+ as) be a point on the curve very near to 
P so that as P moves to Q, the radius vector constantly 
increases as in Fig. (I) or constantly decreases as in Fig. (II), 
Let the area POQ is denoted by dA, 

With centre at O and OP, OQ as radii two arcs PN 
and QM are drawn* 
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Then, clearly 6 A lies between the two sectorial areas 
OPN and OQM. 

So in Fig. (I) 

ir"ao<aA<K»'+3r)*M 

And in Figure II 


hr+Sryde<6A<.h'‘Se 

2 ^ 


( 2 ) 


Now as Qr^Py 60->0. 

Also as f(6) is continuous, f(&+de)“^f(o) as 
So, proceeding to the limit as Q->P both (1) and (2) takes 
the form 




A = 2 J" r* de+c where c is an arbitrary constant. 


+ c (say) ••• (3) 


Let Ai denotes the required sectorial area AOB. 
Then from (3) 

Ax=iF(«+c 
and O =JF(‘<)+c. 

Ax=4{F(«-F(<n 
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Cor. The area bounded by the two curves and 

and the two radii vectors 0==^ and is 

P 

ifirt’-ri’) de. 

Ex. Find the area included between the ellipses 
x*+2y* = a® and 2x®+y® = a“. 

Writing the equations in the standard form, we get 



••• 

From (1) and (2), it is clear that the major axis of (1) and 
the minor axis of (2) lies along the x axis as in the diagram. 



The point P, the intersection of (1) and (2) in the 1st 
quadrant is {a! ^/3, a! v'S), obtained by solving (1) and (2). 

/. tanPCA=l 

Now> the arc AP being an arc of the ellipse (2), the 
sectorial area ACP is the area bounded by (2) and 
$ sa%l4: And the required area APQP5A ■■8 X Area ACP. 
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Writing x=»r cos 0, y = r sin 6, the polar equation of (2} 
becomes 


2 cos®0+sin® 0’ 


Area 


ir/4 


APQl?5A-8xJ^ r* de. 

O 


.4./ 


ir/4 


2 cos® 0H-sin® 0 


,~de. 


Tr/4 




SCC®^ 


2 + tan®d 


d(9. 


s4€1 


1 


dz 

2>z® 


[Putting z = tan 0] 




^2i 


= 2v'2tan-"^_ 

13.0. Area in Pedal form. 

It p — f(r) be the equation to a curve in pedal form, then 
then the area of the region enclosed by the curve and the 
two radii vectors r = ri and r = ra is ( C.H. 1972 ) 




Let + be the angle between the radius vector and the 
tangent at any point P(r, 0) on the curve. Also let p be 
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the length of the perpendicular from the pole on the 
tangent at P, Then 


sin 

^ = cosec* <^=i(l+cot® <^) 



1 r'-p > 

r*\del p* r*“ 
de ,p 1 
dr Vya-pa* 


Now, 






Ex. Find the sectorial area of the equi-angular spiral 
p==r sin < enclosed by the curve and the radii vectors ri 




’if 


r sin < ,r dr 




r* sm* < 


= J tan «cj^r dr =* } tan < 

=i(r 9 “~ri*) tan t. 

13.7. Area in Tangential Polar form. 

If p = f(0) be the equation to a curve in tangential polar 
form, then area enclosed by the curve and And 0a is 
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Let Hr, 6) be any point on the curve and 

Q(r+ar, 0+ao) be a point on the curve very near to P. Let 
pi be the length of the perpendicular from the pole on QP 
produced. 

Let p be the length of the perpendicular from the pole on 
the tangent at P. Then, as Q-»-P, chord PQ-^Ss and Pi-»'P. 

Then, the sectorial area POQ = J J" p ds. 


Ex. Find the area enclosed by the curve 


p=a(l+8in 0) 

Here cos .'. ^=-asin0 

So p+0=« 

If 0 varies from O to 23^, the whole area is described. 
The area 



2ir 

= jJ'dCl+sin V). a d4» 

9 

2«r 

— COS = = 

o 
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Exercise 13 


1. Find the f^Eea bounded by the parabola + I and its latus 

rectum. Ans. 

2. Show that the area bounded by the semioubical parabola f/*B cos* and 
a double ordinate PQ, is fPQ times tho absciRsa of P and Q, 

3. Find the area bounded by the parabola 

®*+»* + a’“2a;y-2ax-2n^=0 

and the coordinate axes. Ans. 

4. Show that tho area inoluded between the circle x*+2/* and the 

astroid is fwa®. 

5. Find tho area of the hypo-cycloid 



and hence deduce that the area of^the evolute 

is t ~ fc?) */(a6). Ans. ^nah, 

3. Find tho area bounded by the parabolas ^” = 4x and and show 

that the two carves divlde«th6 square bounded by x»4, 2 / **4 into 

throe equal areas. Ans. 

7. Show that the area enclosed by the curve 

a*y^“»®(2a-a) 

is ^wa*. 

8. Show that the area euclosed between one arc of the cycloid 
x = nfd±sin d), y=a(l — cos d), and its base is 3»ya*. 


9. Find the asymptote of the curve 

^•(a+«)B(a— »)• 

Show that the area included between the curve and its asymptote is Sn-a*. 

10. If A be the vortex, O the centre and P(x, y) any point on the hyperbola 

ti* 2Sf 2Sf ^ 

^ -fv — l, prove that x=a cosh -2 sinh Ar where S is the sectorial 
a’* 5* ab ah 

area OP A. ( Gauhati. 70 ) 

11. Show that the area common to tho two ellipses cos B, y=b sin B 

and cos d, i/=a sin d (a>6» 

is 2a6 tan""* • 

a* -6* 

12. Show that for the curve 

a-a(l-<*). y-a<(X-t*).{-l<t^l) ^ 

a single loop exists between bbO and eBa(>0)and that area of the loop is 
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1 3. Show that x Is an symptote to the folinm x*+y* *«^axy 

Show that the area of the loop of the folium is fa* which is also the area 

between the folium and its asymptote. 

1 4. Show that the area of the ellipse 
Z/r = l + « cos 0 is wZ ■/(! — «*)*• 

15. Provo that the area included between the folium a)* = 3a® j/ and its 

Hsymptote is three times the area of one of the loops of r* = a* cos 20, 

16. Show that r*(a* ain*d+&* co3*(?)=sa*6* represents the equation to an 
ullipso sni that its area a7ra&« 

17. Find the whole area of ; 

(i) r = a + 6 cos 0 {b>a) Ans : + 

(ii) r* = a*coa*d4-fa*ain*^. ^(< 2 * + 5*), 


18. Show that the area enclosed by the curves 

r=2a^l + cos^) and r= ~ is ( 0. H. 1966 ) 

1 + coa V o \ / ' 

19. Show that area of the curve* 

x=‘a cos 0+b sin 0+c, 
y — a'cosi d+b'sin d+c' 

it) w(a6‘^— a'6). 

20. Show that the curve ®B~ (^~1), p ^a: has a loop of area = 

e® 0 


21. Show that area of the portion included between the two cardioides 


r *8 0(1 — cos 9 )„ rs=a(l + coa 0 ) is 8). 


( C. H. 1966 ) 


22. Show that the curve ®* + py — 6a®”p* consists of a single loop of area 
equal to |aV 

23. Show that the curve 

^1 + i* ^ l + i- ' - - / 

consists of a single loop of area (2 — |7r). 



CHAPTER— XIV 


LENGTHS OF PLANE CURVES 

14.1. Rectification of a Curve 

If a curve y = f(x) be continuous from P to Q and if 
this interval be divided in any manner by the points 

A = P» Pi, P a Pr^xy Pry y Pn-i* Pn=®5 

all lying on the curve, then the length of the sum of these 
broken lines, 

APi+PiPa+PaPs-b- -bPr-i Pr+. +Pn-i B 

as the number of subdivisions tends to infinity in such 
a way that the greatest of these broken lines tends to zero, 
if exist, is defined to be the length of the curve AB and in 
such a case arc AB is said to be rectified between A 
and B. 

14.2, If the derivative l'(x) of a fuiition f(x) is conti- 
nuous, the curve y » f(x) is rectifiable and its length between 
x = a and x = b (b>a) is given by ( C.H. 1971 ) 

S-J [l+|l'(x)P]^dx 



Let Dla*»Xo> Xxy x% Xr Xi^xy XyC^h} be any 

mode of division of the interval (a, b) so that 
(x r ““ -^r- j ) * 4 JPr 
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Let the ordinates at these points be drawn to cut the 
curve at P, Pi, Pa, Pa P»--i, Pr*‘*“'P«-n Q* 

Now, the length of the chord Pr-i Pr 



As the curve v^f{x) is continuous and has a derivative 
at every point, f{x) is also continuous and derivable in 
(Pr-x, Pr) 

/. By Mean Value Theorem, there exists a point i,- in 
^r-x<Sr<-«r SUCh that 

fiXr) - f(Xr-i!} = (Xr- Xr-i)f'(Sr) 
or, 6yr=6Xrf'(^r) 


^J>r_ 

dXr 


f'iSr). 


From (1) the length of the chord Pr-x Pr 

= yr-HTW’ 

So for any mode of division of (a, b), the limit of the 
sum of all the broken lines from P to Q as n tends to 
infinity exists and consequently the curve is rectifiable from 
PtoQ. 

Also the length of the curve from P to Q i.e., between 
x^^a and x"^b (b>a) is 


n 

2 ^l + ifXSr)}’«Xr 

rm± 


b 

a 



20 
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Cor. 1. If the curve be x^f(y) and if f(y) be continuous 
and derivable at every point, then the length of the area 
between and y^d is 

® 

Cor. 2. For parametric equation of the curve 
x^f(t),y==i>(t) 

dx'^dtl dt 

From (2) 

-/ViFiT* 

*1 

where and are the values of t corresponding to 
the values of x== a and b. 

14.3. If integrated between proper limits the length 
of a curve can be obtained from the differential equation 

dS= ^(dx)“4-(dy)*- 

Let P(xt y) be any point on the curve y=f(x) at a curve 
distance 5 from some fixed point A(a, h) on the curve. Let 
the curve be continuous and the tangent at P makes an 
angle ^ with the ;c-axis. 

Then £-8ec -s/TiWifr- A+ljr 
So, by integration 

( 1 ) 

where C is the constant of integration 

Let the indefinite integral be denoted 

by F{x)* Then (1) gives 

S*jF(^)+C* ••• ••• (2) 
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If P(x, y) coincides with A where *=a, then 5—0 

/. From (2) O^F(a) + C 
^ C— —F(a), 

So, from (2) 

S=F(x)-F(a) 



Thus, if C and D are two point on the curve havinf 
abscissae x=Xx and Xa respectively {.x^'^x^ and if S± and 
S» be their arc distances from A(a, b) then 

yi+(^) 


and 



dx. 




dx 





In parametric equation y 

function of t and so, we write 

dt dx ' dt 




we can say 5 is ^ 


. . 4y ^.AB 

• dx 
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■■F(0+c(Fav) ••• (4) 

Suppose, the value of t is fo when P coincides with 
A(a, h) 

When ^ = 5=0 

So, from (4) 

0 = F(O+c 
=> c= — F(io) 

From (4) 

S = Fft)-F(to) 

Thus, if 5i and 5a be the length of the areas from to ta 
ti and to to tg respectively, then 



(3) and (5) can be put in the differential from 
c?5- J{dxy+(dyy 

which when integrated with respect to x between the limits 
Xi, and Xgt we get (3). Also when integrated with respect 
to t between the limits ti and e., we get (5). 

Illustrations 

Ex. 1. Find the perimeter of the circle x*+y*«a*. 
Differentiating the given equation w. r. to x 

2 *+? p ^-0 
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dx y 

Since, J of the perimeter is covered with the limits ^ 0 

and x^a 

a 

••• 



dx 


a 






Otherwise. 

Let the parametric equation be 
x=^a cos y=a sin f. 


When t varies from 0 to^* i the of the length of the 
curve is described. 

ir/2 


= 4^ J(—a sin *)* + (« cos t)* 


=4a J dt= 


'4fc=»23»a. 
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Ex. 2. Find the length of the arc of the parabola 
j*»4ax measared from the vertex to one end of the latue- 
rectum* 

Here 2j,^=4a 
dx 

dx y * 

The co-ordinates of the upper extremity of the latus- 
rectum are {a, 2a). So, the required length of the curve is 
covered within the limits x^O and x=^a 

u 




a 



a 


f 


o 


a 



X + a , 

Jx(x+a) ^ 


i(2x+a)'^ ia 


r 2x+a 

*JV^x+a) 


dx+ia J- 


ijx(x+a) 


ay 


[Put *(*+o)«z in let integral then (2x"^a)dx"‘dzi 
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r_?*i2= d*= r^=?--2 V’4 jc+<*) 

•• J ^x'(x+a) J Vz i 

CPut x+a=z* in 2nd integrali then d*=2zdz] 

f dx f 2zdz _o r dz 

’■ J ^x(x+a) J 2jz*-a J Jz’ -a 

. —2 log (z+ Jz*—a) 

— 2 log ( Jje+«+ Jx) 

From (1) 

u 

S = [ Vxix+a)+a log ( ^x+ ✓z:+a)]^ 

=a{ V2+log (1+ ^2)}. 

Ex. 8. Rectify the ellipse x = a' coB fl, y = b sin e. 

■»a* sin* 0+<i*(l — e*) cos* 0 
«a*{l-cos* 0+cos* 0-e® cos* a} 

= a*(l-e* cos* a) 

Since, Jth of the parameter is rectified within the limits 
x^O and x^nl2^ the total length of the parameter 

o 


ir/a 

■a4<lj' J(l*-C* COS* a) da. 
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^ /1 3>5\*e* 

1 \2AI 3 ““ \2.4.6/ 5 



Ex. 4. If for a curve, x sin a+y cos and 

X cos a-y sin B=^f(B) , then show that 

S*=sf(e) + f(0)+c, where c is a constant. 

( C.H. 1969, 67 ) 

Multiplying 1st. and 2nd. equation by sin B and cos B 
respectively 

X sin* 6+y sin B cos sin B 

X cos* a — sin a cos B==f'(B) cos 9 
Adding ;c~f'(a) sin d + cos a (1) 

Similarly, multiplying 1st. and 2nd. equation by cos 6 and 
sin a respectively and subtracting 

cos B-f"(B) sin B ••• (2) 
/. dx^{f(9) sin 6+f'(a) cos B~\‘f\B) cos a — /*'(a) sin a} dB 

cos a de. 

dy^{f\B) cos a — f'(6) sin a — /"'(a) sin 9 

-f\B) cos B}dB 
= sin a da. 

Now S=f{(dx)‘ + (dyy)^ 

- / [{m+rm’ cos* e+j/w 

+f'"(e)}* sin* 

-f(«)+f"(»)+c. 


14.4. Length of the plane curve In polar co-ordinates : 
(a) If S be the length of the curve from (ri, a^) to 
(ra, a,) of an equation r = f(a), then ( C.H. 1968 ) 



Let P(r, a) be a variable point on the curve r^f{B) and 
let S be the length of the curve from some fixed point A 
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on the curve up to the variable point P. Also let be the 
angle made by the radius vector with the tangent at P. 
Then, we have 


tan ^ = 



cos 0 


dr 

dS" 


sin <^= 



Now 


sin 



. 1 dS 

^ r do 


= cosec 



So, integrating with respect to B 


S 


F(o) + c (say) 


Let S = Si when 6 = 0i_ 
and S = S 2 when g = 0a 
From (1) Si=P(8,)+c 

Sa ~P(^2) + C 

/. 5a-5,=P(0a)-F(<?i) 



^ -5= f 


■ ■■ a) 


(?) 


(b) If 8 be the length of the enrve r*~t(e) from (ri, 0^) 
to (fa, 0,) then 
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/ v'i+-‘6)' 


Here 

dr 


= Vl+tan-<^=yi+r»(^) 

So, integrating with respect to r 

S = /y^H-r*g) dr+c 


-■F(r)+c (say) ••• (3) 

Let 5=Si when r-ri 
and 5 "5* when r = ra 
So, from ( 1 ) 

Si=F(ri)+c 
and S^=F\x^)-)rc 

5.-Sx=F(ra)~F(rO 




(4) 


r* 


»•* 


Cor. Equation (2) and (4) caiv be put in a convenient 
differential form 

dS= ✓dr*+r»df»* 

which when integrated with respect to B from 0 ]. to O 9 , we 
get ( 2 ) and when integrated with respect to r from ri to ra, 
we get (4). 

Illustrations : 

•» 

Ex. 1. Find the length of the are of the angular apiral 
r— ae^«®»< between r»r^ and r»ra. 
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fir 

cot *c . c® cot <SSSY‘ cot 
ad 

. do 1 

=> ^ = -tan< 
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or, r 


Wr) ’ 


stan®^ 




l+A^\dr 


= J Vl + tan^-c sec dr sec -t. 


Bz. 2. Find the length of the arc of the parabola 

^ 

1 + COB 0 

measured from a=0 to 0=»^/2. 

9 0 

The given equation is r » sec ^ 

/, Differentiating with respect to 0 
^ = sec«|.tan|-rtan| 

Wa 


••• 


W3 


»/a 

“/ v/l+tan‘|.rdO 
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w/a 

= />yi+tan*| sec* I do. 

O ^ 

1 

= 2^ ^ 1 - 1 - 2 * ifz. Inputting tan ] 

o 

= 2[l^pJ-f Jlog (z+ ^/z^)] 

= 2[^+ilog(l+ ✓2)]= v^+log (1+ 

14.5. Length of a curve from a given point up to a 
variable point P on the curve in terms of the angle 
/ made by the tangent at P with a fixed line. 

If 0 be the angle made by the tangent at a variable point 
i’ on the curve with the .r*axis, and 5 be the length of the 
curve from some fixed point A on the curve up to the 
variable point P on the curve, then any relation that exists 
between S and 0 is called the intrinsic equation to the curve. 

(I) How to derive Intrinsic equation from the cartesian 
equation. 

Let P(x, y) be any point on the curve y=f(x) and let the 
tangent at P makes an angle ^ with the ^i^-axis. 

Then, tan f^(ar) "• (1) 

From this an equation connecting x and ^ is obtained. 

Again, if S denotes the length of the curve measured 
from some fixed point A(<3, b) on the curve up to the point 
JP, then 
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= / dx 

a 

= F(A:)say. ••• (2) 

From this an equation connecting S and x is obtained. 

Now solving (1) ■ and (2) and eliminating we shall get 
an equation connecting 5 and 

Hence, x eliminant of (1) and (2) is the required intrinsic 
equation of the curve. 

If x^f(t)^ = be the parametric equation of the- 

curve, then 

From this, an equation connecting ^ and t is obtained. 

Again + 

= / VfTWTiiW dt tWher® jtj 

= F(t) (say) ••• ••• (4) 

From this, an equation connecting S and t is obtained. 

Now, eliminating t from (3) and (4) an equation connec- 
ting S and 0 is obtained which is, therefore, the intrinsic 
equation of the curve. 

(n) How to derive Intrinsic equation from the polar 
equation. * \ 

Let Pir^e) be a variable point on the curve r=»f(d). 
Let the tangent at F make an angle ^ with the axis and ^ - 
be the angle between the radius vector at P and the tangent 
atP. 

Then 


( 1 ) 
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P 

=/ ^{f(er+{f'm’ de 
•c 

= F(0)(say) (3) 

Now, eliminating 6 and ^ from (1), (2) and (3), a relation 
connecting S and ^ is obtained which is the required 
intrinsic equation of the curve. 

(Ill) How to derive Intrinsic equation from pedal 
equation. 

Let p = f(r) be the pedal equation of a curve. 

If S be the length of the curve between the radius 
vectors a and r, then 


r 



a 




say 


Vr«-V(r)K 

a 

From this, an equation connecting S and r is obtained 


( 1 ) 


A ^ dS 

Again, from = 


dr 

^dp 


we get. 


d4> 




( 2 ) 


JO 

From this, an equation of ^ and r is obtained. 

dit 

So, eliminating r from (1) and (2), an equation connecting 

JO 

^ and 5 is obtained. 
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Let this relation be 
dS_ 


=g(S) 


C dS 

Integrating 


= G:5,)-G(50 

which gives the required intrinsic equation of the curve. 

Illustrations : 

Ex. 1. Find the intrinsie equation of the parabola 
y*eB4ax takin^r origin as the fixed point. 

Here, y axis is the tangent at the vertex. Let P(xy y) 
be any point on the parabola at an arc distance 5 from 
the vertex. Let the tangent at P make an angle 0 with 
the ;; axis. 

Then, tan (1) 


Also S=/ /{l+(g)V^ 



■ ~^[ ^ 0'+ V4a*+j»*)] 
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Eliminating ;; from (1) and (2) we get 

c=- ^ >/4fl*+4«® tan* 0 

^ 2a[ 2 

+2a* log tan V4a*+4a* tan* ^ j 

s»«[tan ^ sec ^+log (tan 0+sec 0)]. ^ 
which is the required intrinsic equation of the parabola. 
Ex. 2. Find the intrinsic equation of the semicubical 
parabola ay*s=x* taking its cusp as the fixed point. 

Here, origin is the cusp and the tangent at the cusp is 
the X axis. 

Let P(xt j;) be any point on the curve at an arc distance 
S from the cusp and let the tangent at P make an angle ^ 
with the X axis. 

Let the parametric equation of the curve be x^at^^ 

Then dx = 2at dt, 
dy=3at^ dt. 

Now 

=> tan Vf ••• (1) 

Again, since f »0 at the cusp 

S- J {(dxy + (dy)‘]'^ 

o 

t 

=aj'iA+9f)^.tdt. (2) 

O 

Now, eliminating t ftom (1) and (2), we get 

♦ 

S— aJ*(4+4 tan'V'J^.I tan il>.| sec* 



LENfGTHS OF PLANE CURVES 


321 


y» s* 

“^J'sec* ^ tan ^ d 0 =?|[sec* ^ j 
= ®J(sec» 0-1) 

or, 275 = 8^1 (see Disthe required intrinsic equa* 

tion to the curve. 


Exercise 14 


1. Show that the arc of the aVmi-cabioal parabola 9p* = 40* from the 
cusp to any point (as, y) is | { (1 + *)^ — l}. 

3. Show that the length of the arc of the carve p~3a! — x* as x varien from 
0 to 2 is 

N/6 + 41og (2 +is/5). 

3. Show that the entire length of the aetroid 
x==rt coa*f, p=a8in*t is 6a. 

Deduce that the length S of the curve measured from (0, a) to 

any point (x, p) is IJax*- 


4. Prove that the length of the arc of the parabola -s*1 + cob 0 cut off by 


its latns-reotum is l{ is/g+log (1+ *72)} 

0 

6. Find the length of the curve r=:a cos* 

8 


(C. H. 1973) 
Ans. {ira. 


6. Show that the perimeters of the two ellipses 

and in the ratio 1 : 9. (0. H. 1925) 

9 Y 80 38 

7 . Prove that the length of the curve Xa*«* sin <.p**e* cos t from <=0 

8. Provo that the perimeter L of an ellipse with semi-axes a and h is 

given by (0. H. 1970) 

T 

j { is/(a* oo8 *<+6* 8in’’<)+ 8in*4+b* oos*^} 


Dieduod that 

21 
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9. Show that the length of the carve 

flB»a(8in 0+^ Bin SB), y^^^aicoa cos S^) is 8a. (B. H. 1970) 

10. If 8 denotes the length of the arc of the carve 9S»a(d+ain 0 cos 8), 
-2/»a(l-l’Bin B)* measared from the point da — ir/3 to anj point B, prove that 

varies as p*. (B. H. 1971) 

11. Show that the arc of the upper half of the cardioide r»a(l— cos d) is 
bisected at dafv. Also show that the perimeter of the carve is 8a. (O.H. 1971) 

12. If <8 be the length of the carve 0 tBa(cos d+d sin d), pssa(sin d— d cos d) 
from da 0 to 4. then, show that 8 varies as <*. 

13. Show that the length of the arc of the parabola ~ » 1 + cos < cut ofi by 

its latas-reotom is j •y2+log (1+ \/2)). (N. B. 1969) 

14. If 8 denotes the total length of the evolnto of the ellipse 
x*fa*-¥y*lb^ «1 show that a6./8a4(a» — 6«). 

16. Show the length of the parabola p*^ar from r aa to ra2a is 

a{ N/2+log (1+ n/2)}. 

16. Let Sj be the length of the arc of the hyperbola xy^e* between the 
points and — ^ and 8% bo the length of the arc of the curve jp*(c*+r*) 

C3c4f.a between the point r^< and Bhow that 8% *=5,. 

17. Bhow that the area between the carve 

p=c cosh ®, 

n c 

the X axis and theordinates at two points on the carve is equal to c times the 
length of the arc terminated by those points. 

18. Find the length of the curve defined by 

« — a cos <-i(a-6) oos’f, y=b sin / + i(a-6) sin*f 
aneasnred from the point f to the point t. (O. H. 1962) 

Ans. 4{(a+6)<- v(a-6) sin 2f) 
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ON SOME WELL KNOWN CURVES AND 
THEIR QUADRATURE AND RECTIFICATION 

15 1. Catenary or, Chainette 

The catenary is the curve formed by a uniform heavy 
string when suspended under the action of gravity from two 
horizontal points. Its equation is 

y = c coah ^ = 

The dirctriK OX is the x axis and the vertex is at C(0, c), 
so that OC~c. The characteristic properties of a 
catenary are (1) The length of the 
perpendicular from the foot of any 
ordinate on the tangent at that point is 
of constant length. (2) The length of 
the normal at any point is equal to the 
radius of curvature of that point. 

Ex 1 Find the area included between the catenary 

y = c cosh * 
c 

the X axis and the ordinates at two points on the enrve. 

Let the abscissa of any two points on the curve be 
Xt and X 9 (x 9 >Xi) 

Here, A (arca)= X y dx 



■f 


c cos h -dx 
c 
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Ex. 2. Find the length of the catenary 

. X 

j; = ||ec+e 

from the vertex to any point (x,, yi) on the cuive. 

(C. H. 1971) 

Since, the vertex is at (0, c), the rev^uired length of the 
catenary is enclosed within the limits ^ = 0 and x = Xi 

■■■ 

o 



= J' 1+sinh* ^ dx 

o 

cosh - dx 
c 

=c sinh 

c 

I 

Ex. 3. Find the intrinsic equation of the catenary 
y-|(ec+e j 

.taking the vertex as the fixed point 

yi^ccosh - 
C 

tan^-^-sinh? (l> 

dx c 





sccosh - 


p=smh 4 

dx c J 
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Also, the length of the catenary from the vertex to any 
point P{x^ p) on the catenary is 

5 = / J V^l+5inh* * dx 

o o 



-dx = c sinh - 
c c 


••• ( 2 ) 


Eliminating, sinh ^ from (1) and (2) 

5 = c tan 0 

which is, therefore, the required intrinsic equation to the 
catenary. 

16.2. Astroid. 


The envelope of the family of straight lines 

a b 

where the perimeters a and b are connected by the relation 
a* 4 b* = constant, is called an Astroid. So the characteristic 
property of an Astroid is that the tangent at any point of 
the curve intercepted between the two axis is of constant 
length. 


The equation of the astroid is 

^a/34^a,3^^a;s 

and its parametric equa- 
tion is 

x = a cos® 0^ y^a 


It has four cusps all 
lying on the axes at A, Bt 
C and D in such away that 
OA=^OB^OC-=-OD-^a. 
So, the astroid may be 
enclosed within a circle 
with centre at O and radius 



equal to OA so that all tb^ cusps lying on the circumference. 
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Illustrations : 

Ex. 1. Find the area of the astroid 

Let the parametric equation of the astroid be 
x = acos®d, = sin*0. 

The co-ordinates of the four cusps are 
(a, 0), (0, a), {-a, 0), (0, -a) 

So, from symmetry the total area = 4 times the area in 
the first quadrant. 



o 

— 4fa sin®0( — cos*0 sin 0) d9 

• ir/a 

nl'i 

= 12cj*J^sin*0 cos“^ dB. 

Q 

n/2 

= 12ei* sin^0(l - sin“o)d^ 

o 


7r/2 

=a (sin*d — sin*fl)d0 

® ' e 


1 0^*1 3 1*531 *1 

l4-2-2"6-4-2 - ^ 




Bx. 2. Find the perimeter of the aetroid 

V'*+y*'*»**'* 
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Let x = cos*d, sin*d ba the parametric equation 

of the astroid. 

Then dx= cos*a sine dtf 
dj; = 3a5sin*e cosO dB 

5s=4xlength of the curve in first quadrant. 
nl2 

=lf{idxr+(dv)*\^ 



r/2 

= 12<2 sin 0 cos e dd 

o 

nl2 

= sin^ej =6a. 

Ex. 3. Find the intrinsic equation of the astroid 
x*/*+y*'“=a*/* 

arc being measured from one of the cusps. 

Let the parametric equation of the astroid be 
x = a cos®0, sin"e. 

dx^ -3a cos"e sin B de i dy^3a sin*e cos B dB 

So, tan ^ ~ ^ ® 

/. e=-v (0 



0 

“ ^ ^9a* cosM sin’e+Qa* sin*e cos"e dB 
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e 

= sin 0 cos e do 


= 3aH sin*6] 
b 


= f^ sin*« (2) 

Eliminating 0 trom (1) and (2), we get 
S=ia sin®(-0) 

= %a sin®0 

which is the required intrinsic equation of the curve. 
15.3. Hypo- cycloid. 


It is a general form of astroid containing four cusps all 



So OA = a, OB=^b 
Illustrations : 

m 


Ex. 1. 


Find 


the area enclosed by the tour cusped hypo- 


Let the parametric equation be 

x^a cos”d, sin*8. 

The coordinates of the four cusps are 

(<*» P), (0, h)m 
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So, in the positive quadrant as x varies from 0 to a, 
B varies from ^/2 to 0. 

A^4jydx 


u 

= 4 f b ‘sin^b (-3a cos^B sinO) dS. 

7r/2 

7r/2 

— 12ahJsm^B{l — sin^B) dd 


flr/2 

= 12ah^ (sin*^ — sin®0) dO. 


1^531 3^1 

~^2n4-2*2“6-4 2* 2J 


= \2ah 


• 16\^ 6/ 



Ex. 2. 


Find the perimeter of the hypo cycloid 



= 1. 


Let the parametric equation be 

cos® a, y — b sin* B, 

Then dx= —3a cos® B sin B dS, dy — 3h sin® B cos B dB. 
In the first quadrant as x varies from 0 to <i, 0 varies 
irom x/2 to 0. 

5 = 4 X length of the curve in the 1st quadrant 


a 

= fi(dxy+(dy)‘i^ 
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o 

= 4^ {9a* cos^9 sin*a+9^“ sin^d cos*#}^ dS 

n/2 


o 

= 12^" sin 0 cos 0 (a* cos*t^ + b* sin“0)^d©. 

ff /2 

[Put z*^a* cos*0+b* sin*0 

z dz^( — a* cos 0 sin 6 + b* sin 0 cos 6) d0 
■■ — (a* — b*) sin 0 cos 0 d0'] 


a a 



Ex. 8. Find the intrinsic equation of the hypo-cycloid 



Let the parametric equation be 
x^a cos*0t y^b sin*0 

/, dx= —3a cos“0 sin 0 c<8, dy^3b sin*a cos 0 d0 

So, tan tan 0 

dx a 

=> tan “ “"g ^ 

*-/ ' 



J9a* cos*0 sln*04-9b* sin*8 co8*0 d0. 


>3 J^sin 0 cos • /<»• co8*»+fc* sin"* 


[Put coB*9+b‘ sin'e 
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zdz — {-~ a* cos 6 sin 6 + h^ sin B cos B) dO 
= — €**) sin 6 cos 6 dSj 



when 0 = 0, z = a 

e = e, 2= ± cos*e + b® cos*e 

= < (say',] 

=__3 (2) 

b*-a‘ 3 

where •c®=±(t*® cos®0 + h® sin‘*0; 

U + tan^O l+cot*o‘ 

= ± (_...,«! + 

(l+~ tan*0 cot“0^ 

= 1.1 VI 

“ l6*'+a* tanV^«» + h® cot*vf 

Hence, from (2) the required intrinsic e luation is 


•5=“ira---3 f ±a®b®{ r^ - 4 r/^-F-rri- 

b®-a*L lb*+€i* tan**A « M-b® 


cot“^»^ 


15.4. Cycloid. 

The curve traced out on the plane of the paper by a* 
point on the circumference of a circle which rolls, without 
sliding, on a straight line is called a cycloid. 

Let AC® +3;*— a* be the equation of the generating circle 
with a point P on it. When 
the circle rolls along the AT-axis 
through a distahce OAT, let the 
point trace out an arc OP so that 
ON=aic PN of the circle 

Let (ac, y) be the co-ordinates of ( > 

P at this moment with respect to OX and OY as axes. 

Then x^OM^ON-MN^^ON -PL^ae-asin 6 

“sin 0). 

y^PM'^CN^CL^a-^a cos 0*^l-cos d). 
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Hence, the parametric equation of the cycloid with'the 
starting point as its origin, the straight line on which it rolls 
as the axis of x arc 

X = a{6~- sin 6) t y = a(l — cos6). 

Let A be the highest point of one arc of the cycloid. 
Then A is called its vertex. At the vertex y is maximum 
i.e., iz(l — cos 0) is maximum. 

cosO=— 1 i.e., 0 = x. 

So that OM = a(jt — sin x) = an 
AM = a(l— cos x) = 2a 
vertex is at {ax^ 2a). 

The co-ordinates of the point O' where the first arc of 
the cycloid meet the ;t-axis are (0, 2^). 

If the generating circle rolls below the line called the 
x;-a^is then an inverted cycloid is traced out on the plane 
of the paper. 




( fig. ii i 

A: = t7(0 + sin e\ 


If the vertex A be chosen 
as the origin, and the tangent 
at A be the axis of x^ the 
equation of this cycloid be 
similarly proved to be 
y=a(l — cos 6). 


Hence, 0 = 0 at A, 0 = x at O and 0=^ -x at O'. 


Illustrations : 

Ex. 1. Find the area of one arc of the cycloid 
A;=*fl(0-fsin $), y^a(l — Sos 0). 

As y varies from 0 to 2ci, half of the total area is 
described. 


Half the area=* 



o 


= ^a(0+Bin S)a sin 9 do 
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= a 


* fd sin d$ 

o o 


IT 

= COS 0 + sin ^ + sin 20jJ — |3r<i». 

o 


Total area = 3»<3*. 

Ex. 2. Rectify the curve 

x=a(e~{-sin 0)9 y=^a(l — cos 6), 

Here, ^^=«(l+cos e), sin 0. 

■'■ {•s)’+©’)" •'2«-a+‘='>»»>-2‘' ™ I: 

As 6 varies from 0 to half of the arc is described. 

IT 

. * . Required length = 2 2a cos g d0 

o 



8a. 


Ex. 3. Obtain the intrinsic equation of the cycloid. 
x = a(0 + 8in 3), y = a(l -cos 6) 

taking origin as the fixed point. 

Let P{e) be any variable point on the cycloid. 

Now ^ = a(l + cos 0)y sin B 

aO cld 


tan 0 = 

^=2 

0 




sin 6 


dx 1+cos o' 


: tan 


(i> 


0 
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==^ Vlfl^d+cos + sin*0} JO 

o 

0 

f ^l + cos* 6 + 2 cos 6 + sin*6 

o 

0 

^aj 

o 

0 

/ O d 

COS ^dd = 4a sin 2 **• ( 


Eliminating 0 from (1) and (2) the required intrinsic 
•equation is S = 4a sin 0. 

Ex. 4. In the cjcloid x = a(0 + 8in 0), y *a(l— cos O) if 
arc is measured from the vertex wMtere 6=0, show that 
p« + S“ = 16a*, (B. H. 1970, C. H. 1972) 

From Ex. 3 above S = 4a sin 0 

P = ^ = 4iicos0 

P" +5* = 16^1* cos* V+16<a* sin *0=® 16a*. 

15.5. Gardicide. 

The curve traced out by the pedal of the circle 
r = 2a cos 6 is called a*cardioide. The shape of the curve 
is like human heart and hence the name» 

The equation of the pedal of r^2a cos 6 
y i.e., the equation of the cardioide 

B (fig. I) is 

^ r=a(l+cos 0) 

* The curve has a cusp at O where 

there is a common tangent taken as the 
( fig. I ) initial line i.e , x-axis. The curve is 

symmetrical about this initial line. For A, and for 

O. 
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If the above cardioide be turned through an angle 180*, 
the position of O and A are interchanged. 

The equation of this cardioide (fig. 

II) is r = ii(l — cos 6). 
for O, 0 = 0 
and for A, 0 = x 

Illustrations : 

Ex. 1. Find the area of the cardioide 
r = a(l + co8 0). 

The curve is symmetrical about the initial line. Also 
as 0 varies from 0 to » half the area is described. 

IT 

Required area = 



(C. H. 1970) 


= J*<j*(H-cos 0)* do 


4 cos* 
o 


Tr/2 



cos*z dz. 


o 


[Put Ozszz 
2 

do = 2dz] 


3 1 3 j 


fix. 2. Find the perimeter of the cardioide (C. H. 1970) 
rasaCl-hcos d). 

yere asjnd. 
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^^**U+cos oy+a* sin^e 

=£1 v^H-2 cos 0+cos* 0+sin"(? 
=« v'^a+cos 0) 

o ^ 

= 2a cos 2 * 

The curve is symmetrical with respect to the initial 
line. Also as 6 varies from 0 to half the area is described. 
The required perimeter 


= 2j 2 £i cos [ Put 1 = 2 


/. de^Zdz] 


= cos z dz = 8£i|sin zj ** 8a. 


Ex. 3. Obtain the intrinsic equation of the cardioide 

(C. H. 1968) 

r = £j(l — cos e) 

taking pole as the fixed point. 

, do 

tan <t>=r^ 

1 0 

= a(l — cos e) : — - =taii s 

a sin 0 2 

- -I 

But ^==0+«#* 


=0+|=|e. 


V 

Again S~f^r‘+{ffde 
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= 4a^ I — cos ^ 


( 2 ) 


Eliminating | from (1) and (2), the required intrinsic 


equation is 


5 = 4ei(l — cos ^/3). 


15.6. Folium of Descarte£ 

The equation of the Folium of Descartes containing a 
loop in the first quadrant is 

a:® + = 3axy. 

It is symmetrical about the line and meets it at 

(f<*, fa). Origin is a node with a: = 0, y 0 as tangents at 
the node. 


The curve has its only asymptote 
x+yf-ha — O. 

The equation in polar co-ordinates by writing x=>r cos Of 
y=>r sin 0 is 

_ 3a sin 0 cos 0 
cos® 0 + sin® 6 


As 0 increases from 0 to the curve describes a loop 
in the first quadrant. As 6 incr- 
eases from nl2 to 37c/4, r becomes 
negative numerically increasing 
from 0 to <». So, during this range 
of 9, the point (r,d) describes a 
curve in the fourth quadrant. 


3 « 

Again as 0 increases from — to 



n r becomes positive 


22 
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again and decreases from « to 0, so that the pointer, 6) 
describes another part of the curve in the second quadrant. 
The complete curve is shown in the diagram. 

Illustrations : 

Ex. 1. Find the area of the loop of the Folium of 
Descartes x®+y® = 3axy. (C. H. 1968, 71) 

By writing x = r cos 6, y^r sin 6, the equation of the 
cuive in polar co-ordinates is 

sin 0 cos 0 
sin®0 + cos^0 

Since, the curve is symmetrical about the line y^x, as 0 
increases from 0 to half of the loop is described. 

Area of the loop 2.^ f r^dO 

o 

nji 

__ r 9 sin'0 cns^O 
J '(sin^0-hcos^0)^~ 

7r/4 

tan®0 . sec^O 
(L + tan®0/ 

[ Put tan 0 = z 
sec^O d0 = dz] 



Ex. 2. Find the area bounded by the Folium of Descar- 
tes x^+y* = 3axy, and its asymptotes. (C. H. 1957) 
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The equation of the asymptote of the folium is 

and its polar equation is 

ZJ? . (1) 

sin 0 + cos 0 ^ 

The asymptote intersect the two axes 

> = 0 and A: = Oat A and B respectively 

whose co-ordinates arc ( — <3, 0), (0, — a) 

OA = a, OB = a 
So that A0AB = Ja*. ••• (2) 

Again from (1) as r->-« , sin O-hcos 0— >0 

i.e., tan — 1 i.e., 6“> 



the radius vector at a point on the curve where 

it meets the asymptote will make an angle with the a;- 

4 

axis. 


If we now draw any line OP at an angle 9 with OX 
cutting the curve and asymptote at P and Q respectively 
then clearly, 


3^ 

4 


<e<x. 


Let Si and 5, denote the area of the triangle OQA and 
the area OCPO respectively. 

Then 5i=area bounded by the asymptote and the 
radius vectors varying from o to ^ 


TT 


jjr* do 


e 


•*/si 


(sin o+cos o) 


,de 
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sec”e 
(iH-tan e) 


s 


de 


[ Put 1+ tan 0=2 
sec^$dd = dz^ 





l + tan e 


1 + taii 9 


■M i_ 

2 1.1 + tan 6 


->] 


(3) 


Also, 5fl--area bounded by the curve and the radius 
vector varying from S to x 


= fr® do sin^ g co.^0 do 

2-' (sm®0 + cos®0)® 


9a^ f tan®0 sec®0 


/ 

0 


(l4-tan*9)» 


<29. 


[ Put l+tan*9 = z 3 tan*9 sec*9 <29=<2« } 


1 f dz 
2 3/ 2* 




z 

l + tau'^ 


l + tan«0 


=3g! r_ 1 -i]. 

2 ll + tan»fl J 


Area OCPQAO=S, -5, 



-il-M 1 ii 

2 ll+tan0 

J 2 ll+tan’e iJ 
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Area included between the curve, the asymptote 
and the x aAris (in the 2nd quadrant) 


a 


1 

2ll+t'a 


_ 1 

+tan0 H-tan“fl 


_Lt 1 _ 3 1 

0-*'^ 2r^l+tan e l + tan““« J 

Lt o«. 1 ■ f-Tn 0 + tan®e — 3 .I 

=e^3^- 2^+ T+^e J 

Lt Q , Mn^O — tan 0 — 21 

= ^ ■ <,^^12+ l + tm»0 J 

= ^ ZLr 2^2 4 - («^an 0 f I)(ran 0 — 2) 1 

2 ’ (l + tan 0) (i — tan 0 + tan*0)J 

33»r2+ ^1- 

2 0-^-”l 1 - tan 04-ran’*0' 


Also, from symmetry the similar area in the 4th quadrant 


Hence, the required area included between the curve 
and the asymptote 

_ a* ^ 3a* 

2 2 2 2 * 

Thus, area betwen the curve and asymptote is equal to 
the area of its loop. ^ 
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15.7. Cissoid of Diodes. 

The equation of the Cissoid is 



and its polar equation is 
2g sin ” d 
cos 0 

It has a cusp at the origin with a 
tangent j;==0 i.e., j^r-axis. 


The curve is symmetrical with respect to Ar-axis and 
has an asymptote x = 2a, so that in the diagram OA = 2a. 


Ex. 1. Find the area between the curve 
x® = y”(a-x), a>0 

and its asymptote. (C. H. 1958) 

The curve is a Cissoid of Diodes passing through the 
origin. It has a cusp at the origin with a tangent >; = Q 
i.e.y .A;~axis. Hencei the curve is symmetrical with respect 
to X axis. 


Required area = 2 J y dx 



dx. 



dx. 


[ Put x = a sin®d, dx = 2a sin e cos B de 2 
^2 fa sin-fl . 2a sin B cos B dB 


7r/2 


a cos $ 
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= 4«* i^sin* 


0 d6^4a’ 


3 a 

4 2 2 4 " 


15.8. Strophoid. 

The equation of the Strophoid is 

a-x 

As X varies from —a to at y is real. So, there is no curve 
for a: > a or for x< — a,FoT “~a^x^0, 
y has two values equal and opposite y / 

forming a loop. Origin is a node with ^ ^ 

two tangents y= ±x. From 0 to « the ^ \ 

curve extends to meet the asymptote 


Illustrations : 

Ex. Find the area included between the strophoid 

2 2^*-f ^ 

y = a : - 

a — a: 

and its asymptote. 

Since, the curve is symmetrical about the x axis 
A = 2/y dx=2^ dx 


[ Put x = a cos dx = a sin 6 dO 'j 

i 

= 2ja cos 0 

nl2 

wl2 • 

^2a^j' cos B. cotj- . sin B dB 

o 

r/2 

=*2a* J'cos ^(1+cos b) dB 
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7rj2 

= 2a^ J(cos fl + coi®d) do 

o 

IT 12 

= 2 a=‘[ sin e ]+ 2 <i“ . ^ 


= 2 a“+^|-“ = 2 a*(l+^). 

Ex. 2. Show that the area between the Folium of 
Descartes and its asymptotes is equal to the area of its 
loop. 

Alternative to Ex. 2, Art 15.6. 

Equation of the Folium of Descartes is 
a;* = 3^2 Ary. 

Let the axes be rotated through are angle ?r/4 then 
writing ix’~-y) and ix+y) for at, y the transformed 


equation becomes 

• 2<'’ 

or, {x-yy + {x-\-yT — 3j2a{x^ — y^) 
oij 2x^ + 6xy^ V2 ax^ — 3 J2ay^ 
or, y^ifix-i-S V2a) = x^(3 J2a — 2x) 




or, y\x-Yc) — x^{c-^x) [Writing c = a/ ^/2] 

a a 3c “■ .V 

This is an inverted Strophoid with one loop between 
Af=0 and a: = 3c and an asymptote ac+c= 0. i.c. x= — e. 


Here >*■ 


1 x{3c-x) 

^3 J[c-hx)(3c^x) 
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3c 


Area of the loop* 2 ydx 


3c 




x(3g — x) 


> 1^0 •^{c’\-x\3c~~ x) 


dx 



[Put x = c — 2c cos $, dx = 2c sin d dS\ 

• I s r ( c~2c cos g)(2c4-2c cos e) . 2c sin 6 dd 

''^(2c — 2c cos 0X2c+2c cos B ) 

= 2c . 2c sin 6 de 

v^3 J v/l-cos^a 

= -^^c^J (1 + cos a) (1 — 2 cos 0)£i0 
= ~ J'(cos a+cos 2o) de 
* — ^^c^(sin a + J sin 20; J 

= - (2 ^f)} 


= - -^c^jOin 3t+J sin 2 ji)- (sin ”+i sin ^ jj 
- 4 ^2/ v'S . V'3l 4c2 3 ✓a 

-V 3 " ix+^r-Ts — 



The area included between the folium and the asymptote 


• ® 

= 2^ ydx OA'=— c. 


_ 2 ? ArOc-jg) t 
^/3^ J{jC’\rx){^-’x) 
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^ 2 Lt r_ x{3c - x)dx 
^ ^ 0 — x) 


+ 1 sin ( i cos ^ -^-] by (1) 

= r)} 

-.,_4 ^31 _ 4 » 3 v^3 

\ 2 + 4~^"V3 

=3ca 


15.9. Witch of Agnesi. 

The characteristics of this curve was first analysed by a 
Lady Italian Mathematician Maria Jactana Agnesi, Professor 
of Mathematics at Bologna. 

The equation of the curve is 
x) 

where aj = 0 is the only asymptote. 

The curve is symmetrical about the x 
axis. 

There is no part of the curve for x'>2a 
and for the asymptote and the curve 0<A;^2a. 
hx. Find the area included betweei^ the curve 
= 4<i^(2a - x), a>0 
and its asymptote. 

We have >> - ± v' 2^ x. 

Since, the curve is symmetrical about the x axis 
2a 

V OA»2a. 

O 

[Put x^2a sin*^, dx=^4a sin B cos 0 dO] 
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- V'2ii(l-siQ20) 4ii sin $ cos 0 do 
v2ei sin d 


w/2 

= J cos*0 ^ 

o 


15.10. Lemniscate of Bernoulli. (C. H. 1968) 


The equation of tlip Lemniscate is 

(x^ + 3;2 j2 = a^(x^ - . 

Putting x = r cos 0, .v~r sin 0, its polar equation becomes 
(r^ cos^d + r^ sin^ 6)^ = cos^O — 7-^ sin^0) 


or, r^=^a^cos20. 

The curve has two symmetrical 
loops with*a node at the origin, :P= ± x 
being the two tangents at the origin. 


y 



Illustrations : 


Ex. 1. Find the area of the two loops of (C. H. 1968) 
r* cos 2e, 

The curve is a Lemniscate and so has two loops. 

Since, each loop is symmetrical about the x axis, half of 
a loop is described when 0 varies from 0 to 

Area of the two loops 

ff/4 

= 4. J 

o 

7r/4 t/4 

= 2 ^a^cos 26 — sin 20] = a“ 

0 O 


Ex. 2. Find the whole area of the curve 
a-y^ = x*(a»-x-). 
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Writing x = r cos 0, sin 0, the polar 

becomes 


sin^0 = r^ cos^B(a^ — r^ cos^6) 
or, <3® sin^d = a® cos*0 — » ® cos®0 
or, r* cos^6 = a^(cos^d — sm^e) 


or, 


cos 2S 

COi*® 0 ‘ 


equation 


The curve consists of two loops with a node at the 
origin. The tangent at the origin being y = ±x. 

As e varies from 0 to ^/4, half the area of a loop is 
described. 

w /4 7 r /4 

Total arca = 4 d0 = 4 d6 

y J cos®0 


J COS ®0 


7r/4 

= 4«a rcos*e-sin*e^g 

J COS®0 

o 

tT/4 ir/4 

= 4a^J^ sec^B dO - 4a^ J tan^0 sec^0 d6 

O o 

-4-‘[- 4- 4»‘ j ^ as,”.* J/] 

o o 

= 4<2^ — 4a^.i=^a^, 

15.11. Rose-Petals. 

The type of curves represented by 

r«a cos nB, r^a sin nS when n is a positive integer are 
known as Rose-petal curves. 
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If n be even there are 2n loops in the curves. 



( fig. 1 ) ( iig. 9 ) 

r = a COS 20 r = asin2^ 

Thus if n = 2, the curves oi r = a cos 26 and r = a sin 20 
have four equal loops all lying on a circle with centre at the 
origin and radius equal to a. The loop of the first curve lie 
between the tangents y — ±x and that of the 2nd lie between 
;c = 0, ^ = 0. 



( fig. 4 ) ( fig. 3 ) 


r = asin30 r = a cos 30 

If n be odd = 3, each curve contains three loops all lying 
on a circle with centre at the origin and radius equal to a. 

In r = a sin 30, the loops lie in the interval 

Ex. 1. Find the area of the loops of (C. H. 1967) 

r = a sin 36, a>0. 

The loop in the Ist quadrant lies between 0:^64^. 

»r/3 

/, Area of this loop** r^do 
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w/8 

= i sin®30 d$ 


[ Put 3^=2, dS^^dz ] 


=— J sin^z ciz 



— cos 2z) dz 



sin 2z'| 

2 J 


'/ There are 3 loops in the curve 
Total area = 3X’^«2a:»* 
Miscellaneous Examples : 


Ex. 1. Find the area which lies in the first quadrant 
and is bounded by the circle x2 + ya = 2ax and the parabola 
y® = ax. (C.H. 1960) 


The two curves meet in the 1st quadrant at = 0 and 
x^a. Also, the two curves are symme- 
trical about the x axis. 

Required area » Area OP^APO 
= (Area included between the 
circle, the x axis and the ordinates at 



x = 0, (Area included between the parabola, the 

X axis and the ordinates at x^a). 




dx 


For the 1st integral, put x — 2a sin^O 
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For 1st integral dx = 4a sin 6 cos 9 dO 
= J sin^T- 4^2 sin^0 . 4a sin S cos 0 d9 

= sin^d cos®d = 2a® sin^20 

o o 

= «2 f(l-cos 49) do = aa[e -**”/“] = “-r 

o o 

2nd Integral = = ^ v'a . a^ = fa? 

* o 

Required Area = J^a® — 

Ex. 2. Find the area enclosed by the curve 
r = 2a(H-cos o) and r = 2a/(H-co8 0). 

Solving the two equations, the polar 
co-ordinates of the point of intersec- 
tion are 

P(2», ?) ...d (3(2,. f ). 

Since, the two curves are s>m metrical about the initial 
line. 

Required Area = 2 . Area OAPC 

= 2[Arca PCO-f- Area AOP] 

TT 7tI2 

= 2[^iJ" r^dB for*the cardioide-b for the parabola 

»r/2 ® 

w w/2 

= j4«®a+cos 9)*d9 + J d0 = /i+7. (say) 

»|2 P ^ 
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/i =*4£«*^(1 + 2 cos ^+cos^^) de 

ir/2 

r 

= 4a* J" {1+2 cos fl+J 1+cos 20)} de 

»/a 

TT 

= 4a^^e+2 sin + J sin29j 

rrJ2 

= 4 a »[ C - + J »)-(|+2 + 5 )]= 4 « a ( 3 -- 2 ) 

w /2 

J 2 f 

d+cosO'® ‘’/4cos*‘ 


rrl2 




t/2 


— a^Jsec^^ de 

o 

7r'2 


J^Puttan| = z, i sec* ^S^dzJ 

1 

= 2<a" J" (l+z*) dz 
o 

1 

-2a»[z+^]=2«*.t = fa». 

/. Required Arca='4a*[^ — 2j + |a® 

-■>‘■•( 7 - 2 + 1 ) 

- 4 «-(f-») 

-ia*v9*-16). 
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Ex. 8 . Find the area of the region included between the 
Cardioides 

r=»aCH-co 8 a) and r=a(l — cob a). 

( C. H. 1966 > 

Area of the region OCP 

=Area included between the 
curve r=€i(l — cos a) 

and radius vectors from 0 to ^ 

o 

nl‘2 

o 

nfl 

COS a+cos*a)da 

o 

= i«*[9-2siDo]+J«*.^ 

O 

-H?-4 

Required Arca=‘ 4 xi<*’.^( 3 w — 8 ) 

= i«-(3*-8). 



23 
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Exerdse 16 


1. If the length of the arc measured from the origin varies as the square 
root of the ordinate, show that the intrinsic equation of the curve is 
8^4.a sin 

Hence, show that the curve is a cycloid. 


2. If 8^e tan ^ be the intrinsic eqnation'of the curve show that its 
cartesian equation is 


y 




a=0 and when ^=0. 


3. Find the intrinsic equation of the catenary 

y=c cosh 

c 

Hence, show that ^*=c/>«c*+6^* the arc being measured from the vertex. 

4. Find the intrinsic equation of the astroid 

cos*d, y^a sin^d. 

Hence, show that if an arc 8 of the curve is measured from the point for 
which x«=0, then 

(i) ;3oBfl6* 

(44) p» + 4S*=6uflf. 


5. Find the intrinsic equation of the cycloid 
»-o(d+8in d), psa(l-cos B). 

Hence, show that A* + 5* == 16u*. 

The arc being measured from the vertex when BmtO. 


6. Show that the curve whose equation is 2a cos* ^ ie a oardioide. Find 


its intrinsic equation and hence show that 5*4- 9 a* «= 16a*, the arc being 
messnred from the vertex where da>0. 

7. Show that the intrinsic equation of the onrve 
9^0* sin i, cos t 


is Ss *+ is 42«* (v/2(oo8h ^-sinh ^A) 

where is the fixed poin 

8. Show that the intrinsic equation of the equiangular spiral ^ 

vrith (c, 0) as the fixed point is 8^c sec <{ 0 '^ ^-1 

9. Show that the intrinsic equation of the tmctriz 

A 

«««o 008 B+a log tan -j, p»o sin B 
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10. Show that the iutrjnsic agnation of the enrve 
|/■■elog8eo 

with origin as the fixed point is 8^c log (tan ^ -Hsec 0). 

11. Show that the parametric equation 

x=»a cos t (1 — cos t), y=-a sin t (l-cos t) 
represent the equation of a cardioide of area 


12. Show that the curve («*+p*)* =<»•(»• —j/*) is a liomnisoate o 
Bernonlli and that the area enclosed by it is a*. 


13 Show that the area of the loop of the curve 


l-<» 
’l + f*' 


is (2-.ir/2). 




-Kf<i 


14. Show that the area of the loop formed by the i 

16135. 

16. Show that the area enclosM by the curve 0 * 08 * —p*(2a-p) is equal t< 
the area of a circle of radius a. 


16. Show that the arei of a loop of the curve 

r— rt — • — ‘ A 

cos 0 

is ia*(9s/3-4ir). 


17. Show that the area included between the two curves r-^a sin 2d and 

r — a sin d is ~ (4w-3»/3), 

16 

18. Show that the curve r=a ^1 + 2 sin has three loops, andt hat 

area of each loop is n*(8»-+8), — 8), 4a*(8»r — 8) respectively. 

19. Show that the arc of the upper half of the cardioide r «■ a{l — cos d) 
is bisected at B=*2nf 3m 

20. Show that the intrinsic equation of the curve pa>log », taking (1, 0> is 
the fixed point is <8(oos 0-8in 0)» «/2. 

21. Show that the length of the curve measured from (0, 1) is 



CHAPTER XVI 

VOLUMES AND SURFACES OF REVOLUTION 


16.1. Let P and Q be any two points on the curve 
fix) and PL, QM are di'awn perpendicular to any line AB 
on the plane of the curve. Let the curve y=f(x) does not 
intersect the line AS. 

If now the region PLMQ is allowed to revolve about 
the line AB, then a solid in space, 
with AB as its axis, will be generated. 
The solid so generated by the rcvo- 
lution of the curve PQ is called the 
volume of revolution. The line 
AB about which the curve rotates is called the axis of 
revolution. 

Theorem : 

10.2. The volume V obtained by revolving about the ax’a 
of X, the arc of the curve y = f(x) intercepted between 
the two points on it whose abscissae are a, b is 


b 

V = X l^y ®dx or, X j" {f(x)l*dx 


it being assumed that the curve does not cross the x axis 



S'ig* I Pig. II 

CvLct A and B be any two fixed points on the curve 
whose abscissae are x^a and a? respectively 
AL and BM are drawn t>erpendicular to the x axis. 
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We are to find the volume generated by the revolution 
of the arc APQ about the x axis. 

Let P{Xi y) be any variable point on the curve so that 
the volume V generated by the revolution of the arc AP 
about the x axis is a function of x. 

Let Q (x-h^Xy y + Sy) be a point on the curve so near 
to P that as a point moves from P to Q along the curve, 

the ordinate either increases as in Fig. I or decreases 
as in Fig. II. 

Through P and Q draw two ordinates and complete 
the rectangular strips by drawing PP' and QQ^ 

Then, the volume of the disc generated by revolving 
PP' about X axis 

And the volume of the disc generated by revolving QQ' 
about the x axis 

= x(y-^dy)^Sx, 

If now dV denote the volume generated by the revolu- 
tion of the arc PQ about x axis then in Fig. I 
xy'^Sx< <x(y+ Sy)^dx 

or, ^y^< ^ <x(y+dy)* 


Also in Fig. II * 

^(y+Sy)^Sx<3V<^y*.Sx 

or, 

ox 
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a 

=» f 

a 


A 

or, =xj^ff(x)}*dx 

a 

Cor. 1. The volume generated by the revolution of the 
arc of a curve x = f(y) about y axis, intercepted between any 
two points on the curve where ordinates are 

d 

ys»c and y^d is »jx*dy, ••• (2) 

C 

it being assumed that the curve does not cross the y axis. 
Cor, 2. The formula (1) may be put in the form 
OM 

V=3»J(PN)*d{ON) 

OL 

Illustrations : 

Ex. 1. The circle x* + y* = a* revolves about x axis* 
Find the volume of the sphere so generated. 

As the upper part of the circle revolves about the x axis 
from x^-a to a, the whole voluipe of the sphere is 
generated by one complete revolution. 

a a 

i; = 3t y* dx = ^ ^ {a* -x^)dx 

-a -a 

.a 

-*[KH-|a*]-**«** 
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Bx. 8. 


The ellipse 

a D 


1 rerolvea about the major 


axid. Find the volume of the Prolate Spheroid so formed. 

The Prolate Spheroid is generated by a complete revolu* 
tioQ of the upper part of the ellipse about the major axis 
from jr— —a to a. 



dx=»n 





=^h'[x - 3^1 = - 3 ) - ( - «+ s)] 

Bx. 3. The ellipse --.4-^ — 1 revolves about the minor 
a b 

axis. Find the Oblate Spheroid so formed. 

As the curve on the right side of the v axis revolves 
about > axis, the Oblate Spheroid is generated. 

V 

So, V = xj^x*dy. 




] 
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^.4. The Bine curve y^sinx revolves about the 
X axis. Find the volume so generated from x = 0 and x=J». 

ir 

V = ^f)>*dx 

O 

w 

“ sia* xdx = 2 ^" 2 sm*x dx 


= 3*/ (l-cos 2A:)dx = ^[;*:-5il^j=£L*. 

® O 

Ex. 5. The area bounded by the catenary 

X 

y = » « 08 h-, the X axis, the y axis and an ordinate at 
n 

y) revolves about x axis. Find the volume of the Cetenoid 
so formed in terms of x, y and S where S the length of the 
curve from the vertex to the point (x, y). 

oc 


— yr I a* cosh* - dx 
J a 


dx = *|’[x+|sinh 



^-j^x+asinh ^ 
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If 5 be the length of the Catenary from (0, a) to the point 
(xy y). 

Then 5 = cisinh 

a 

... v.^,+s(?)) 

= ^(ax+Sy). 

Ex. 6. Find the volume of the solid generated by revol- 
ving the cycloid 

x = a(6-l-ain o), y = a(l4-co8 S) 
about its base. (C. H. 1964, 71) 

From the given equation, it follows th it the base of the 
cycloid is the x axis. One arc of the cycloid extends from 
ax to ax 

So, the extreme values of B are B=»±x 
air 

P=zxjp^dx 


= xa^J (1 + cos dB 

— n 

n 

= 8xa^J^ cos® I do 

— TT 

» 16xa^ J cos®z dz 


flr/2 


nf^ 


— 8Zxa 


* J" cos®z dz 




• 5j»V 




Put = dB- 


2^z] 
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Ex. 7. The area included between the upper part of Che- 

the astrold x^+y^^^ a^ and the x axis, revolves about the 
X axis. Find the volume so generated. 

Let the equation of the astroid be 

jc — <1 cos®d, y = asin®^. 

The volume generated by the revolution of the area in 
the first quadrant about x axis is } of the total volume. 

a 

o 

o 

sin*d . 3a cos*6> ( — sin B) dB 
ir/a 

ir/a 

«6x< 2® J*sin^g cos*B dB 

o 

nf% 

=6*a*^sin’9 (L — sin*#) d9 

O 

^/2 

=6*a*^(sin^fl — siii*#'^ d9 


.t.f-f .4.t.n 

Ek. 8. Find the TOlnme generated by the revolution ot' 
the Clseoid y*(8a-x)=x* about He asymptotes. 


Here y' 




I** - T-^j 

^2a--x ^ 

^ dx 
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_3 V^ (2a-x)+x^ 

2(2a-a)^ 

_ >/ x(6a —2x 
2 2a-x)^ 

( 1 ) 

{2a -xy 

Let P(xt y) be any point on the curve in the first quadrant 
and draw PL perpendiciilar to the 
asymptote x^2a. 

Then as O A = 2a 

PL^2a-x 

Now, the volume generated by the revolution of the 
curve in the 1st quadrant about the asymptote is half the 
required volume. 



V = 23* J(PL)V(AL) 

O 

oc 

= 2» (2<i — x) *dy 

o 

=2* f - A3 *. ^x(^ -xX^ - £. )* dx 
J {2a - xr 

o 

[changing y to at by (1)} 
Ua 

“2afJ'(3a-^) ^/x(2a-x) dx. 

[Put x.=2a »in*» 

.*. dx"‘\a sin 9 cos 9 d9] 
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•nl2 

• *. (3 — 2 sin“d) sin"0 cos®0 dO 


= cos®d de-327ca^ J sin*0 cos*d d^ 

o o 

^/2 w/2 

= J" sin®0 ^ sin*^ 


Wa 


72 


- 323r<2*j^J^ sin*^ *“ X 






= 483ra».^.i-323ra». ^ 

4 4 116 


16.3. Pappus Theorem : 

If a closed plane curve revolves about a straight line 
(not intersected by the curve) in its plane, then the volume 
of the solid generated Is equal to the product of the area of 
the enclosed rei^ion and the length of the path described by 
the centroid of the region. (C. H. 1969} 

Let the x axis be the axis of revolution and let the closed 
curve be such chat every ordinate be- 
tween A and B parallel to y axis cut 
the curve in two and only two points. 
Let PN be such an ordinate with sanoie 
abscissa x cutting the curve at Px and 
P« so that PxN-^yx and 

Then, and ps ace functions ol x varying from to 

x^h. 
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Now» the volume of solid generated by the revolution of 
the arcs AP^B and AP^B about the x axis are 


o o 

^J'ya^dx and ^ ^ 


Hence, the volume of the solid generated by the revolu- 
tion of the closed curve about x axis is 


o o 

V’ = xjya "dx - nj *dx 

a a 

h 

= ’' dx. 


Let £f be the ordinate of the centroid of the region 
enclosed by the closed curve and A be the area of the 
region. Then 


o 

fUyi+yiXva-yi) dx 


v= — 


o 

SO that ^ dx^2Alj 


Hence, from (1) 

V = 2^vA. 

Illustrations : 

Ex. 1. Find the volume generated by the revolution of 

V ^ 

the ellipse ^+>^=1 about the line 

The area A of the ellipse is perpendicular distance 
of C.G. of the ellipse which is at (0, 0) from the line x^2a 
is 2a. 

the length of the path describe d by 2a is 2^(2a}«>4^a. 
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Hence, by Pappus Theorem, 

-s (Area revolved) X (length of the path described by 

the C.G. of the area) 

. 4.’ra 

Ex. 2. Find the volume of the solid generated by 
the revolution of the plane area bounded by the circle 
x^-h(y-*b)^ = a^ about the x axis, it being assumed that 
b>a. (C. H. 1969) 

The circle is of radius a. So its area A The 

centre of the circle is at (0, b) on the y axis. 

The distance of C.G. from axis and the length 
of the path described by 

Hence, by Pappus Theorem, required volume, 

P»(Area revolved) X (length of the path described by 

the C.G. of the area) 

16.4. Volume of a solid formed by the rotation of an 
area bounded by the curve r=f(fi) and the lines <, } 

about the line 9 = 0 is 

y sin 0 d0. 


Let P(r, $) be any point on the curve r^f(B) and 

$+S0) be any other 
point on the curve. 

Then, the area of the 
triangle formed by POQ 
=Jr(r + 6r) sin 69 

up to the 1st ordetf^ 
The C.G. of this elementary area is at a distance 



irom 0. 


perpendicular distance of C,G. from sin 9 
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.*• By Pappus Theorem, the volume formed by the 
rotation of this elementary area about OX 

= (Area revolved) X (length of the path described by 

the C.G. of the area) 

= Jr*d^X2»(§r sin $) 

— sin 0 do. 

Hence, integrating between the limits < and 0 — fi, the 
total volume generated 

P 

sin 0 d0 

< 

Illustrations : 

£x. 1. Find the volume of the solid generated by revol- 
ving the Cardioide rs:a(l — eos 0) about the initial line. 

If the upper part of the cardioide be revolved about the 
initial line from g=0 to 0 = ^ the volume of the solid of 
revolution generated is 

= sin 0 d0 


a*(l -cos g)® sin 0 d0 
o 

[Put 1 — cos g=z, sin 0 d0^dz] 

a 

Ex. 2. The earve r=>a'i4-eo8 9) revolxee abont the 
^nittal Uae. Fiad the volune of the figure formed. (C.H. 1962 ) 
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Here V s*f»J'<»*(H-cos #)• sin 0 dd 

[Put 1+cos 9=z,-sin 6 <ie=dz] 

O 

= ^ z^dz 

a 

= J^z^dz = §Jfa^ as in Ex. 1. 


16.5. Surface of Revolution : 

The area of the surface of the solid generated by revol- 
ving the arc of the curve y=f(x) about the x axis between 
the limits whose abscissae are a and h is 

2^j}>^dx i.e. 2^fy^i+{pjdx 


Let A and B arc two fixed points on the curve v^f(x) 
whose abscissae are respectively 
a and b* Let P(xt y) he any variable 
point on the curve at an arc 
distance S from A. Let the area 
of the surface generated by revol- 
ving the arc AP about x axis be <r. 
Then v is g function of x. 


HD 




H L M O 


Let Qix-^-dXf y+3y) be a point on the curve very near to 
P, so that arc PQ—dS and the surface area generated by 
revolving the arc PQ about x axis is 60 *. 


Now, by revolving the chord PQ about x axis a frustum 
of Cone with slant height PQ is obtained. 

The area of the surface of this frusturm 


, -a(PL+QM)PQ 
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Now 


=»3«(2.v+^>)PO*»«r (say). 


dx 

jr, 

dx 


^x 


A? 

dx' 


( 1 ) 


But = + 

vX aX 

In the limit, when Q->P i.c., dx->0 

So, from (1), we get 

Hence, integrating between the limits a and b, we get 
the surface area obtained by revolving the arc AB about 
X axis, 

/> 




-2»fy /l+(*)‘a,. 


Cor. In case of polar curve r^f($) where R is the 
independent variable, the surface area 

In case of parametric curve x=^f(t), where t is 

the parameter, surface area 

24 
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Illustrations : 

Bx. 1. The circle x^ + y*»a* revolves about the x aYis. 
Find the surface area of the whole volume so generated. 

The parametric equation of the circle is 
cos St sin 6. 

Now* the whole surface is generated by a complete 
revolution of the upper half of the circle. 

s-s*/*®* 

o 

-2»/«sine 


ir 



O 


Ex. 2. Find the surface area of the volume formed br 
a complete revolution of the ellipse x==a cos y»b sin ^ 
about the minor axis (a>b). 

The complete surface is formed by a complete revolution 
of the right half of the ellipse about the minor axis between 

the limits y - b to b i.e.. for ^ \ 

Wa 

••• «»■» 

^ -»/2 
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••/a ^ 

-2./ »e<»V(g)‘+(^)’-» 

-wl 2 

wt 2 

= 2n / a cos * V'a* sin“4>+l>* ~COS^ d4 
-Wa 


»/2 

=-23r cos ^ V'ej* sin®<^+ti”Ti “^*)cos®? d4 
-Tf/a 

^/a 

= 2na^J cos^<4 — e*+e* sin 
-Wa 


Wa 

= 4^r^®^cos <#» (1 — sin* 4)^ d4», 

o 

[ Put c sin 4 = Zf e cos ^ d4»dz ] 

= / is* + (1 - e')}^ dr 

O 

4wi 3 "rr^r* + 1 — e • ) 

"el 2 

log {*+ Jz’+l-e‘ }] 

O 

-^[«+a-e') log (e+l)-(l-e*) log V^Ip] 

-2»o-[i+ 1=2! I<>«yi^- 
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Ex. 8. Find the surface area of the voluine fonneil bp 
the revolution of the ellipse x=a cos y»b sin ^ about 
the major axis. 

The required surface is formed by the revolution of the 
upper half of the ellipse about the x axis between the limits 
x = a to — a i.e, for ^=0 to n, 

IF 


n 

= 2n:J^b sin 4> s/ sin*<^4-h® cos*^ 
o 


TT 

= 2^ J” b sin Va* sin“^+£ 2 *(i — e*) cos*<#> di> 
o 


IT 

^2^db /sin ^ (1-e® cos*<^)^ 
6 


[ Put e cos «^=»sin 0, then - e sin ^ d<fr = cos0d0. ] 

— 8in"*« ^ 

2»«b J ^ (1 - g 

-Bin-*# 

Bill^*B 

C ['/ cos*0 is an even function 

“~J of#.] 
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=2*^ j (l+cos2fl) d 0 = 2^[e+5i!L2j] 

® o 

= v^i— e*| 

= 25reib|J sin^^e-h Vl— e®j. 

Ex. 4. The arc of the astroid x®'® =a®^® from 
x== a to 0 revolves about X axis. Pind the surface area so 
formed. (C. H. 1968) 

The parametric equation is x = a cos®^, y=a sin®<^. 

When x = a, <^=*0 and when x = 0y 


▼/3 

O 


x/2 

^2xJ^a sin®</» /{3a co5*<K”“sin <^)}* 

o 

+{3a sin®<^ cos «^}® d<t> 

ir/2 

= 2xa* J^sin®*^ /9 cos*«^ sin*++9 5in*«#» cos®*^ 

o 

w/2 

»65»a* J'sin*^ cos ^ 

o 


W2 

»63*a*[l sin®^] 
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Note : The surface of the solid generated by the revo- 
lution of the astroid x=acos*t, about the 

X axis is 

»/a 

O 

= 2,%xa* as in Ex 4. 


Ex. 5. Find the surface area of the solid generated bjr 
revolving the cycloid 

x = a(tf — Mn 6), y = a(l — COS0) 
about the x axis. 

The extreme values of 
X for one arc of the cycloid 
are 0 and 2 x^ 2 . 

The extreme values of 0 
are 0 and 2x. 



2ir 


do. 


2ir 

= 2xJ'fl(l-cos 6) 



fl 


de 


2ir 


= 2xa J (1-cosfl) — COS d)*+<a*sin*d dO- 

o 


2ii 

=«2*a*J'2sin* ✓2-2 cos 0 dfl. 

O 


2ir 

=8»a*^8in* | d9 Put <*»*“2dz J 
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= 16*a* J* sin*z dz 

O 

= 32»a* J^sin®z dz. 
o 

= 32:r^,*. f.l 

Ex. 6. Find the surface area of the solid formed by 
reToWing cardioide 

r=a(l+co8 0 ) 
about the initial line. 

n 

Here, 

Now sin 0 = <3(l+cos $) sin 6 

i=V’'’+©’ 

= v'a'a+cos 0)*+o" sin'9 

=2a cos 2 ' 

From (1) 

IT 

5 = 2j«^<j(1+cos 0) sin 6 . 2a cos ^ dS 


/ fl e a a 

2 xos* 2 • 3 sin 2 cos ^ • cos g d 0 


n 

»16»€i*J*8in g cos® g da Put|**x, d6^2dz | 
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nl2 

==32»a*J*sin z cos^z dz, 
o 

»/2 

= 32m®[- % cos*zl 
0 

16.0. Surface of revolution : Theorem 
The area of the surface of revolution generated by an 
arc which does not meet the axis of revolution is equal to 
the product of the length of the arc by the circumference 
described by the centre of gravity of the arc. 

Let / be the length of the 
curve AB measured from A. 

Then the surface of the 
solid of revolution about the 
X axis is 



* 

5*2w J yds where j; is a function of 5. (1) 

o 

Let P be the distance of the centroid of the arc from the 
X axis 

i 

fyds. 

Then i -y 

i 

>fyds = W. 


Hence, from (1) 

5->2»/V 

>-2xffX/ 

length of iwth deaetibed by the centroid X Imigth 
of the curve. 
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Illustrations : 


Ex. 1. Find the surface of the solid formed by revel- 
ving the ellipse xVa*+y”/b‘ssl about the linex=»2a» a>b. 

Origin being the centre of the ellipse, the distance of 
the C.G. from the line x—2ais clearly 2a. 

The circumference described by 2a is 2jt(2a) 

i.e, 4yra, 


Also, perimeter of the ellipse ii 



Hence, required surface area 

1 

1 


Ex. 2. Find the surface of the solid formed by the revolu- 
tion of the evolute of the ellipse 



about the line x=a. 

The centre of the evolute is the origin. So, the^ distance 
of C.G. from the line x===a is a. 

.*• The circumference described by a length = a is 2^a. 
But the entire length of the evolute of the ellipse 



Hence, the requiited surface area 
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Exercise 16 r 

1. Show thfti the Tolame of a right circular cone whose base is of radiua 
a and height h Is |ira*h. 

S. Show that the volume of the parabola syaH- s/a generated by 
the revolution about the a axis between the limits 0 »O, y^O is 

8. The arc of astroid from 8*0 to $>Bnl2 revolvoa 

about the x axis. Show that it generates a volume of surface area 

|«a*. 

4. Show that the volume of the solid formed by revolving the circle 
»*4-p*=a* about the line 0 «* 3a is 4ir*a*. 

5. If the curve included between the two cusps of the cycloid x=a{9' 
+ sin d), paaa( 1+008 d) is revolved about the m axis, then the area of the 
surface so generated bears to the area of the cycloid a ratio 64 : 9. 

6. The part of the parabola p*»4as bounded by the latns rectum revo- 
lves about the y axis. Show that the surface so generated is 

ira*{*9 s/S - log( <s /2 + D). 

7. Show that the volnme and surface generated by the revolution of the 
eyoloid 

**=sa(d+ain B), y—a(l+ooa d) 
about the base are in the ratio 16ir : 64. 

8. Show that the volnme and surface generated by the revolution of the 
cardioide rs:a(l-’C 08 d) about the Initial line are in the ratio 5a : 12. 

9. Show that the surface area of the solid generated by the revolution of 

the lemniscate cos 2d about the initial line is 3 ij2-l). 

( B. H. 1971 > 

10. Show that the volume generated by the revolution of one loop of the 
lemnisoate about the line d»ir/2 is ir*a*/4 ^/g. 

11. The area enclosed by the parabola a*«*4ay and 0*«4a(3a**y) revol- 
ves about the line y^a. Show that the volume so generated is S3va*/15. 

( B. H. 1970 > 

12. The ourve ys*-^ ® revolves about the line 0 0. Show that 

V ^ 

the volume so generated is is/«/6. 

18. Show that the surface area formed by the revolution of the curve 
ra-9a 00 s d about the initial line is 4wa*. 

14. The area bounded by a quadrant of the eirole 0*+y* mu* revolves 
about 0 or y axis. Show thnt the volume so generated is 

(10-8w)iraV6. 

16. Show that the volume and the surface of the solid generated by the 
revolution of the loop of the curve 0 a f* and are in the ratio of 

1:4. 

16. The ellipse eaa 00 s d, yah ein d (a>6) revolves about the tangent at 
one extremity of its minor axis.. Show that the volume so generated is 
2rW. 

17. Show that surface area of the frustum of a oone is wX slant 
height xsum of the radii of two bases. 

18. Show that the volume generated by the^revolution of the ouwe 


about Its asymptote is £ir*a*. 
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CHAPTER XVir 

CENTRE OF GRAVITY 


17.1. Centre of gravity is often called as centre of mass 
or centre of Inertia. 

Suppose n particles of weights arc 

distributed on a plane at points with co-ordinates 

(^i» Vi)* * * >»r)**** Vn)* 

If (sc, V) be the co-ordinate of the centre of gravity (C.G.) 
of the system lying on the plane, then by statics we know 

n n 

r=aj r«»l 

X = y ^ , 

r=i r»l 

Since, Wr — nirg the same thing may be written after 
cancelling g as 


\mrXr 


mrVr 




* Wlr 


\tnr 


Because of this relation, the centre of gravity is often* 
called the centre of mass or centre of inertia. 

17.2. Centre of gravity of a uniform plane curve. 

Let y^f(x) be a continuous curve intercepted between 
two points A and B where abscissae are a and h i.e. OL^a. 
andOM^b. 
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Let us divide the interval (a, b) by pointt 




a^XofXi, Xg, Xr - Xn = b 

such that Xr^O'^rrh. 

Let the ordinate at these 
points meets the curve at 


-A — Po> P 2 > -Pr-i» Pn Pn — 3 . 

and let arc APr^Sr^ 

If P be the mass per unit length of the curve then the 
mass of thp arc PriPr+l=*P(•5r^-'l“•5r)• 

Since, this arc is very small, this mass may be assumed to 
be placed at (xn Vr) 

With this assumption, we can say that n particles with 
masses P{Sx-So\ PC^a -5i)-**P(5r+i-5r)-- P(5n~Sn-i) are 
distributed at n points with co-ordinates 

(^ 0 . Po)i (* 1 . yi) -(Xr, yr)—(x„.i, yr-i). 

If (s, V) be the C.G. of the system then 


^^p(Sri-i "“5r)^r “Sr) Xr 


rwmO 


7 1 A TO— i 

P(Sr+i “ Sr) ^^(Sr+ 1 ”* Sr) 


rmO 


r^o 


J (Sr +1 ““ Sr) Xr 

* r-0 


TO— i 

P(5r+i “ Sr) (Sr+x Sr) Jfr 


rmO 


2 --Sr) 2 (Sn-a -Sr) 

*r-o 



CENTRE OF GRAVITY 


383 


* 


• ( 1 ) 


Tt~ A 

2 > length of the 


How, ^ t r ^^*"+1 *’■ 

= Lt ^ Sn-i-g ; 

^Sfr**! Xrirx 

= Xr»h Lt Sr^t ‘-Sr 

Xr-k-\“^Xf Xr^x’~ XnKf7 

\dxJx = Xr. 

■ So, from (1), we can write 






( 2 ) 


r=cO 

Now. writing *^=^At) and 
wc get, 




r-O 


r-0 



[In the limit as h-*0, by 
fundamental Theorem 
of Integral Calculus.] 
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dS 


dx 


dx 


h 

Hence, frdm {2)3^^ ^ 


Similarly from (2), 2^=*^ J" 

Ex. Find the centre of gravity of the are lying on the^ 
first quadrant of the aatroid 

x = a coB*d, y«a sin^O. 

In the first quadrant, the arc of the astroid extends from 
0 to<i 
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»/a 



^ j sin29 do 


o 


ir/2 

3a'[-\ cos‘ e] ^ 

® — 5 2a 

^ Wa 3a -5 • 
3a^ _ cos29 J 2 


Similarly f or from symmetry 



17.3. Centre of Gravity of a uniform plane area. 

Let us consider the plane 
area bounded by the curve 
yf^mf(x), the X axis and 
the ordinates at a and 
x^b. 

Let the interval (a, b) be 
divided into n equal parts 
each part being •■ft by the pointy 

as 
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^r> i^r4’i»******^n 

SO that Xr^a+rh. 

Let the ordinates at these points meet the curve at 

A^Pot P xi Pa ......JJ Pri-X9 Pn“P 

SO that ordinate through Pr=^Vr 

Then yr^f(xr)=^Ha-\-rh) 

Since> the arc P^ is very small, the area under this 
■curve is nearly = hyr 

/, Its mass** p/iy,.. 

The C.G. of this area is at ivA 

Replacing the rectangle by a particle of mass Phyr at its 
C.G. the C.G. of the n particles are given by 

-^ ^Pkyr.¥xr+Xr +i) ... 

Sphyr 

: ® 

Now, proceeding to the limits as /i->0 i.e., <» 

b 

Lt ^hyr^\{xr+XH-x)^ ^ yx dx 


h 

Lt Shyr’^ Jydx. 

a 

b 

and Lt ^ihyr* y^dx. 

a 

Hence, from (1) and (2) 
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Cor« The C.6. of the plane area bounded by the curve 
the y axis and the ordinates y=c and y—d can be 
similarly shovrn to be 


d d 



c C 


Ex. Find the C.G. of a uniform lamina bounded by the 
are of the ellipse x*/a^+yVb^»i and the two axes « of 
coordinates. [C. H. 1005 (old)] 

The parametric equation \s a cos sin 0, 




cos a . b sin 6( - a sin B)d0 


a 

o 

Jy dx 

^ h sin a( — sin a)da 

O 

W2 


irl2 

■ COS a sin*a da Ji sin®©! 

o 

» 4a 

’ a 

3n 

1 sin®a da . 

•0 

• 


Q 

ij^y'dx 

O 

• 

i ri>*8in*6(— a sin $)d9 
»/a 

a 

Q 

fy dx 

J h sin a( - a sin 

e 

ir/9 


V 
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wli 

^8in“® <f9 



2 ir/2 

J*sin*0 de 


2 

4h 

2 » 3w* 

4 


Hence, the required C.G. is at 


17«4. Centre of gravity of a volume of revolution. 



Let the curve v^f{xy 
intercepted between two- 
points with abscissae a andh 
revolves about the x axis. 
Let the ordinates through 
A and B meet the x axis at 
M and N. 


Divide the interval (<?, b) by the points 

a — ^0> Xif Xa, Xr, Xr^■lf Xn = b 

so that Xr^a-hrh, 

Let the ordinates at these points meet the curve at 
A— Po» Px9 Pa^^Prt Pr^’i'^'Pn^B and let the ordinate 
through Pr be 

Then yr^f(a+rh). 

Now* the volume obtained b^^ revolving the rectangle 
PrPr^t about the x axis 

Its C.G. is at a point on the x axis whose abscissa 
«t(xr + ^r+i)' 

^ ^ Let us now replace this volume by a particle of each 
mass at a point whose abscissa 4* and (f,P) be 
the C*G> of the system of n pardcles. Then 
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r-o 

r=o 

n-1 

2 pxyr^.h 

1 


rsso 

h 

^ xy^dx . • 

a * 

In the limits as 


h-*0 

jy‘dx 

a 



Also y^O, Hence, C.G. of the volume of revolution 
are at 



Cor. As in the last article the C.G. of the surface of 
revolution are given by 


X 



a 


and 





Ex. Find the C.G. of a solid hemisphere. 

The solid hemisphere is generated by the revolution of 
one quadrant of the circle about any one of the 

two axes. 
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w 

Considering the revolution of the area in the first 
quadrant about x axis, 


a' 


a a 

J xy^dx J 
0 0 

fx(a^ — x^)dx 

a 

a 

fy’dx j 

f(a^-x’)dx 


o o 



0 


Exercise 17 


1. Find tho centroid of the area bounded by — aj)=a5* and its 


asymphoto. 


Ans. 


»=0 


9. Show that the ooutroid of the arc of the catenary ^ = + «“**) lying 

— e’+4 — c”* 

between o! = - 1 and » * 1 is y~ • 

4(c-e'“*) 

3. Where is the ceutrofd of the triangle whose vertices are (0, 0), (ajj, y^) 

and (*„ y.) ? Ans. x=*|(a;i+aj,), y = g(yi+y,) 

4. Bhow that C,G. of the sector of a circle of radius a is on the radius 
bleaoting tbe sector at a distance fa ^ from the centre, 2< being the angle 
of the sector at the centre. 

6. Show that C,0, of a uniform lamina^ounded by the parabola y* =»^ax 

and a double ordinate at divides x^ in the ratio 3 : 2. 

0. Show that 0,0, of the area of the parabola y’* «4ax interooptod bet- 
ween the vertex and one extremity of the latus-rectum have co-ordinates 
8^/2-log(^/2+l) >_4fl 2^/2-^ 

® 4 ^/^+log(^/a+l) ’ *' 3 

7. Bhow that the centroid of the whole arc of the cardioide r=a(l+ooa0) 
lie on the initial line at a distance |a from the pole. 

6.^ Bhow that the centroid of the -area bounded by the cardiode 
a(l +003 0) lie on the Initial line at a distance fa from the pole. 

9. Show that the centroid of the area under one arc nf the sine curve 

y»Bin (D have co-ordinates ya*ir/8. 

10. Show that the centroid of the surface formed by the revolution of the 
oaidioide rHa(t+oos B) about the Initial line is given by 
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MOMENT OF INERTIA 

18.1. Moment of Inertia and radius of gyration. 

Let mi, ma, ma, be the elementary masses of a body 

at distances ri,r 2 >ra**- respectively from a given line* 
Then moment of inertia of the body about the line 

«miri*+m2r3®4*m8ra* + 

= Smr^ 

If M be the total mass of the body and k he a number 
such that 

then h is called the ra(]lius of gyration about the given 
line. 


18.2. Special Cases of Moments of Inertia. 

(1) Moment of Inertia of a thin uniform rod. 

Let PQ be any element of the rod 
A B such that 

^ AP^x and PQ=^dx, 

I£ 2a be the length of the rod and 
M be its mass then, 

the mass of PQ is — M. 

2a 

Hence, the moment of inertia of the thin rod about a 
line through A perpendicular to the rod 


- 2 s 


M 

'2a 


Sa 

/*■ 


dx 


3a 


M Sa” 
2«l3i 2a‘ 3 
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Again if O be the mid point of the rod such that OP^x 
and then the moment of inertia of the rod about 

an axis through the mid point perpendicular to the rod 



(2) Moment of Inertia of a Rectangular lamina. 

Let ABCD be a rectangular 
lamina of sides 2a and 2b. 

The lamina may be divided 
by strips parallel to AD. 

The moment of inertia of 
each of these strips about an 
axis through O, the mid point 

La 

Afi~mass of the strip X 

So, the moment of inertia of the rectangle about the 
line through O parallel to AB 

= Sum of the moments of inertia of all the strips 



Similarly, the moment of inertia of the rectangle about 
a line through O parallel to AD 



Let the two lines through O parallel to AB and AD be 
the axis of x and y respectively and P(x^ y) be any point of 
the lamina. 
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Then, the moment of inertia about OX and about 

So, we get, 

= and 2^mx^ = M^, 

Hence, the moment of inertia of the lamina 

= 4-3;®) = 

, Mh^ 

' 


(3) Moment of Inertia of the circumference of a circle. 

Let OX be an axis through O, 
the centre of the circle on the 
plane of the circle. 

Let PQ be an element of the 
circumference such that 

ZPOX = 0aDd ^POQ^dB. 

Then, arc PQ^a.SB if a be the radius of the circle and 
the mass of this element 
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"4.^! f Sin*9 = . ^=M . %*. 

J 3t 4 2 

(4) Moment of Inertia of a circular disc of radius a 
about an axis through the centre perpendicular to the disc. 

Consider two concentric circles 
of radius r and r + 

Then the area contained 
between these to circles 
*=s‘2^r.3r 

. . 2xr dr , , 

. , Its mass— i~ M 

no 

So» its moment of inertia about 
a diameter 

=2i-_/r M . (by the article No. 3) 
o ^ 

The moment of inertia of the disc about a diameter 

= ^r r®rfr = M 
a J 4 

o 

The moment of inertia of the disc about a perpendi* 
cular diameter is also 



Let these two diameters be the axis of X and Y 
respectively. If y) be any point on the diaa^ then the 
moment of inertia of the disc about OX and OY are 
respectively. 
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moment of inertia 
and 

Smx^- 


Tj,a^ 

4 


and -M 

• H»«, a. of h.«ti. of *. Ji.c •»«“• •» 

tlitouah O perpendicular to the disc 
-Sm OP ’’ 

= 2:rn(A:* + 

(5) Moment ol Inertia ol a sphere about a 

^ ^ ( c. H. 1964 Old ) 

Let a be the radius and M be the mass of the sphere. 

Then the volume of the sphere 

= - xa • 

3 

j 3M 

/. Its density = 

Divide the sphere into infinitely thin 
^ perpendicular to the axis OX 

about which the moment of 
inertia is required. 

The volume of the disc 
contained between the planes 
X and ^ 

.. Moment of inertia of this disc about OX which is- 
perpendicular to the disc through its centre 

_ 3M ,(«.-*») 5 ^ (by 

43ea*‘ 



496 


application of analysis 


. # Required moment of Inertia 


a 



—a 






a 


— a 


8a 


a'+i 


_3M/ 9 2a» «Bv 

-4^*1“ -3- + 5) 




(6) Moment ot inertia of the quadrant of an ellipse 
^bout the minor axis, the snrfaee densitjr^being uniform. 

( C. H. 1963 ) 

Let the equation of the ellipse be +>•/&■ = 1 and 
.M be the mass of the quadrant. 

Then, the area of the quadrant 

4 


Its surface 4ensity 


_4M 

»ab' 



MOMENT OF INERTIA 


The area of an elementary strip of breadth Bx^yS 


^ a 

The moment of inertia of this 
strip about the minor axis 
(i.e., 3;-axis) 



x^.dx 



= ^ (x^Ja'-x*dx 
xa J 
o 

[Put^=<asin6 dx^a cos BdB^ 

irf2 

Ta® sin^B . a® cos*6 dB 
na J 


n '\J 


ir/2 


sin^ 2B . dB 


Ma^ 


ir/2 


n 

,2j\^ 


o 


ir/a 

M<i*| 


2x 1 

1. 4 J 

Ma* 

■ 2V 

. 2 4 
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Exercise 18 

1. E|ind the moment of inertia of a right circolai: cone, zadins of baa o 

a about its axis. Abb. 

2. A bar of 10 units long has a mass of 100 and its density yaries* directly 

as the distance from one and. Find the moment of inertia about the 
lighter end and about the heavier end. Ans. 6000, 16663- 

3. Show that the moment of inertia of the volume formed by revolution 

of the area in the first quadrant under the curve between 3 !<b 0 and 

a:==l is 

4. Find the moment of inertia of a right circular cylinder of height h, 

radius of whoso base is a, Ans. It h a* 

6. Find the moment of inertia for the area bounded by 2 / » 6a; a* and 

SB 2flB about os-axis. Ans, 3-1. 

6. Show that the moment of inertia of an elliptic disc of axes 2ai 26 about 

the y axis is Af being the mass of the disc. 

4 

7* Show that the moment of inertia of a hollow sphere of radius a and 
2a* 

mass M about a diameter is Af.~— . 

3 

8. If AY be drawn perpendicular to the plane of the triangle ABG, 
show that Af.J. of the triangular area about A F 18^(86* + 3c*- a *). 
where M is the mass of the triangular area. 

9. If a and h be the external and internal radii of a hollow sphere, show 
that its Af.I. about a diameter is 

3 a* — 6* 

10. Show that the moment of inertia of a right circular cone of height h 
•bout • stout Sid. is 

iW A*+o* 

• where a is thesradius of the base of the cone. 
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Angle of intersection of two 
curve s> 156 

— in polar co-ordinates, 
167 

Angle between radius vector 
and tangent, 164 
Areas in cartesian co-ordi- 
nates, 281 

— in pedal form, 299 
—in polar co-ordinates, 296 
— in tangential form, 300 
— included between twef 
curves, 285 
—on the sign of, 288 
Astroid, 325 
Asymptotes 

oblique, 179, 184 
parallel to axes, 189 
for polar equation, 200 
Chainette, 323 
Change of variable, 71 
— by Jacobians, 133 
Characteristic points, 263 
Cardioide, 324 
Catenary, 323 

Centre of gravity, or mass or 
inertia, 381 
— of plane curve, 381 
— of uniform plane area, 
385 

— of volume of revolution, 
388 

Cissoid of Diocles, 342 
Composite functions, 47, 


Concavity, 235 
Continuity of a function two 
variables. 10 
Convexity, 236 
Conjugate point, 242 
Curvature, at the origin, 213 
— centre of, 205, 222, 225 
— circle of, 222 
— chord of, 222 
Cusp, 243 

— species of, 249 
Cycloid, 531 
Derivative 

of arc length, 163 
Differentiation, 22 

— of composite functions, 

47 

— of implicit functions, 50 
—in a given direction, 53 
Domain of two functions, 1 
— of three functions, 2 
— of more than three 
functions, 2 
— closed or open, 2 
Double point, 243 
Envelope 

— of straight lines, 257 

— of curve lines, 258 
Euler’s Theorem of two 

variables, 45 
— of three variables, 55 
Evolute, 228 
Extreme value, 95 

— of constrained maxima 
and minima, 103 
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Family of curves, 256 
Folium of Descartes, 337 
Homogeneous functions 
— of two variable, 44 
—of three variables, 55 
Hypo-cycloid, 328 
Implicit functions, 49 
Independent variables, 70 
Inflexion, 236 
Integrals, 

— double, 131 
— triple or volume, 131 
Intersection of a curve and 
its asymptotes, 195 
Intrinsic equation, 316 
Isolated point, 242 
Length of normal, 155 
— of plane curve, 312 
— of tangent, 155 
Lemniscate of Bernoulli, 347 
Limit 

— double or siaiultaneous,3 
—repeated, 8 
Mean Value Theorem, 85 
— of Taylor’s, 87 
— of Maclaurin’s, 89 
Moment of inertia, 391 
— of a thin uniform rod, 

391 

—of a rectangular lamina, 

392 

—of the circumference 
of a circle, 393 
— of a circular disc, 394 
— of a sphere, 395 
—of a quadrant of an 
ellipse, 3% 

SlormMi 

Hn cartesian form, 149 


gipi>i 

Parat 


Partial derivative, 18 
— continuity of, 19 
— commutative property, 33^ 
— of reversal order, 38 
— of a function of two 
functions, 51 

Pedal equation, 174 
— ^curve, 273 
Radius of curvature, 

— cartesian, 206 
— parametric form, 208 
— implicit form, 211 
--newtonian method, 212 
— pedal form, 218 
— polar form, 216 
— tangential polar form, 220* 
Radius of gyrgtion, 391 
Rectification of a curve, 304 
Rose-petals, 348 
Singular points on a curve, 

261 

Singularities, 242 
Stationary value, 

— ^Lagrange’s method, 105 
Stropboid, 343 
Sub-normal 
Cartisian, 155 
Polar, 168 
Sub-tangent 

— Cartesian, 155 
- Polar, 168 

Surfaces oif revolution, 368 
— Theorem of 376^ 

Tkngeftt 

—in cartesian form, 147 
! —at the origin, 153 
j ^length of , 155 
Transforiifatioii 

—from polar to cartestaoi^' 
170: 

H^BAgntaw 










